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Vavilov-Cherenkov Effect and “Bohr Radiation’? Produced by a Beam 
of Charged Particles in a Dispersive Medium 
JacoB NEUFELD AND HARVEL WRIGHT* 
Division, Oak Ridge National Laboratory,+t Oak Ridge, Tennessee 
(Received May 12, 1961 


Health Physics 


An electron beam interacting with a dispersive (atomic or molecular) medium produces two intense sources 
of instability that are represented by a growing longitudinal wave and a growing transverse wave. The 
longitudinal wave has frequencies that are equal to the atomic binding frequencies of the surrounding 
medium and is designated as the “Bohr wave.” The transverse wave has frequencies determined by the 
Vavilov-Cherenkov criterion and is similar to the Vavilov-Cherenkov wave produced by a single particle 
interacting with the medium. These sources of instability are ‘“‘continued” into lower frequency ranges in 
which they produce growing waves of a “hybrid” type that are characterized by an electric vector having 
both longitudinal and transverse components. The longitudinal and transverse waves represent the 
“fundamental modes” that exist in the medium in the absence of the beam. The perturbation produced by 
the beam is responsible for the instability of the fundamental modes and for the occurrence of the coupling 
between these modes. The coupling produces electromagnetic waves in which the electric field has a 
longitudinal component. The conditions for coupling and the character of the instabilities are investigated. 


INTRODUCTION 


HE study of interaction of moving charged 
. 5 8 
particles with a dispersive (atomic or molecular) 

medium is one of the oldest and one of the most active 
areas of research in modern physics. During the last 
47 years a considerable literature has been accumulated 
on this subject. It includes the pioneer investigations 
of Bohr,' Bethe, Bloch,*? Vavilov,t Cherenkov,® Frank 
and Tamm,® and others. It is of interest to note that 
these investigations dealt exclusively with the inter- 
action of an individual charged particle with an atomic 
or molecular medium. Thus no consideration has been 
given to the collective interactions of a beam of charged 
particles with such a medium. The collective inter- 
actions may be of interest in the study of gaseous 
discharges, in investigations of the ionosphere, and in 
astrophysics. 

* Now at the University of Tennessee, Knoxville, Tennessee. 

t Operated by Union Carbide Corporation for the U. S. Atomic 
I:nergy Commission 

'N. Bohr, Phil. Mag. 25 (6) 10 (1913); 30 (6) 581 (1915). 

*H. A. Bethe, Ann. Physik 5, 325 (1930). Z. Physik 76, 293 
1932). 

3F. Bloch, Ann. Physik 16, 285 (1933) 

- 4§. I. Vavilov, Doklady Akad. Nauk. SSSR 2, 457 (1934). 

5 P. A. Cherenkov, Doklady Akad. Nauk. SSSR 2, 451 (1934). 

®T, M. Frank and I. E. Tamm, Doklady Akad. Nauk. SSSR 
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There are new and physically significant effects that 
result from such collective interaction, and, apparently, 
very few investigations have been devoted to the study 
of these effects. Some remarks on this subject have 
been made by Akhiezer and Fainberg,’ and the nature 
of the interaction under some specific conditions has 
been studied by Getmantsev,* Getmantsev and 
Rapoport,’ and Neufeld.” (The latter reference shall 
be designated as Paper I.) Both Getmantsev and 
Getmantsev and Rapoport dealt with a nondispersive 
medium. Getmantsev assumed that there is no external 
magnetic field, while Getmantsev and Rapoport took 
such field into account. 

This investigation deals with the interaction of a 
beam with a dispersive medium and brings into evidence 
certain physically significant effects that are associated 
with the frequency dispersion. 

A beam of charged particles passing through a 
dispersive (atomic or molecular) medium produces 


7A. I. Akhiezer and Ia. B. Fainberg, Zhur. Eksptl. i Teoret. 
Fiz. 21, 1262 (1951). 

8G. G. Getmantsev, Zhur. Eksptl. i Theoret. Fiz. 37, 843 
(1959) [translation: Soviet Phys.—JETP 10, 600 (1960) ]. 

9G. G. Getmantsev and V. O. Rapoport, Zhur. Eksptl. i 
Teoret. Fiz. 38, 1205 (1960) [translation: Soviet Phys.—JETP 11, 
871 (1960) ]. 

10 J. Neufeld, Phys. Rev. 116, 785 (1959). 
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radiation of a type that apparently was not previously 
observed and is different from the Vavilov-Cherenkov 
radiation. The occurrence of this new radiation and 
some of its properties were discussed in Paper I. It 
was pointed out in Paper I that the radiated frequencies 
are the atomic binding frequencies (Bohr frequencies) 
and not those that satisfy the Vavilov-Cherenkov 
criterion. This new radiation designated as ‘Bohr 
radiation” is propagated in the form of longitudinal 
waves. In order to transmit the Bohr radiation in free 
space, a mechanism for the conversion of longitudinal 
into transverse oscillations is necessary. This mechanism 
may be similar to the one reported by Ginzburg and 
Zhelezniakov." Thus, in the case of a beam passing 
through a gaseous medium the conversion could be 
effected by the interaction of the longitudinal waves 
with the density fluctuation of the medium. 

In Paper I an assumption was made that 6=0, where 
6 is the angle formed by the direction of the wave and 
the direction of the beam. Under these conditions there 
are no electromagnetic “transverse” instabilities and 
the only instability that exists appears in the form of 
a growing longitudinal wave. However, when 040, 
electromagnetic instabilities appear, and these have 
been investigated by Getmantsev.® Since the investi- 
gation of Getmantsev concerned nondispersive media, 
it did not bring into evidence an instability associated 
with Bohr radiation. 

The formulation of our problem shows that there 
exists a certain duality in the response of a frequency- 


dispersive dielectric medium to a perturbation produced 
by a beam. There are two “fundamental modes” 
characterized by a relatively intense instability. One 
of these is associated with longitudinal ‘““‘Bohr waves” 
and the other with transverse waves. The transverse 
waves result from the interaction of a beam with the 


surrounding medium, i.e., they represent essentially a 
“beam effect.”” Nevertheless, there is a_ similarity 
between these transverse oscillations and the Vavilov- 
Cherenkov radiation due to the “particle effect.”” Thus, 
the transverse mode is associated with a Vavilov- 
Cherenkov cone which is structurally similar to the 
corresponding cone produced by a single particle. 

Both the longitudinal and the transverse modes 
appear independently as uncoupled oscillations. The 
coupling of these waves produces “supplementary 
modes” characterized by “hybrid waves”’ (i.e., electro- 
magnetic waves in which the electrical vector has a 
longitudinal component). Each of these supplementary 
modes is associated with, and forms a “continuation” 
of, the corresponding fundamental mode. One of these 
supplementary modes represents the continuation of 
the longitudinal instability, and it occurs at frequencies 


Vv. L 
694 (1958 
2 4 similar situation occurs in a plasma beam system. Hybrid 
waves produced by coupling have been described by Jacob 
Neufeld and P. H. Doyle, Phys. Rev. 121, 654 (1961). 
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for which the dielectric constant of the medium e(w) <0. 
This mode is represented by waves which do not grow 
as rapidly as the longitudinal waves for which e(w)~0. 
The other supplementary mode represents the continu 
ation of the transverse instability, and it occurs outside 
of the Vavilov-Cherenkov cone. It exhibits a 
intense instability than the transverse wave aligned 
along the Vavilov-Cherenkov cone. 

This paper is subdivided into the following sections: 
I. Formulation of the Problem; II. Uncoupled Modes; 
III. Coupled Modes; IV. Response of the System for a 
Fixed Value of 6; V. Directional Selectivity of Unstable 
Oscillations; VI. Small-Angle Approximation; and 
VII. Graphical Representation of the Dispersion 
Relations. 


less 


I. FORMULATION OF THE PROBLEM 
A. Dispersion Equation 


Consider a dispersive system comprising an electron 
beam moving with the velocity v in a dielectric medium. 
The medium can be defined by its dielectric constant 
e(w) or by its electric susceptibility Xe\w). These are 
expressed as follows: 


w)" 
e(w) = 1+ 47x. (w)=1- 3 (1) 


w” Wa” 


9 


where w;?=4rne?/m. We are considering an idealized 
and simplified form of a dissipationless medium in 
which harmonic oscillators of binding frequency ws. 
are uniformly distributed with a density n. 

The beam and the dielectric interpenetrate each 
other and form a composite medium, the macroscopic 
properties of which shall be Under the 
effect of an electromagnetic perturbation, this composite 
medium becomes polarized. The electric polarization 
P and magnetic polarization M can be represented as 


P=P.+P.,, 2) 
M=M,. (3) 


desc ribed. 


The term Py, represents the electric polarization 
produced in the dielectric and the terms P, and: M, 
represent the electric and magnetic polarization due 
to the presence of the beam. The term P, is directly 
determined from Eq. (1), i.e., 


1 
P,=—[1—e(w) JE. (4) 


4a 


In accordance with the accepted convention, we 
shall refer to the microscopic field quantities E and B 
as the electric field strength and ‘“‘magnetic induction” 
and the corresponding macroscopic quantities D and 
H shall be identified as the electric displacement and 
the ‘“‘magnetic field strength.”” The terms P, and M, 
are obtained from the equations for the moving media 
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as formulated by Minkowski."* These are as follows: 


1 1 
D,+- (oH) = (| B+=(oxB) | (5) 
Cc c 


1 17 1 
H,—- wxD)=—|B- (xB) | (6) 


( Mp ti 


where D, and H, represent the electric displacement 
and the magnetic field strength produced by E, B in 
an electron beam moving with velocity v. The ex- 
pressions €,(w) and yw» represent the dielectric constant 
and the magnetic permeability of a medium consisting 
of the electron beam. The magnetic permeability is 
constant (u»=1) and in determining the capacitivity 
of our composite medium we take into account the 
Doppler shift due to the observer moving with relative 
velocity 8=v/c with respect to the medium. We put 


1 1 
P,=—(D,—E); M, (H,— B) : 
4dr dor 
€,(w) = wo? (1—8?)3/ (w—ck- 8); (7) 
where P, and M, represent the electric and magnetic 
polarizations in the beam. The term wp» is expressed as 
Wo" = 4arme”/m, (8) 


where , is the density of the beam. It should be 
noted in this connection that 7, is measured by the 
stationary observer. 

Taking into account the relationships (7), we obtain 
from (5) and (6) the following expressions": 


P,(1—8")+8(8-P,) 


Ww 2(1—p?)! 
——_——— [E+ (8xB) (9a) 
(w—ck-8)? 
M,(1—8")+(3-M,) 
wo?(1—?)! 
_ ——§[3°B— (8x E)—$(8-B)]. (9b) 


(w—ck-§)? 


The relationships (8), (9a), and (9b) determine P, 
and M, as functions of E and B. These values for P, 
and M, and the value P, given by (4) are substituted 
in (2) and (3) so as to determine the electric and 
magnetic polarization of the composite medium as 
functions of E and B. The expressions (2) and (3) are 
then applied to Maxwell’s equations and by using the 
standard procedure we obtain a dispersion equation 
giving the relationship between the frequency w and 
wave vector k of an electromagnetic field having the 
form E expi(k-r—wt), B expi(kr—w/). 

We use rectangular coordinates in which the k 

18H. Minkowski and M. Born, Math. Ann. 68, 526 (1910). 

4 Jacob Neufeld, Phys. Rev. 123, 1 (1961) 
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vector is aligned along the z axis, 6,=£ siné, 8,=0, 
and 6,=8cos9. The oscillatory modes of the system 
can be expressed as : 








|A(w,k) O G(w,k)| |Ez! 
| 0 C(w,k) 0 | E,| =0, (10) 
| G(w,k) 0 F(w,k)| |E; 
where 
c7k? wo"(1—6)! 
A (w,k) = — €(w)- +———_ 
on wt 
wo?(1—B?)*8? sin? (c7k?—w*) 
po , (11) 
(w—ckB cos6)*a? 
wy?(1—?)'8 sind (ck— Bw cos) 
G(w,k) = -—- (12) 
(w—ckB8 cos0)*w 
ofh* wo?(1—B?)! 
C(w,k) = —e(w)+ : (13) 
and 
wo?(1—B? cos?) (1—?)! 
F(aw,k) = —€(w)+ - (14) 


(w—ckB cos6) 


Equation (10) describes two waves. One of these is a 
transverse wave C(w,k)E,=0 in which the electric 
vector is perpendicular to 8. This wave is stationary. 
The other wave can be represented in the form 


A (w,k)E,+G(w,k)E.=0, 


: ; WE (15) 
G(w,k)E,+F (wk) E,=90, : 


The wave (15) is “hybrid,” i.e., its electric vector has 
a transverse component FE, and a longitudinal com- 
ponent £,. The dispersion equation has the form 


A (wk) F (w,k) — [G(w,k) P=0. (16) 


In his investigations of various instabilities produced 
by beams, Sturrock" differentiated between ‘“‘convective 
instability’”’ which moves with the flow and amplifies 
at the same time, ‘“‘absolute instability” if the oscillation 
amplitude at a given point increases with time, and 
“evanescent waves’ which decay with time. The 
occurrence of these instabilities and of evanescent 
waves can be determined from the dispersion equation. 
This equation usually contains a finite or denumberably 
infinite number of solutions and these can be expressed 
either as , 

(17a) 
OT as 

k=K,(), (17b) 
where a=1, 2, 
system. 


designates various modes of the 


16 P. A. Sturrock, Phys. Rev. 112, 1488 (1958). 
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The procedure for determining the character of 
various modes is as follows: We consider the expression 
(17a) in which we assign to & real values and ascertain 
whether or not w is complex. Similarly, in Eq. (17b) 
we assign to w real values and ascertain whether or not 
k is complex. We shall identify the term Im(@#)>0 
that may be obtained from (17a) as the “excitation 
coefficient.” Similarly, the term Im(k)<@ that may 
be obtained from (17b) shall be identified as the 
“amplification coefficient.” 

According to Sturrock, the occurrence of the 
excitation coefficient may indicate either a convective 
or an absolute instability. On the other hand, the 
occurrence of the amplification coefficient may indicate 
either a convective instability or evanescent 
It should, therefore, be noted that the presence of an 


excitation 


waves. 
coefficient is always associated with an 
unstable condition. On the other hand the occurrence 
of an amplification coefficient may not always be 
associated with an unstable condition for the particular 
mode to which it refers. Furthermore, the convective 
instability occurs if for a given mode there exists a 
region represented by both 
and ‘‘amplification coefficients.” 

\ particularly important term characterizing the 
expressions (11) through (14) is 


“excitation coefficients” 


1—p?):. (18 


This term expresses an invariant property of the beam, 
i.e., it gives the Langmuir frequency in the framework 


of an observer traveling with the beam. Our investi- 


tion is concerned with small values of x and we shall 
seek solutions of the dispersion Eq. (16) in the neighbor- 
hood of «=0 (‘small approximation”’ We 
concerned with the that are close to 
w=ck8 cosé for values of « that are sufficiently small. 
Equation (16 and 
‘amplified waves.” In order to determine the occurrence 
of excited waves, we assume that for small « we have 


are 
solutions 
waves” 


may exhibit “excited 


( 19) 


@=ckB cosf, (20) 


Ka. (21) 


11 and shall be designated as the 
juency”’ of the wave. The expression 
5 may be complex and Im(6), if positive, designates 
tk t. If Re(6)¥0, the 


The term @ is re 
‘characteristic fre 
the excitation coefficier wave has an 


effective frequency 


ind is characterized by a relative frequency shift 


t~— 5 - ’ ’ (73) 
é ‘f b £)) 


The excitation coefficient and the relative frequency 
shift are functions of « and tend to zero when x«— 0. 


AND #8. 
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The characteristic frequency is the limiting case of 
the effective frequency for x > 0. 

The instabilities associated with amplified waves are 
treated in a similar manner. We assume that for x 
sufficiently small we have 


where 
k=w/Bc cosé, 
and : 
1|<Kk. 


The term & is real and Im(y), if it is negative, 
designates the amplification coefficient. 

The term « represented by expression (18) is 
significant since it permits us to extend the results of 
our iavestigation to highly relativistic beams of high 
intensity. Various types of instabilities discussed in the 
literature deal with the ‘‘small-beam approximation,” 
i.e., they are specifically applied to those cases for 
which wae (for excited waves). It is noted that the 
magnitude of « depends upon the density of the beam 
and its velocity. Therefore, the “‘small-« approximation”’ 
used by us applies to a more general situation that 
includes not weak 
velocities, but intense 


only beams at nonrelativistic 


also beams at relativistic 
velocities. 

In the case of excited waves, the small « approxi- 
mation requires the and the 
corresponding inequality for the amplified waves is 


KK. cB cosé 


inequality «</6 


B. Classification of Oscillatory Modes 


(1) Region of Coupling and Uncoupling 


We are considering the effects of a beam of small 
intensity or of a highly relativistic beam on a frequency 
dispersive and isotropic dielectric medium. There are 
two “fundamental” oscillatory modes in such a medium: 
a longitudinal mode in frequencies are 
determined by the roots of e(w)=0 and a transverse 
mode having a dispersion relation c?/e(w)=w*/k®. In 
the absence of the beam (x=0) these modes are 
stationary. The perturbation produced by the beam 
causes an instability in the fundamental modes and it 
introduces additional “supplementary modes” that are 
unstable. The supplementary modes are characterized 
by hybrid waves. 

The occurrence of fundamental and supplementary 
modes is dependent on the magnitude of the ‘“‘coupling 
term” G(w,k) in the dispersion formula (16). When 
G(w,k)=0 the system is ‘“‘uncoupled’” and the two 
fundamental modes coexist independently. On the other 
hand, when G(w,k)~0 there is an interdependence, or 
“coupling” between the longitudinal and transverse 
modes. The regions of coupling and uncoupling will be 
separately investigated for the case of 
amplified waves. 


which the 


excited and 
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The term G(w,k) for the excited waves is obtained 
from the substitution of (19) in (12). Assuming x — 0, 
we have 

G(w,k) - 


> 178 sin6(ck/w— 8 cos8), (27) 


where 
6} ). 


lim (x (28) 


ko 


If 6 approaches zero more slowly than x, we have 
L=0 and if 6 approaches zero at least as fast as x, we 
have L#0. If L=0, then for sufficiently small values 
of « the inequality 

KK 5) (29) 
is satisfied. For x#0 but small, the coupling term 
G(w,k)=O(x/|5|)? and it appears in the dispersion 
Eq. (16) in the second power, i.e., in the form of 
[G(w,k) P=O(x/|6!)*. Therefore, when L=0O we may 
assume that for sufficiently small values of « the terms 
containing (x/ | 6, )* may be neglected. This is equivalent 
to the assumption G(w,k)=0. In such a case the 
system is uncoupled. The dispersion Eq. (16) is 
then separated into the equations F(w,k)E,=0 aid 
A(w,k)E,=0. The expression F(w,k)E,=0 represents 
the longitudinal mode and the expression A (w,k)E,=0 
represents the transverse mode. If L¥0 the system is 
coupled and the interdependence between the two 
fundamental modes produces the auxiliary mode 
represented by hybrid waves. 

We shall, therefore, refer to L=O as “the criterion 
for uncoupling” and to 140 as the “criterion for 
( oupling.”’ 

Consider now the amplified waves. Substituting (24) 
in (12) we obtain for x — 0 an expression similar to (27) 
in which 
Bc cos@). 


lim («/|¥ (30) 


«0 


We have here a region of uncoupling for L=0 and a 
region of coupling for +0. 


(2) “Strong” and “Weak” Instability 
We introduce an expression 


V=lim (x/|Im/(68))), (31) 


which serves as an index of the strength of the in- 
stability. Thus when ..=0, the excitation coefficient 
Im(é) approaches zero more slowly than «x, and the 
instability is “strong”. On the other hand, when V0 
Im(6)| approaches zero at 
least as fast as « and the instability is‘‘weak.” It will be 
shown that i the region of uncoupling where L=0, we 
may have V=0 or V0, i.e., the instability in some 
instances may be strong and in other instances it may 
be weak. 

lor amplified waves, the strength of the instability 
is determined in a similar manner by means of the 


the excitation coefficient 
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EPPFECT 
expression 


N=lim (x 


«0 


Im (6) 


II. UNCOUPLED MODES 


We neglect in the dispersion Eq. (16) the terms 
containing (x/|5|)* and those containing (x/w)? but 
retain the terms containing («/|6|)*. This approxi- 
mation is equivalent to a 0, for which 
the transverse and longitudinal modes are uncoupled. 
We obtain for the longitudinal wave 


n assumption L 


x"(1— 8? cos’0) 
€(w) — =V, 
(w—ckB cos@)* 


(32) 


and for the transverse wave 


ck? xB? sin?0(c?k?—w*) 


; 0. 
w"(w—ckB cos)" 


A. Longitudinal Oscillations 
(] Excited W aves 
(a) Occurrence of uncoupling and instability: 


Substituting (1) and (19) in (32), we obtain the 


following equation for 6: 


64+ 206+ [ao — we? — wy? — x? 1 se ost) o- 


+ 2x (3? cos’?@— 1)6+-4? (w,.2 — &*) (1 — 8? cos*8) =0. (34) 


We take into account |6|<@ and «</}6| and neglect 
terms that are small when compared with | 206° 


We obtain then an equation of the type 


6° 
where 


and 
2 4 


The term 


is designated as the “characteristic parameter.” 
solution of Eq. (35) can be written as 


‘ A}—B, S; 
INO —_ . 
2 6@ 


where 


ry —a,")(1—- s* cos) ) 


4) 


(40) 





NEUFELD 


Not every expression for 6 has a physically acceptable 
meaning, and only those solutions that satisfy the 
criterion for uncoupling (1=0) shall be considered. 
The expression for 6, and consequently the term L, 
are functions of the characteristic parameter S). 
Using the criterion L=0, we shall determine the range 
of values for S; for which there is uncoupling. Once 
the range of uncoupling is ascertained, we shall in- 
vestigate the stability of oscillations within this range. 
In the event there is an instability, an appropriate 
criterion shall be applied in order to determine whether 
the instability is strong or weak. The instability occurs 
when Eq. (35) has complex solutions, i.e., when the 
discriminant 

Ai= (S_ 


4$32a°+-9r),/4)r,>0. (41) 


The inequality (41) determines a range of values of 
S; for which there is an instability. It is seen by direct 
substitution that the critical value S;=0 is contained 
within this range. It will be shown that this range is 
limited to the immediate neighborhood of S,=0. 


(b) Response of the system for S:=0: 
For S;=0 the characteristic frequency 
resonance value @, i.e., 


9 


W= w= (wWi"-TWa")’. 


Our equation for 6 has then a complex solution, 


w3"(1— 8? cos’@) 7! 1 iv3 
awe oti dbnens.! | Giant, 
2(wyr>+ 2)! 2 2 


Wa ~ 


which represents an instability. 

We see that and hence it satisfies the 
condition for uncoupling 1 =0. Also, since Im(6)=O(x'), 
we have .V=0 and the instability is strong. We have 
also a frequency shift, the magnitude of which is 


6=O(k! 


Kw "(1— 8? cos’@) 7} 


oe <n (44) 
16(w;" +7)? 


(c) Range of uncoupling: 


We shall determine the ‘‘width”’ of the range in 
which the uncoupling occurs, i.e., the range of S; above 
and below the critical value S,;=0. It is convenient to 
introduce a constant a, defined by the relation 


SP=aw[F (a) F, 15) 


REGION OF 
UNCOUPLING 


Fic. 1. Dependence between |Im(6)!, |Re(6)|, and a; 


AND H. 


WRIGHT 


where 
F(a) = [5462 (@?—w,?) (1—8? cos?@) }}. 


The solution for 6 can now be written as 


»\ 1] 


6 o(ar)ki(G@—w, )3(1—? cos"é $3G)3, 


where 


(a) = —0.5{[1—a, + (1— 2a) | 
+[1—a,— (1—2a;) ] }+{[1—a, + (1—2a;)? }? 
—[1—a.— (1—2er;)!}} (—0.75)!—a!. (48) 


Consider the range of uncoupling as a function of 
a}. For a,=0 we have S;=0 and the system is uncoupled 
as shown above. For positive and negative values of 
a, that are sufficiently large in absolute magnitude, 
the system is coupled which can be shown as follows: 


Assume that |a;|>>(2\a:|)'. Then we may neglect 
(2a;)! or the number 1 when either is added to q in 
the expression (48). We obtain 6=0 and, consequently, 
L¥0. Therefore, for the values of a; satisfying the 
inequality |a,| *>>v2 the system is coupled. 

There are obviously no sharp boundaries between 
the regions of coupling and uncoupling. It is apparent 
that the coupling term G(w,k) is not zero when «#0. 
Our uncoupling procedure is based on neglecting terms 
of the order of (x/ || )* and, therefore, its accuracy is 
based on approximations that are dependent on the 
magnitude of the term «x. We choose a suitable value 
a:™ that represents the “boundaries” of the range of 
uncoupling. This value should not satisfy the relation- 
ship |a;“" | $>>v2. The region of uncoupling will then be 
associated with the following range of the characteristic 
parameter S;: 

— (a, ) Ki F(a) << S)< , KE (@ (49) 
(d) Range of the instability: 


Using the expression (45), the discriminant 


be written in a form 


+1) may 


A= (1—2ay)k4 (a? —w,”)?(1—8? cos*0)?/16a@. (50) 


We have an instability if A;>0 and this inequality 
determines the range for a; and S;. We shall consider 
separately the case of a, <0 and a,>0. 

For a,<0 the inequality A;>0 is satisfied and in 
such case the. instability is expressed by an excitation 
coefficient Im(é)=O(x!). Hence ‘the criterion =O is 
fulfilled and we have a strong instability. 

For a;>0 we have A;>0 only if a;<0.5. The criterion 
N=0 is not fulfilled for all values of a; within this 
range. For a,=0 we have \V=0 and consequently a 
strong instability. However, for increasing values of 
a, the instability decreases in intensity. It is seen that 
Im(5) > 0 as a;— 0.5. Consequently, we have V¥0 
which indicates that the instability is weak. There is 
no instability for a,20.5 since A;<0 and hence the 
solutions of Eq. (35) are real. 
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Therefore, the range of instability for uncoupled 
longitudinal oscillations is defined by the inequalities 


— (ay™ ) iP (6) <8, < 0.54 F (6). (51) 


It is noted that for S;>0 the region of uncoupling 
extends beyond the instability range, i.e., it comprises 
the range of values defined by the inequalities 


0.54 IF (@) < Si< (ai™ )*kF (0), (52) 


for which there is no instability. 

Figure 1 illustrates graphically the relationship (47) 
expressed in a form 6=Ki@(a,), where K,=x!(@?—a,’)! 
X (1—8? cos*6)#/43a! is assumed to be a constant. The 
region of uncoupling is contained within the range C.C,; 
and the curves |Im(6), and |Re(6)| are plotted as 
functions of a;. The curve |Im(é)) shows the resonance 
behavior which corresponds to the maximum instability 
for a;=0. For a;<0 the values of | Im(6)| are relatively 
large, indicating a strong instability. For a,>0 the 
value of |Im(6)| rapidly decreases and there is no 
instability in the range C,C;. The curve |Re(6) 
indicates a frequency shift of the effective frequency 
w.rp With respect to the characteristic frequency @. 
This frequency shift reaches a maximum for some 
positive value of a; and not the critical value a,=0. 


e) Relationship between 
uncoupling : 

We shall refer Fig. 2 which represents 
graphically some of the main results of this investi- 
gation. The curves M; and M, show the relationship 
between the excitation coefficient |Im(6)| and the 
characteristic frequency @ for all the oscillatory modes 
resulting from the interaction of a beam with the 
dielectric medium. The resonance frequency w; given 
by (42) is represented by the point 4; and the range of 
uncoupling for longitudinal waves is expressed by the 
inequality 


Im (6) 


now to 


ee (ary™ ) ki F 1 (6) <@<w;+ (ay™) 4k F(a). (53) 


This range is contained between the points A» and As. 
The strong instability corresponding to a;<0 is 
represented by the segment of the curve M, between 
the points Bz and B,. For a;>0 the excitation coefficient 
decreases to zero within the range A,Aq4 and the 
oscillation is stationary in the range A443. It should 
be noted that the width of the range of uncoupling is 
relatively small, i.e., it is of the order of x}. In the 
diagrammatic representation this region has been 
enlarged in order to show more clearly the behavior 
of the instability. 


(2) Amplified Waves 
Substituting (24) and (1) into (32) we obtain 


K (1—8? cos’6) (c2k?8? cos’@—w,”) }} 


r 





Bc cos c7k?B? cos*@—w?—w," 


and ® in the region of 


[rm(3)| REGION OF 


HYBRID Waves 
UNCOUPLING OF TYPE “«* 


TRANSVERSE 
WAVES 


REGION OF 


iow 
Bye 





0 wAvES 
OF Type “t* 


Fic. 2. Dependence between |Im(6)| and @ for various 
miodes in the system (the value of @ is fixed). 


This solution will be complex provided the expression 
in the brackets is negative, i.e., provided 


(w_/cB8 cosd)? << k? < (w 2+ w,?) /8%c? cos’. (55) 
However, the solution is applicable only if it satisfies 
the criterion «<{|y8c cos#| for uncoupling and the 
assumption (26). The criterion for uncoupling will be 
satisfied only if 


2 ~ (w+ Wa” ) Bec? cos’@. 


(56) 


It is of interest to note that yc8 cos#=O(x') provided 
hB22 cos’?é—w’—uy2=O(x?). For sufficiently small 
values of « this would give an instability satisfying 
both of the inequalities «<|yc8 cos#| and |y|<k. 

If = (w:2+,?)/8%c2 cos’?, then the expression (54) 
would give y= and hence would fail to satisfy the 
condition |y|<«<k. Therefore, we must exclude values of 
k? in the immediate neighborhood of (w:?-++wa?)/6?c? cos’é. 

The instability, therefore, occurs in the rather narrow 
subrange of (55) for which both the condition 
x<|y8ccos#| for uncoupling and the _ inequality 
7|<k are satisfied. 


B. Transverse Oscillations 
(1) Excited Waves 
(a) Occurrence of uncoupling and of instability: 


The transverse waves are described by the dispersion 
equation (33) in which e(w) is given by the expression 
(1). We approximate e«(w) by a Taylor series in the 
neighborhood of @ and obtain 


2aw;" 
€(w) = e(@) +——6-—- — 


9 


(a? = (a7) a 


. —§?+---, 


(a = Wa”) 


1" (We? +307)” 


We use the first term in the expression (57) as an 
approximation for e(w). In order that this approxi- 
mation be reasonable, we impose the restriction 

2375 | 
| ———______| <1. 
| (&®— wi? — wa”) (&?— wa”) 


(58) 
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Therefore, we exclude values of & which are near 
wa” and those which are near w;+w,?. If @~«a,?, the 
exciting frequency is at resonance with the binding 
frequency and we have «(@)— ~. If @~w,;?+w,? we 
have ¢(@)~0 which expresses the longitudinal instability 
discussed above. 

Substituting w=6+6 in (33 
first term of (57), we obtain 


) and using for e(w) the 


)F+[ a? €\ @)—K 23? sin” "A— Ck? 218 


+-[2éx28? sin?6 6+ x28? sin® (a 


€(@ 64+ 2a@€(@ 


y=0. (59) 


a = ck? 


5|\<<@ and «</6|, and we 
small when compared with 


We take into account 
neglect terms which are 
. We obtain 


2a€ (@ 6° 


6 + pe +r; 0), (600) 
where 
2(S,;+1), 


pr=aS; (61) 


— x*@3? sin?6(1— 8? cos*9)/2(S,4-1), (62) 
and 
S,=8"e(@) cos’?é—1. (63) 


The solution of Eq. (60) can be written as 


Aj—B} 
Liv3 


aS; 
2 6(S,;+1)’ 





+6? sin*6(1— 8? cos*6) 


B, 4(S,+1)| 54(S,41)?- 


l(; 


as? 


— xB? sin*6(1—? cos ) 
7(S;+1)? 


4 
‘characteristic 
This term is 


XK (—«*8? sin*é(1—? cos) 


the 
oscillations.” 


The term S, is designated as 
parameter for transverse 
analogous to S; expressed in (38). The parameter S, is, 
however, a pure number whereas S,; has dimension of 
the square of frequency. We proceed here in the same 
manner as in the case of longitudinal waves. We 
determine the range of uncoupling for which L=0 and 
the instability range for which the discriminant 


inf 


Both ranges are in the immediate neighborhood of the 
the critical value S,=0. An estimate will be given of 
the extent of these ranges. 


aS F 
——__——_+ 26r. n> 0. 
S,+1)? 


(66) 


(b) Response of the system for S,=0 


For S;=0 the solution for 6 is 


rw? sin’@(1—6 * cos*#) —i+iv3 
-|= ast "1(- =) (67) 
2 2 
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The above expression can be written in a form 
showing the unique dependence between 6 and @ that 
exists for S,=0: 


( Le(@)3°— 1 |[ e(a)—1 ] | ty —1+tiv3 
=i) — . ( ) (03) 
| e(a) ? | 2 

A similar solution was obtained for a nondispersive 
medium by Getmantsev.’ Since 5=O(x!) the 
expressions satisfy the criterion for uncoupling (.=0) 
and the criterion for strong instability (.V 

There is a relative frequency shift which can be 
expressed as 


al OVE 


af (aL e(@)6°—1JLe(@ iy 


Range of uncoupling : 
We shall define a number a; by the relationship 


S8/(Si+1)?=avweLF (a) F, (70) 


where 
F ,(@) = (546? sin’6(1— 8? cos’@)/a* |}. (71) 


The solution for 6 can be written in the form 


Gx'B* S sin?@(1— 8? cos”6) 
5=6(aa 55% 


where ¢ is given by the expression (48). 

We assume now that |S;|<1. Then S; can be 
neglected in the denominator in the left- wr side of 
the expression (70) and we obtain S;=a,‘x!F,(@). By 
applying the same arguments as we did for longitudinal 
oscillations we can limit the range of uncoupling by 
means of a suitably chosen number a,” that does not 
satisfy the inequality [a,°"|>>v2. The values of the 
characteristic parameter that are within 
this range satisfy the inequality 


contained 
: ee ‘ _— . ~> 
— (a™ )*k I Fy (@) << S< (ay ’ IF. (). (43) 


Our discussion is concerned with small values of x. 
Therefore, our assumption that |.S;|<1 is in 
ment with the inequalities (73). 


agree- 


(d) Range of the instability : 
The discriminant of Eq. (60) can be put in the form 
A= (1—2a,)a?x*8* sin’? (1—8? cos’@)?/16(S,4-1)2. (74) 


The discriminant is positive for a,<0.5. 
have instability when 


— (ay™ ) iF, (@) < 


Therefore, we 


Si< (0.5)*kiF, (a) (75) 
and stationary waves when 


(0.5) tit F(a) < S,< ™\iKIF (ao . 
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\ssuming that 
K »= [ ax? sin’?@(1—? cos’#)/4(S,41 )} 


is a.constant, we can express the relationship 6= K @(a;) 
given by (72) in the form of the graph shown in Fig. 1, 
provided the abscissa are labeled a; instead of a. 


e) Dependence between Im(6) and @ in the region of 
uncoupling : 


The curve M, representing in Fig. 2 the transvers« 
oscillations is similar to the previously discussed curve 
M, for the longitudinal oscillations. The value §,=0 
corresponds to the resonance frequency 


w= [ wa? — w1°8? cos’0/ (1-2? cos*@) |}, 


which is represented by the point A;. The range of 
uncoupling is contained between the points Ag and A 4p. 
The instability extends over the range 647, and it 
does not appear in the range .17.4, 


V avilov-Cherenkov radiation: 


(1) Similarity between the “particle effect”? and the 
“beam effect.” It is that the characteristic 
parameter S,; may have any value within the range 
(75). This parameter expresses a functional relation- 


noted 


ship between @ and @ and, therefore, to each value of 
S, within the range (75) corresponds a different relation- 
ship between @ and @. Assume that S; has a determined 
and fixed value and consider (1) the excitation co 
efficient Im(4), as a function of @ for a given value of 
6, and (2) the excitation coefficient |Im(6)| as a 
function of @ for a given value of &. In the first case 
we obtain a relationship represented by the curve M, 
which shows a pronounced frequency selectivity at 
@=a,; In the have a directional 
selectivity. The instability is contained within an 
appropriate range for @ and reaches its maximum value 


second case we 


when the wave vector is aligned along a definite 
“resonance” direction within this range. This directional 
resonance is characterized by an angle 4;, satisfying the 
relationship 


] 


[ 1+-.S,)/B€(@) YP, 78 


cosh, 


and defines a cone that 


is a locus of all resonance 
directions corresponding to a given value of S;. This 
cone is structurally similar to the Vavilov-Cherenkov 
cone that is associated with a single particle moving 
with velocity §8=v/c 
The Vavilov-Cherenkov cone for a single particle is 
expressed by the relationship 


through a dielectric medium. 


cos#= [1 Be(w) ]}, 79 


which is obtained from (78) by putting S,=0 and d=w. 

There is, therefore, an analogy between the instability 
produced by a beam and the “conventional” Vavilov- 
Cherenkov effect produced by a single particle. This 
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analogy is due to the character of the waves and to the 
directional behavior of radiation associated with both 
effects. In both cases the wave vectors are aligned 
along conical surfaces of a similar structure. In both 
effects the radiated transverse. The 
occurrence of a transverse wave in the “particle effect” 
is without 


waves are 


any particular significance, since in a 
conventional isotropic dielectric medium the propaga- 
tion of energy can be associated with transverse waves 
only. On the other hand, in a medium comprising an 
electron beam, the energy flux is not 
associated with purely transverse waves. 
(2) Differences between the “partie le effect” and the 
‘beam effect.”’ There are significant distinctions in the 
formulation of the two problems. In the “particle 
problem” there are no stability considerations, and the 


necessarily 


radiation is associated with the occurrence of a non- 
zero Poynting vector directed outwardly from the 
particle track at infinite lateral distances from the 
track. The energy flux is represented by a real number 
and there are no complex quantities that would indicate 
other hand, the “beam 
problem” is based primarily on stability considerations 
and the Vavilov-Cherenkov effect is expressed by the 
emergence of a growing electromagnetic that 
exhibits an instability. 


growth or decay. On the 


Wave 


in the directional char- 
acteristics of both effects. In the particle effect there 
is a single cone defined by 


There is also a difference 


(79) and there is a unique 
relationship between the radiated frequency w and the 
direction 6. Such a uniqueness does not exist in the 
beam effect. In the latter case the parameter S; may 
have any value within the range (75), and, therefore, 
there is a family of Vavilov-Cherenkov cones defined 
by this range. It should be noted, however, that the 
width of the range (75) is proportional to «'. Therefore 
for x > 0, this range becomes coincident with a single 
point and we obtain a Vavilov-Cherenkov cone cor- 
responding to S,;,=0. We shall designate it as the 
“characteristic cone.”’ The characteristic cone for the 
beam is the same as the conventional Vavilov- 
Cherenkov cone for the particle provided the velocities 
of the partic le and of the beam are the same, and the 
characteristic frequency for the beam is equal to the 
frequency w radiated by the particle. 

Another significant difference between the particle 
effect and the beam effect concerns the magnitude of 
the radiated frequency for waves aligned along the 
direction. There is a relative frequency shift 
associated with the beam effect and given by the 


same 
expression (69). 


(2) Amplif ed Waves 


We consider again the dispersion Eq. (33). We 
substitute in this equation the expression k=k—} 
and |y\<«h. 
Neglecting «?/w*? and terms that are small when com- 
pared with |2cka 


subject to the inequalities «<<! yPc cosé 


we obtain again an equation of 
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the type y*+ p;’y?+r,’=0, where 

pr’ =4R[S*e(w) cos’e—1], 

r= — (1/2c?)kx? tan?0(1—8? cos*#). 
This equation is of the same type as previously dis- 
cussed. The equality $*e(w) cos*?—1=( represents the 


Vavilov-Cherenkov rone. 


Ill. COUPLED MODES 


Since L#0, the transverse and the longitudinal 
modes are coupled and the dispersion equation has the 
form (16). The oscillations are of hybrid type. 


A. Excited Waves 


Neglecting «?/w*, the dispersion equation (16) can 
be put in a form 


c7k*) «xf c7k*8? sin" 
€(w)} E(w) — _ [ «(1s . ) 
2 82 2 


c*k? 
——(1— 8? cos’é) |=0. 


Ww 


(82) 


We substitute in (82) w=a@+6 subject to the in- 
equality |6|<a. We approximate e(w) by Taylor series 
about @ and retain the first term of this series. We 
obtain then 

6=+xD', (83 


where 


[1— (a)? ][1—8? cos"6 | 
D=—————— —-, 


e(@)[1—€(@)3? cos*é | 


(84) 


An expression similar to the above was obtained by 
Getmantsev’® for a dispersionless medium. The approxi- 
mation based on the Taylor expansion is reasonable if 
the inequality (58) is satisfied. We must, therefore, 
exclude those values of & which are near w, and which 


are near w)= (w;°+w,")'. The equality 2=w, corresponds 


@ IN THE “t” REGION 


¥ 


m(6) and 6 for various values of @ 


AND H. 


WRIGHT 


to e(@)=e and the equality @=, corresponds to 
€(@)=0. The expression (83) is also subject to the 
criterion for coupling (10). Therefore, the solution 
should satisfy the relationship 5<O(x). In order to 
satisfy these requirements, we should exclude from our 
consideration the region for which e(@)~0 and the 
region for which 1— e(@)8? cos’?@~ 0. These two excluded 
regions have already been discussed. For e(@)~0 we 
have longitudinal oscillations contained within the 
frequency range AoA; in Fig. 2. 
we have transverse oscillations contained within 
the frequency range AgAio. We shall consider two 
frequency regions corresponding to e(@) <O and €(@) >0, 
respectively. 


For 1—e€(@)G? cos"@~0 


For ¢€(@)<0 we have D<O and consequently there 
is an instability. This instability is represented by a 
portion of the range As, for which the solution (83) 
satisfies the criterion for coupling and the condition 
5 <@. Points in the immediate neighborhood of Ax 
are excluded from this range in order that the inequality 
(58) be satisfied. 

If e(a2)>0 we 
instability if 


have D<O and consequently an 


1/8* cos*?> €(@) > 1/8. 


This instability is represented by a portion of the 
range AgA; for which the solution (83 
criterion for coupling and the condition 6 <a. 


satisfies the 


B. Amplified Wave 


We consider real values of w and look for complex 
values of k in Eq. (82). We use the criterion L¥0 
which gives y8c cos#<O(x) for sufficiently small values 
of x. We neglect «/w and write k=k—y~k by making 
the assumption | 4 


<R where R w/ Oc cosé. 


The solution of Eq. (82) can be put in a form 
—9- cos? 


Be cos#@| el(w [1 — €(w) 8? cos"é | 
which exhibits an instability similar to the 
occurs in the case of the excited wave. 


IV. RESPONSE OF THE SYSTEM FOR A 
FIXED VALUE OF 6 


shown in Fig. 2 is 


The 
characterized by two intense centers of instability, 
the longitudinal instability that emerges in the form 
of Bohr and the transverse instability that 
emerges in the Vavilov-Cherenkov 
The longitudinal instability is contained within the 
range of uncoupling A.A centered at the 
resonance frequency w=w);. The transverse instability 
is contained within the range of uncoupling A¢A, 


response of the system 


Waves 
form of waves. 


and is 


and 


is centered at the resonance frequency w The 
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response of the system is also characterized by less 
intense instabilities that occur in the region of coupling. 
This latter region is represented by frequencies that 
are outside of the range A2A3 and A¢Ajio. These less 
intense instabilities emerge in the form of hybrid waves 
and are represented by lines 4B,’ and AsB,’. 

A characteristic feature of our description is associ- 
ated with the presence of two “‘continuation curves” 
represented by dashed lines in Fig. 2. One of these, 
represented by the line B.’ Bs, is the continuation of the 
longitudinal instability within the uncoupled region 
into the hybrid waves of the type “J”. The other 
represented by the line Bs’ Bg is the continuation of the 
transverse instability into the hybrid waves of the 
type ‘‘¢.” In our subsequent discussion we shall refer 
to the “7” region and the “‘?’”’ region. The ‘1’: region 
comprises the longitudinal wave together with the 
corresponding hybrid wave. Similarly, the ‘‘?” region 
comprises the transverse wave together with the 
corresponding hybrid wave. 

For a high-velocity electron beam passing through 
a gaseous medium of low density, we have w;<<wg. In 
such case the frequency range represented by the “7” 
should be considerably narrower than the 
frequency range represented by the “?’” region. 


region 


V. DIRECTIONAL SELECTIVITY OF 
UNSTABLE SCILLATIONS 


that increases in 
amplitude as time progresses is characterized by two 
parameters: the frequency « and the wave vector k, 
and each of these parameters is represented by two 
numbers. The frequency 
+i Im(6), 


An unstable oscillatory mode 


is complex, 1e€., w=Wert 
and the wave vector k is defined by its 
magnitude k and direction 6. It would seem appropriate 
to describe such an instability in the form of an ex- 
Im (5) = f(wers,k,O) in which wees, k, 4 
are independent variables. There is, however, another 
independent variable that determines the behavior of 
the instability. This additional independent variable 
is expressed as Kk 


pression of type 


wy(1—,")! and the behavior of our 
system has been described for small values of «. It is 
noted that for x0 we have lima .s;=a. For the 
values of « that are sufficiently small, wer; differs very 
little from @ and, therefore, we have assumed that 
The replacement of the actual effective 
by the characteristic frequency, as an 

variable, inaccuracy 
which does not change substantially the functional 
behavior of the excitation coefficient. 


W™ Weft. 
frequency 
independent 


introduces some 


We shall consider two different expressions for the 
directional behavior of the instability. One of these has 
the form |Im(6)| =F (a) and describes the directional 
properties of the excitation coefficient as a function 
of the characteristic frequency. The other has the 
form |Im(6)|=@(k,8) and describes the directional 
properties as a function of the wave number. 


ER 


ENKOV EFF 


HYBRID wave 
TRANSVERSE WAVES 
NO INSTABILITY 


Fic. 4. Directional characteristics of the waves for a 
fixed value of @ in the “?” region. 


A. Behavior of Im(6é), = F(0,6) 


(1) Dependence between |Im(65) 
Fixed Value of ® 


and 9 for a 


The character of the function expressing the direc- 
tional behavior of |Im(é)| depends upon the value of 
@. When @ is in the “‘/”’ region, this behavior is signifi- 
cantly different from the corresponding behavior when 
@ is in the “?’”’ region. 

In the “?” region, the excitation coefficient shows a 
pronounced selectivity for @=6;. This is shown in Fig. 3. 
Thus the waves in the “‘?’’ region are characterized not 
only by frequency resonance but also by a “directional 
The directional resonance is 
conical surfaces shown in the ‘geometrical’ 
representation of Fig. 4. Within the cone Ay, the 
oscillations are stationary. There is a_ transverse 
instability between the cones K, and Ky, and hybrid 
instability outside the cone Ko. 


resonance.” associated 


with 


Figure 3 also shows the behavior of the instability 
in the “‘/”’ region. The graph representing this instability 
increases slowly with 6 without exhibiting any strong 
directional selectivity. 


(2) General Form of the Relationship |Im(6), =F (@9) 


Using three rectangular coordinates we can represent 
the relationship between the coefficient 
Im(6)| and the two variables @ and @ in the form of 


excitation 


a three-dimensional surface shown in perspective in 
Fig. 5(a). A characteristic 
represented by the 


feature of this surface is 
“Vavilov-Cherenkov ridge’ and 
the “Bohr ridge.”’ These two ridges are loci of points 
for which there is a maximum in the excitation co- 
efficients for the Vavilov-Cherenkov and for the Bohr 
instability. The projection of the two ridges on the 
Im(6),@ plane is shown in Fig. 5(b). 

As shown in the Bohr ridge and the 
Vavilov-Cherenkov ridge increase gradually in height 
without exhibiting any peak. The absence of a peak 
can be determined directly from the corresponding 
expressions for the Bohr instability and the Vavilov- 
Cherenkov instability. The gradual increase in the 


Fig. 5(a), 
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height of the Bohr ridge is evident from inspection of 
the formula (43). In the Vavilov-Cherenkov instability 
the absence of a peak can be determined from the 
expression (68). Using this expression we obtain 


d (6°) “ 
= | «(@)[e(@)B°—1 Lew) —1 


da We (@) - 


([e(@) }8?—1)!. (87) 
2)\2 | 


RR 
WwW) 


-9 


Wa 


Since ¢(@)~1/s" cos*@ the value d(6*)/da@ as given by 
87) is always positive. Hence the Vavilov-Cherenkov 
ridge increases gradually in height and there is no peak. 


VAVILOV-CHERENKOV RIDGE 


|tm(8) | 





~CHERENKOV RIOGE 


Im (5)| =F (@ 
OR: =[we?—wi26*(1 — 8) }; 
OR: =a; 

ORs= («1?-+w,2)! 


a) Perspective view of 


b) Projection of the Bohr ridge 
Cherenkov ridge on the | Im(6) 


and the Vavilov 
, ® plane 

OS; = (v3/2)[2u:? (1 —B*)/2 
OS2= (v3/2 [xw? 2 


OSs = (V3/2)[2og?/2}}. 


wi? +w,? sy. 


ij =i 
w?+we?)? }; 


AND H. W 
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(3) Instability for 0~m, 2 


For @~x/2 our original assumption |6,<ck8 cos@ is 
not valid. We shall investigate this case under the 
assumption that the term « may not be necessarily 
small. 


(a) Excited waves: 


We substitute @=7/2 and Ea. 


Eq. (16) and obtain 


1) into the dispersion 


+ °C7* ky | 
+ Kn hk? | =), 


We notice that only even powers of w appear in 
and, therefore, this expression is of the form 


tf (w?) ). 


Consider the inequalities 
and 
€(Q) 7 (9] 


for 
the 
The existence of this 


These inequalities represent a sufficient condition 
Eq. (89) to have a solution for satisfying 
inequality — (w;?+w,")<w?<0. 
solution can be shown by computing 


—¢ ee(1 — ) +e*h?+-«?(1—8*) 


f(0) = wat? 


and 


f ( —«),2— 2) 


@) Wa 
4(w;2-+w,2)!-+2 
X[k (wr2+w od \K? 7 — 37) } 

wrt 2ana?)*[xt+neck? ]. (93 


If (91) holds we have /(0)<0. If (90) holds we have 
f(—w—w,”)>0. In this case Eq. (88) has a purely 
imaginary solution. If 6 differs from 2/2 by some small 
amount, there appears a real component in the solution. 
To show this, one separates the odd and even powers 
of w in Eq. (88) and finds that a purely imaginary 
value for w could not satisfy the equation. 


(b) Amplified waves: 
The dispersion equation (16) can be written 
1 ( [we(w) — x? |[we (w) —x?(1—B?) ] | ; 
i 


. (94) 
cl we(w) +x?[B%e(w) — 1 | 

Thus & is always either real or purely imaginary. Por 
values of w satisfying w.2<u*<w;?+o,? we have 
e(w) <0 and hence & is imaginary. 
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Fic. 6. Relationship between |Im(6)| and @ for a fixed 


k> (w? + We" 1/ D6 


B. Behavior of Im(3) | = ¢(x,6) 


(1) Dependence between |Im(6)| and @ for a 
Fixed Value of k 


Assume k fixed and large enough so that 
k?> (w?+w,?)/6c?. The directional behavior of the 
excitation coefficient is represented in Fig. 6 by two 
curves representing the regions ‘“/” and “?’. These 
curves exhibit directional resonance at points @=6; and 
6=6,. The corresponding “‘geometrical representation”’ 
is given in Fig. 7. The transverse instabilities in the 
neighborhood of 6=6, are represented by a region of 
Vavilov-Cherenkov cones and the corresponding hybrid 
instabilities are in an adjacent region outside of the 
Vavilov-Cherenkov cones. Similarly, the longitudinal 
instabilities in the neighborhood of @=4, are re- 
presented by a region of “Bohr cones,” and the cor- 
responding hybrid instabilities are in an adjacent region 
outside of the Bohr cones. 


2) General Form of the Relationship |Im(6)| =$(k,9) 


The relationship between the excitation coefficient 
|Im(6)| and the two variables k and @ is shown in 
perspective in Fig. 8(a). The surface representing this 
relationship shows the two characteristic ridges re- 
presenting the Bohr and the Vavilov-Cherenkov 
instabilities. The projection of the two ridges on the 
plane of |Im(6)| and & is shown in Fig. 8(b). 


C. Relative Magnitudes of the Bohr Instability 
and the Vavilov-Cherenkov Instability 


There is a considerable difference in the directional 
behavior of the two instabilities. One can estimate the 
relative magnitudes of these instabilities by determining 
the expression 


(95) 


Im(6)| p/|Im(6)| y-cn= f(0), 
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in which |Im(6)|p representing the excitation co- 
efficient due to Bohr radiation is given by (43). The 
term |Im(6)|y-ch corresponding to the Vavilov- 
Cherenkov effect can be expressed by means of (67) 
in the following form: 
| Im (5) | v-cn= (V3/24/*) 

X (2/8? + (wi? — wa?) 8? cos’ ]!/6 


X (1—8? cos’@)!/68?/8(sind)?/*}. (96) 


We shall consider the expression (96) for a physically 
important. case in which w;<w,, and we shall exclude 
from our consideration the values of 8 and @ satisfying 
the relationship 8 cos@~1. This relationship is satisfied 
if @ is very small and the electron beam has velocities 
in a highly relativistic range. The expression (95) can 
then be represented as 


Im(6)| p/|Im(6)| y.c,~K! sin’, (97) 


where 


K =0;"/w,’8". (98) 


The expression (97) gives an index of the relative 
magnitudes of the two instabilities and shows that 
this index is strongly directional. Thus the Bohr 
radiation is dominant for small values of @, but the 
relative intensity of the Bohr radiation as compared 
to the Vavilov-Cherenkov radiation decreases very 
rapidly for increasing values of 0. 


VI. SMALL-ANGLE APPROXIMATION 


In the dispersion Eq. (16) the assumption that 
G(w,k)=0 gives an uncoupling of the longitudinal 
oscillations described by F(w,k)E.:=0 and the trans- 
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=$(k,0). 
OT: =[we?—w198*/ (1—8*) }¥(1/8c); 


OT2= (w2+w? 8c. 


Fic. 8. (a) Perspective view of | Im(é 


(b) Projection of the Bohr ridge and the Vavilov- 


Cherenkov ridge on the |Im(6)!, & plane. 


verse oscillations described by A (w,k)E,=0. Heretofore 
we have discussed the behavior of the system for small 
values of x by assuming «xX w—fck cos#| and neglecting 
terms of the order of [x/(w—8ccos#)}*. This was 
equivalent to assuming G(w,k)=O and hence gave 
uncoupling. 

If #=0 we will again have G(w,k)=0 and uncoupling. 
We shall now examine the behavior of the system for 
values of @ in the neighborhood of zero (small angle 
approximation). We assume sin sufficiently small 
that we may neglect terms involving sin?@. This is 
equivalent to assuming G(w,k)=0 


A. Longitudinal Oscillations 
(1) Excited Waves 


We put w=ck8+6 in the dispersion Eq. (32). We 
assume, that |6|<ck8 and obtain 


6= +x (1—9*)'[ (CRP —w,")/ (CRB ?—an?—w,") }'. (99) 
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It is apparent that 6 is imaginary for values of ckg 
satisfying the inequality w,.?<ck?3?<(w;+w,") and 
5=O(x) except for values of ck8~ (w;?+w,")!. There- 
fore, if we assume x<<ck8, we have a solution satisfying 
our assumption and hence an instability. 


(2) Amplified Waves 


The dispersion Eq. (32) following 


expression for k: 


viel Is the 


WwW K ; 
k=—+—(1— 8? cos’@)? 
cB co 


(100) 


It is apparent that no real value of w satisfying the 
inequality wa<w< (w?+w,”)! satisfy Eq. (32) 

the term in brackets will be negative. Thus 
there is an instability for frequencies between w, and 


(wir+a,*)?. 


can 
since 


B. Transverse Oscillations 


Neglecting the terms containing sin’#, the dispersion 
Eq. (33) can be expressed in a quadratic form as 
follows: 


ww erg? + c2h? + x? Jew? — 0 hk? — wx? = 0. (101) 


It can be shown that if Ck?>x? the equation (101) 
gives four real solutions for w. other hand, if 
ck? <x? there will be two real and two pure imaginary 
solutions. In either case, the transverse wave is stable. 

If @ is sufficiently small so that we can consider 
G(w,k)=0, we must neglect 
Eq. (33). We have then the transverse 
However, the longitudinal wav: 


On the 


also the last term of 


vave stable. 


is unstable for values 
of w satisfying the inequality w,2<w?< (w?+w,? 


Fic. 9. “w—k’ diagram for hybrid oscillatior 


small 
approximation). OT =w,; O/ >t q?)t. Fis the line 
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b) 


Fic. 10. (a) “w—k” diagram for “uncoupled” longitudinal 
oscillations (small-angle approximation). OJ =Kwa/8c(w?+«")}. 
diagram for “uncoupled” longitudinal oscillations 
small « approximation) 
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VII. GRAPHICAL REPRESENTATION OF 
THE DISPERSION RELATION 


We shall now illustrate some of the results of our 
discussion in the form of ‘“w—k’ diagrams as used 
by Sturrock. 


(1) Coupled Oscillations 


The dispersion equation has the form (16). The 
“w—k” diagram representing this equation for a small 
value of x is shown in Fig. 9. In such case (small x 


HERENKO\ -EC 15 


approximation) we have. a solution of the form 
w=ckB cosd+é6 where |5\<ckB8cosé. The system is 
coupled if there exists a solution for 6 of the dispersion 
equation which is subject to the condition |6| =O(k). 
If this solution is complex the resulting instability has 
been described as “weak” instability of the hybrid 
type. It was shown that the system does in fact have 
a solution satisfying the above conditions. Since in the 
region of instability & is real and w complcx, these solu- 
tions cannot be represented by points in the real ““w—k”’ 
plane. The shaded rectangular ‘‘windows” have been 
drawn close to the line w=ck6 cos@ and are used sym- 
bolically here. These ‘‘windows” indicate that for a 
fixed real value of k in the region of instability, the point 
in the complex plane which corresponds to the solution 
for w will be close to the real number ck@ cos9. There are 
six rectangular windows shown in Fig. 9. The shaded 
sections within the windows 1a, 1b represent hybrid 
instability of type ‘7’ while the 
within windows 2a and 2b represent hybrid instability 
of type “‘¢.”” The unshaded portion of the graph inside 
windows 3a and 3b represents the region of stable 
oscillations. It is noted from the diagram that both 
“?” and “‘l” instabilities are convective. 


shaded sections 


(2) Uncoupled Oscillations 
(a) Small-angle approximation: 


We assume that @~0, but x is not necessarily small. 
The ‘“w—k” diagram for longitudinal oscillation is 
shown in Fig. 10. The instability associated with the 
branch “N” of the curve represents the “Bohr 
radiation.” This instability is shown to be convective. 
There are no instabilities associated with the transverse 
oscillations and a diagram representing the transverse 
mode has not been shown. 


11. “‘w—k” diagram for “uncoupled” transverse 
oscillations (small x approximation ) 
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b) Small-« approximation: 


For sufficiently small values of « the ratio («/|6|)4 
becomes negligible, which is equivalent to uncoupling. 
There are two dispersion relationships: A (w,k)=0 
represents the transverse mode, and F(w,k)=0 re- 
presents the longitudinal mode. The corresponding 
instabilities will be illustrated by means of ‘‘w—k” 
diagrams. 

(1) Longitudinal oscillations. The corresponding 
“w—k” diagram shown in Fig. 10(b) is qualitatively 
similar to the one shown in Fig. 10(a). There is, how- 
ever, an essential difference between them. The curve 
of Fig. 10(a) represents the dispersion relationship for 
the entire range of w and &. On the other hand, the 
curve of Fig. 10(b) represents the “small-« approxi- 
mation,” and, therefore, the only range of w and k 
that is quantitatively significant is in the regions for 
which there exists a solution for 6 satisfying the 
inequalities x<'6 «<a. It has been shown that there 
exists such a solution at least in the interior of the two 
rectangular “windows.” The remainder of the graph is 
inappropriate and has been included only to show 
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more clearly the character of the graph inside the 
“windows.” The shaded portions again show the 
region of instability and the unshaded portion shows the 
region of stable oscillations. The instability is “strong’’ 
in this region since the inequality «</Im(6) 
satisfied. The instability is convective. 

(2) Transverse oscillations. Figure 11 the 
‘w—k” diagram which is applicable only in the regions 
where there exists a solution for 6 satisfying the in- 
equalities «<|65!<o. As in the previous case, such a 
solution has been shown to exist inside the rectangular 
“windows.” The remainder of the graph is shown 
only in order to illustrate more clearly the behavior of 
the small portion of the graph inside the “windows.” 
The instability shown in the shaded area is associated 
with Vavilov-Cherenkov radiation and is shown to be 
convective. 

If one examines the graphs in Figs. 9, 10(b), and 11, 
it is clear how the Vavilov-Cherenkov radiation 
“extended” into region of hybrid instability of the 
type ‘‘?” and the Bohr radiation is ‘‘extended” into the 
hybrid instability of type “7” 


is 
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Effective Depth of X-Ray Production* 
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The University of Texas, Austin, Texas 
Received May 23, 1960) 


By measuring x-ray emission profiles as a function of voltage, the depth of penetration of the cathode 
electrons involved may be calculated. Similarly, the effective depth of x-ray production may be obtained 
Uncertainties exist because of conditions at the surface, so the rate of change of these depths with voltage 
may be established with greater confidence than the values themselves. For copper, the continuum yields 
values increasing from 300 A/kv to 480 A/kv over the 10-30 kv range. An average value of 450 A/kv is 
obtained from analysis of the less trustworthy line data. The effective depth obtained from the conventional 
calculation on the absorption edge is shown to have little physical meaning 


INTRODUCTION 


NFORMATION about the passage through matter 

of electrons having energies in the range of tens of 
kilo-electron volts is needed for the analysis of several 
physical phenomena. Among them are (1) the correction 
of the low-energy portion of the continuous §8-ray 
spectrum, and (2) the correction for target self-absorp- 
tion of x-ray emission spectra involving transitions of 
the valence electrons. Some information pertinent to 
the problem is available from measurements on the 
intensity of emission of x-ray lines and also from the 
discontinuities in the continuum. This can yield a 
measure of the depth of penetration of the cathode 


* This research was supported in part by the Robert A. Welch 
Foundation. 
t Present address: Arlington State College, Arlington, Texas. 


electron and also a measure of the effective depth of 
x-ray production. The information necessarily 
limited in scope since it involves cathode electrons 
which have lost little energy through inelastic collisions 
prior to the event which produced the x rays. 

The physical processes involved in x-ray production 
are numerous and complex. The path of the cathode 
ray in the target is tortuous, although the electrons 
involved in this particular process are probably tra- 
versing a reasonably linear path. These electrons may 
eject inner electrons from the target atoms giving rise 
to directly produced line radiation; or they may be 
abruptly deflected so that continuous radiation is 
produced. The bremsstrahlung of sufficient energy has 
the further capacity to produce line radiation by being 
photoelectrically absorbed. Because of the plethora of 


is 
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physical processes involved, the situation is not readily 
amenable to analysis. It is doubtful that a truly 
definitive study could be made at present ; nevertheless, 
information of value can be obtained, and reasonable 
agreement may be found with quasi-theoretical formulas. 


THEORETICAL 


Thomson,' through classical arguments, Whidding- 
ton,? by experimental measurements, and Bohr,’ by 
crude quantum theoretical calculations, arrived al a 
common mathematical expression for electron energy 
as a function of penetration. They obtained V?—V? 

cx, where Vo is the original energy of the impinging 
electron, V is the energy at the depth «x, and c is effec- 
tively a constant for a given material. 

There are obvious weaknesses in the assumptions 
that underlie the theoretical derivations, and Wilson’s* 
measurements, made at about the same time as Whid- 
dington’s, favored an equation of the form, Vep— V =c’x. 
In any event, the data do not unambiguously support 
a particular functional form. 

The concept of an absorption coefficient for beta 
particles has been used frequently. For beta rays having 
a continuous range of energy, good exponential trans- 
mission curves are obtained. On the other hand, 
Glendenin’s® work on monoenergetic beta particles 
favors a linear relation, of negative slope, between the 
number of transmitted electrons and absorber thickness. 

In our particular problem involving low voltage 
cathode particles and the production of x rays, the 
important feature is not the decrease in energy of the 
particles; rather, it is the attrition in the number of 
particles capable of producing x radiation. Over the 
range of voltage employed, the cross section for brems 
strahlung production will not vary with the energy of 
the electron, nor will the cross section for A excitation 
be a strong enough function of the electron energy to 
markedly affect the result. Consequently, we need 
concern ourselves principally with the variation of the 
number of impinging electrons as a function of depth of 
penetration. Thomson obtained an expression for this 
also, writing the number of corpuscles crossing unit 
area as V exp(—kx/V 0"), Vo being the original energy. 
There is good reason to believe that an exponential! 
law would be quite adequate under the conditions 
considered in this paper. An exponential law obtains 
when the particle is extracted from the beam in a 
single discrete process; this is virtually always the case 
when the incoming electron loses enough energy to 
produce the x ray. 

1J. J. Thomson, Conduction of Electricity Through Gases 
(Cambridge University Press, New York, 1906), 2nd ed., p. 375. 
Es R. Whiddington, Proc. Roy. Soc. (London) A86, 360 (1911 
x Bohr, Phil. Mag. 25, 360 (1913). 

4W. Wilson, Proc. Roy. Soc. (London) A84, 141 (1910-1911). 

5W. Paul and H. Steinwedel, Beta- and Gamma-Ray Spec 
troscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), pp. 20-23. 

61. E. Glendenin, Nucleonics 2, 12 (1948). 
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Using this concept, we define a linear 
coefficient, 4, so that 


absorption 


Z L 


v= f dN= J Nbe~**dx, 


Zz 


(1) 


where V is the total number of quanta produced directly 
per unit solid angle per unit time and may refer to the 
number of quanta in an emission line or to the number 
of quanta in a range of wavelengths in the continuum. 
As will be established, the indirectly produced line 
radiation is relatively small and will not be considered 
here. If the takeoff target angle is «, the number of 
quanta observed per unit time and solid angle is 


x b 
V, -f V be P7e-¥= once y= : -V, 
b + CSCE 


where u is the linear absorption coefficient appropriate 


(2) 


to the wavelength of the x rays observed. The electronic 
absorption coefficient, b, is a function of voltage, and 
may be evaluated in the following way. One may 
measure the ratio of intensities on the two sides of an 
absorption edge; for a given voltage this will be 


re= (b+ po csce)/ (6+ 1 csce). 


Measurement of rg as a function of voltage will deter- 
mine d(V). 


It is of value to establish a representative depth at 
which the x rays may be considered to be produced. 
We can obtain a mean depth of electron penetration 
by averaging; thus 


= 1/8. (4) 


1 s 
a ( ) Nbe~**xdx 
VJ ov 


This is also the mean depth of x-ray production for 
both the continuous radiation and the directly produced 
line radiation. However, the x rays are attenuated on 
passage through the anode material so that we define 
a weighted depth of production from 


so that we have 
b/(b+-u csce)?. 
Furthermore, we obtain the relation 


FD GO (b+ esce)?. (7) 
rom the dependence on uw, we see that the weighted 
depth for production of x rays is dependent on the 
wavelength under consideration. (Row 


Of perhaps more significance is the effective depth of 
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x-ray production, X,, which we shall detine so that 


[ V bee #F escedy Vea uXe esce. (8) 


That is, if the x rays were all produced at X,, they 
would have suffered the same net attenuation as when 
they are produced according to the exponential law. 
We see then that 
b b+u csce € unre 7 (Q) 
Solving under the reasonable assumption that u csce 
will be relatively small in most cases, one gets 


. # b)— (10 


Su CSCE 2h ° 


Obviously, X, is not greatly different from X,, unless 
target s¢ lf-absorption is excessive. 

It has been common practice’ to calculate an effective 
depth of x-ray production, Y., from the observed 
jump; thus, 

eee Se =PTep. 11) 


The value of \X 
virtually no significance. In fact, it can be readily 
shown that the value of YX, is less than X, for the 
wavelengths on either side of the edge. Consider Y,,; 
to be the effective depth of penetration on the low 
absorption side of the edge and Xe to be the effective 


computed from this relation is of 


depth of penetration on the high absorption side. Then 


b+; csce). (12) 


b+ Mi CSCE). 13 
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Equating, we find that 


(u2— m1) X, 5 HoX eo— 1X e1. 


This can be written in the form 
(15 


Thus, the “true” effective depth of x-ray production 
may be considerably greater than the jump at the 
absorption edge indicates. 

We shall also be interested in a comparison of the 
intensities of the AK, and the Kg lines. In this case, 
the ratio is given by 


b+wus csce}.Va 
, (16 
Lb+upu, csce V3 


This expression could not yield a reliable value of } 
since the value of V, available. However, 
Na/Ng will presumably not be a function of the 
accelerating potential so the ratio may be taken of the 
r’s at various values of the voltage, i.e., 


V3 is not 


T Ma CSCE 


r(V,) b(V; +3 csce Ob V 


r(V2) b Vv: +u. csce O(V TMep CSCE 


To a first order of approximation, this vields 
| : 


r(V;) 
(18 

r(V>) 

that 


Furthermore, for increments of voltage are not 


too large, we see that 


—1+r(V;) 
19 


Here the difference in Ua and bs is not enough to 
invalidate the use of a common effective depth for 
production of the lines. Starting with this concept, 


one can readily show that 


Inr(Vy)—Inr(} 
AX, ; (20 
(Ma— Ms 


which is the same as the previous expression in the 
approximation that r(V,)/r(V_2) is very nearly 1. 


EXPERIMENTAL 


Measurements were taken on the intensity of the 
line radiation as a function of voltage and on the K 
edge jump as a function of voltage. The target materials 
were copper and nickel. The continuum was measured 
with a continually aligned Economy model® two-crystal 


*H. P. Hanson and R. Economy Rev. Sci. Instr. 29, 420 (1958 
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spectrometer; the bulk of the data on line intensities 
was obtained with a Philips goniometer although some 
measurements were done with the two-crystal unit. 
Intensity measurements were made on continually 
pumped tubes and on sealed-off commercial tubes. The 
geometry of the former could be adjusted to our 
desires, but these tubes lacked the inherent stability of 
the commercial tubes and they provided data over a 
limited range. In the continuously pumped tube, the 
targets were truncated so as to give 15° and 20° takeoff 
angles for horizontal beams of x radiation.’ These 
targets were also plated (copper on nickel) for purposes 
of examining the indirectly produced line radiation. 

The line intensity was measured by ordinary counting 
techniques using Philips geiger counters; the continuum 
was continuously recorded by a Berkeley rate meter in 
conjunction with a Varian recorder. The absorption edge 
ratios were obtained as functions of voltage on the 4° 
targets. In the 15°-20° targets, the jumps are too small 
to observe changes with a usable degree of accuracy. 
In addition, the commercial tubes provided more stable 
operation, and this is essential since a meaningful 
measurement of the jump requires measurement over 
a considerable wavelength region of the continuum. 

Two likely sources of error lay in target inhomo- 
geneities and tungsten contaminations of the anode. 
Care was taken to make the targets as smooth as 
possible with the residual striations of the final polishing 
left in the direction of the emergent X-ray beam. The 
anode of the commercial tube could, of course, have 
pits of which we were not aware; however, the tubes 
had always been operated, in our laboratory, far below 
the rated voltage. 

Tungsten plating on the surface will result in an 
increased value of the intensity in the continuum but 
a smaller value of the line intensity. While a thin 
laver would change the absolute value of the depth of 
electron penetration, it would not markedly change 
the variation of this quantity with voltage. Neverthe- 
less, it is certainly advisable to obtain information 
about the rate of tungsten buildup. It was found that 
the intensity of the WZ: line increased linearly in 
time over relatively short periods. For runs of hundreds 
of hours at constant voltage and current, the curve fit 
the following expression: [= J )(1—e~?"), a form which 
may be derived on the basis of very simple assumptions. 
The precise value of » depends at least in part on the 
vacuum conditions in the x-ray tube. To keep the 
intensities due to the tungsten contaminant less than 
that observed on the sealed-off tube, we were not able 
to operate for more than a few hours without disas- 
sembling and cleaning the unit. No apparent difficulty 
was experienced due to backstreaming of diffusion 
pump oil in our well-baffled system although an 
invisible film of oil might have been present on the 

>Obviously the cot rather than the csc should be employed in 


our previously derived equation for this geometry, but for this 
angle the values are as close as the theory warrants 
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I'1G. 2. Absorption jumps, rx values as a function of voltage 
target surface. The carbon contaminant would tend to 
decrease both the line and continuum intensities. 

The current and voltage were regulated by conven- 
tional techniques. The amount of ripple in the rectified 
and smoothed voltage was certainly less than 5 parts 
in 1000. 


DISCUSSION 


The emission profiles showing the absorption discon- 
linuities are plotted to a common intensity scale in 
Fig. 1. Particularly for the low voltages, the figures do 
not indicate the true degree of precision to which the 
profiles may be measured. However, large variations 
are possible in estimating the magnitude of the con- 
tinuous radiation on the long-wavelength side of the 
edge. The dotted curve shown represents a rather crude 
guess as to the magnitude; the values of the estimated 
ratios, rr, are plotted in Fig. 2. The points are pre- 
sumably unbiased estimates of the re values, and the 
vertical bars represent a posteriori estimates of the 
range of values that might be reasonable from the data. 
The values of 5, X,,, and X, which are tabulated in 
Table I were computed from the straight line drawn in 
Fig. 2, although it is clear that other values of reg are 
well within the realm of probability. One can state 


unequivocally, however, that a pronounced increase in 
rz occurs. With the personal factor involved in judging 
the level of the continuous radiation, it is obviously 
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TABLE I. Absorption jump, mean depth of electron penetration, 
ind depths of x-ray production defined according to the text. 
Obviously the numbers given in last six columns are accurate to 
no more significant figures than those in the second. The numbers 
are carried merely to show the trend. The units of 6 are reciprocal 
angstroms, the depths are in angstroms, and the last column is 
in angstroms/kilovolt. 


Voltage 

kv) sory b om Ae Xe2 Xe AX,/AV 
10 1.97 30785 3248 3022 2095 1970 

12. 2.12 26029 3842 3529 2344 2180 297 
14 2.27 22393 $466 864051 2581 2370 312 
10 242 19527 5121 4584. 2809 2560 328 
1 2.57 17209 5811 5132 3028 2730 345 
20 2.72 15295 6538 5685 3241 2900 364 
22 2.87 13688 7306 «©6273 3448 = 30000 384 
24 3.02 12 319 R118 6868 3650 3210 406 
26 3.17 11140 8977 7479 3848 3350 430 
a )6OCO SS OO 1S 9888 8109 4042 3490 456 
3003.47 9211 10856 8758 4232 3620 484 


possible to draw a curve for the rg which would yield a 
truly straight line relationship for the values of Xm 
listed Table I. Even with the rg values selected, 
a log log plot of X,, 


In 
versus applied voltage reveals a 
relationship that is nearly linear as is shown in Fig. 3. 

The term in the last column of Table I, AX,,/AV, 
has the most physical significance of the items listed, 
but considering the uncertainty in rg is probably only 
reliable to about 20%. 


A value for AX,/AV may also be obtained by 





examining the relative intensities of the K, and Kg 
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Fic. 3. Depth of x-ray production as a function of voltage 


Depths defined according to text 
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lines as a function of voltage. The variation is small and 
statistically significant data could not be obtained by 
merely shifting between two voltage settings at each 
of the two lines. This was presumably due to our 
inability to reproduce the voltage settings with sufficient 
precision. The technique successfully employed!’ was 
to make a series of point-by-point measurements over 
the range from 10 to 20 kv. One may then tind 
difference in slope of the intensities of the A, and th 
Kz line when plotted as a function of 
logarithmic scale coordinates. Such plots are known to 
be approximate straight lines. T! 
effective depth, Y., may be written from Eq. 
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T ne ¢ hange 


In[Za(V1)/Ta(V2) J—In[73(V 1), 75(V2) ] 
4X — . (21 
(Ma— Mg) CSCE 

The convergence of the two lines as they tend toward 
higher voltage is too slight to illustrate, 
mated value of AN,/AV is 450 A/ky 
the 10-20 kv range. This figure was obt 
copper and nickel ta s on the conti 
tubes. 

The values of Y., which wn to be of virtually 
no significance, are seen from Table I 
than X,, by factors varying from about 
undoubtedly also a 
depth of cathode ray penetration reported by Webster 
and Hennings who used the absorption edge to find 

Table I also presents the effective depth [ 
production on the two sides of the x-ray edge whet 
calculated according to Eq. (9), and 
various depths are found in Fig. 3. It 
that the X,, and Y,, values plott d against voltage have 
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slopes which do not differ greatly from one. This 
bespeaks a linear de pe ndence of di pth of penetrat ion 
at this low voltage in keeping with the results of early 


workers. 


In general, empirical relations that describe the 
penetration of 3 particles through matter are only valid 
at high energies. The Flammersfeld'® equation, whic! 
purports to be accurate over the range of 0 to 3 Mev, 


vields a figure of about } of our value at 10 kv but is 
15% too high at 30 kv. On the ot! e AX, 
computed from conforms 
almost exactly to ours at 10 kv but is high by a fact 
of 1.7 at 30 kv. 

The value of X 
This is not consistent with other measures of the 
penetration of electrons or of t] depth of 
x-ray production. 


er hand, tl AV 


Flammersfeld’s equation 
or 


obeys an approximate V? relation. 


ie effective 


The straight line of Fig. 2 relating re and V is 
observed to pass above the origin. This may be inter 

°S. I. Salem, Ph.D. thesis, The University Texas, Austin, 
Texas, 1959 (unpublished 

"WW. R. Ham, Phys. Rev. 30, 96 (1910). W. P. Davey, J 
Franklin Inst., March (1911 

> A. Flammersfeld, Naturwisset 33, 280 (1946 











EFFECT 


[VE BEPTH OF 
preted in either of two ways. One might suggest that 

there is an effective, zero-voltage, mean free path 

which the electrons traverse before a photon-producing 

encounter occurs. From the extrapolated rg value of 
1.225, the mean free path would be 580 A. This is not 

greatly different from the calculated value’ of 420 A 

given for the mean free path of conduction electrons in 

copper. Indeed the agreement could readily be made 

exact by a minor modification of Fig. 2. 

However, this value is probably smaller than irregu- 
larities that are to be expected in the surface. Since 
the tube on which this particular measurement was 
made is sealed off, no information is available about 
the apparent smoothness of the target. Target pitting 
represents a distinct possibility as a source of the 
residual rz value. 

In principle, one might hope to glean information 
about the indirectly produced line radiation from 
measurements on plated targets. The plating should 
presumably be of sufficient thickness that only indirect 
radiation is produced in the backing material. In 
practice, one finds that the data are not reliable. For 
example, the slopes of the InJ vs In(V—Vx) curves 
for unplated nickel anodes were about 1.9 in our 15° 
targets. When they were plated with copper, similar 
curves for the nickel radiation had slopes that ranged 
from 1.6 to 3.0. There are explanations which one may 

Charles Kittel, Introduction to Solid-State Physics 


John 
Wiley & Sons, Inc., New York, 1957), 2nd ed., p. 240. 
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offer for either an increased or a decreased slope. For 
example, the effective depth for continuous x-ray 
production moves closer to the underlying material as 
the voltage increases, thus tending to produce an 
increase of slope. On the other hand, the deeper pene- 
tration of the bremsstrahlung with voltage will tend 
to decrease the slope. It was found that a target that 
is deliberately damaged gives high values of the slopes; 
consequently, it was assumed that the satisfactory 
curves were those with low values. It is found that 
AN ,/AV values obtained from such curves were about 
four times as great as in the unplated targets. Since 
the AX,/AV found for the lines in unplated targets was 
not greatly different from AX,,/AV, the indicated 
portion of indirectly produced line radiation is relatively 
small. 

However, geometric factors may well tend to produce 
un erroneous figure for the percentage of indirect 
radiation when measured in this fashion. Presumably, 
the cathode electrons involved in this process have not 
been appreciably deflected from their original direction. 
The Sommerfeld expression for the radiation field 
would indicate that even at these low voltages the 
intensity maxima lean appreciably forward. Thus, the 
measured value may not represent the true effect. 
Furthermore, the uncertainty in measuring the differ- 
ences in slopes precludes any serious quantitative 
analysis by this technique. Only a direct comparison 
such as is made in the following paper would produce 
reliable results. 
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\ direct comparison has been made of the number of x-ray quanta in the K line spectrum to the number 
of quanta in the continuous spectrum having energies greater than the critical value for K excitation. From 
this, one can deduce that, for a copper target operating at low voltages, only about 10% of the line radiation 
is indirectly produced. A further result is that the ratio of the cross section for direct ionization to the cross 
section for bremsstrahlung production is about 4/1, a value which is at least an order of magnitude less than 


theory predicts. 


INTRODUCTION 

HEN the existence of line x radiation was 
established by Kaye,'! Barkla? suggested that 
the effect was due to the absorption of bremsstrahlung 
and the subsequent emission of characteristic radiation. 
Beatty,’ however, argued that the line emission was 
virtually all directly produced, and offered experi- 
mental evidence based on studies of the intensities 
from bare and foil-covered targets. Balderston‘ in- 
terpreted the data that he obtained from bare-target 
measurements to show the contrary result, in agreement 

with Barkla’s concept. 
Webster and co-workers’ re-examined the problem 
by a foil and bare-target method. Their results indicated 


that for molybdenum, the line radiation observed nor- 


mally from a target is 35% indirectly produced and 
65% directly produced. These figures were constant 
over a large voltage range. The results of Webster have 
been generally accepted as being correct. 

It should be borne in mind that while the direct 
ionization represents a primary process, this does not 
indicate that it must necessarily predominate over the 
two-stage, indirect ionization process. As will be estab- 
lished, about 60% of the bremsstrahlung having fre- 
quencies greater than the critical value will be re- 
absorbed in the target and the indirect line radiation 


Fic. 1. Geometry 
] _ for the production of 
indirect line radia- 
tion. 





x-ray quonto | 
| 
bremsstrahiung / | 
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results from this process. We shall refer to the brems- 
strahlung radiation which is capable of producing K 
excitation as the “effective continuum.” 

The results of Webster’s measurements are at vari- 
ance with extant theory on the interaction of electrons 
with matter, although this point has apparently not 
been stressed in the literature. Webster’s data yields 
the ratio of the probability that a bombarding electron 
will eject a A electron to the probability that it will 
radiate a quantum of frequency greater than the critical 
K absorption frequency ; this ratio, which is designated 
as Y, was measured by Webster e/ al. and found to be 
0.85. Theory indicates that in this energy region the 
value of Q shouid be several orders of magnitude greater 
than that reported. 

In this paper, a direct comparison will be made of the 
number of quanta in the K line with the number of 
quanta in the effective continuum. Under the condi- 
tions of the experiment, the results indicate that the 
direct ionization process is much more probable than 
the indirect; nevertheless, the indirect process does 
occur with sufficient likelihood that Q must be con- 
siderably smaller than theory indicates. 


THEORETICAL 
A. Theory of the Experiment 


Consider the geometry of Fig. 1. The number of elec- 
trons in the beam is assumed to be attenuated according 
to an exponential law. The energy per electron is con- 
sidered to be unchanged with depth of penetration, 
which is essentially correct for the conditions under 
which the experiment is carried out. The electron is 
stopped at a depth x below the surface, producing a 
bremsstrahlung quantum. This quantum is reabsorbed 
after penetrating a distance r, and K excitation occurs. 
For the following discussion, the bremsstrahlung is 
assumed to be sent out isotropically ; the obvious error 
involved in this assumption is of little consequence. 
Actually most of the cathode electrons are probably 
proceeding approximately in their original direction, 
but if one assumes that the bremsstrahlung is all sent 
out in a horizontal plane, the numerical results do not 
differ excessively from those obtained under the as- 
sumption of isotropic radiation. Webster made th« 
isotropic assumption in obtaining his results. As dis 











INDIRECTLY AND DPEREX 
cussed in the preceding paper, the exponential law for 
the stopping of the electrons conforms adequately to 
the physical evidence. However, the results obtained 
from analysis of the data are not particularly sensitive 
to the form of the actual stopping law employed, and 
the primary reason for using this particular type of 
relation is that it yields results in closed form. 
Although the integrations are performed over the 
limits zero to infinity, the region involved is very small 
(x<r<10~ cm), and for a remote detector it is per- 
missible to regard all effects as occurring at a point. 
Let Np be the total number of K-line radiation 
quanta produced directly that are sent out per unit 
solid angle per unit time under a constant cathode-ray 
flux. Then, using & as the absorption coefficient for 


elect rons, 
f dN p= f 


T==() 


L 


N pbe~**dx= N p. (1) 


Note that Vp is not the number of A excitations 
produced directly. That number would be V p/w, where 
w is the fluorescent efficiency. 

The number of directly produced line quanta which 
are observed will be 


Vop J V pbe~* exp(— pax csce)dx 
=bNp (b+pe csce)=2.Vp, (2) 


20 Ay £ 


ae Se | 


The integration over Av refers to the process of 
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where ue is actually the effective absorption coefficient 
for all K-line radiation. 

Similarly, let NV. be the total number of quan.a in 
the effective continuum that are sent out per unit solid 
angle per unit time. Then 


f { dN .= f N .be**dxdv= N.. (3) 
VK « Zz ) oe’ VK { 


The number of these quanta which will emerge making 
an angle e with the target surface will be 


Vo. -{ f N .be~** exp(— fx csce)dxdv 
vK YQ 


‘ (4) 


b 
{Ne: N 


b+ ji csce 


Here & is the average value of the absorption co- 
efficient for radiation in the effective continuum, and 
the summing of the number of quanta in the effective 
continuum is represented by the integration between 
vo and vx. These frequencies represent the Duane- 
Hunt short-wavelength limiting frequency and the 
critical frequency for A exciiation, respectively. The 
number of indirectly produced line quanta will be 
given by 


reece r/2 
LnwN be mae f a exp(— ar)ar f 

v0 Av L 

SS 

"K 0 


sinVdWdydy' 


£ r 


Suw.V .be vax f gz exp(- arya f sinVdWVdvdy’. (5) 


counting the number of quanta in the lines, and w# is 


the percentage of absorption due to K ionization. Upon integration, one obtains 


Ny =uoalN =o 3+3 


The number of these indirectly produced line quanta which will be emergent at the angle ¢ will be 


vo Av x rsec ¥ T 
Vor i J f Pw .be~? vf i exp(— ar)dr [ 
k < 


v0 Ay L D x/2 
i [ Sua be? av f ih exp(— andr f expl —poa(xt+r cosW) csce | sinvdVdvdv’ 
Jigs . 


uwh NV, 


To obtain physically important quantities from the 
x-ray data, relations must be developed which relate 
measured intensities to P and Q, where P is defined as 


N D 
= (8) 


directly produced line radiation 
indirectly produced line radiation 


P= 


and Q, as indicated previously, is given by 


(ji/b) In(1+b/p) JN.. (6) 
exp[ —a(x—r cosW) csce | sin¥dVdrdy' 
uw Vf b b 7 Ma CSCE 
Inf 1-4 + In} 1+———— (7) 
2 b+ csceL wi Ma CSCE v1 
cross section for direct K excitation 
() . — 
cross section for bremsstrahlung production 
probability of direct ionization 
probability of bremsstrahlung production 
(Np ‘w) 
=————, (9) 


N. 
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Let us define R as the measured ratio of the inte- 
grated number of quanta observed in the lines to the 
integrated number of quanta observed in the effective 
continuum. In this treatment we shall consider our 
detectors to be 100% efficient; in the treatment of the 
raw data it will be necessary to correct for this effect. 
By definition, 


R= (Nop+Nor)/Noe- (10) 


Substituting our derived expressions, we obtain 


R= (gN p+uohN.)/fNc. (11) 


From our previous definition of P and Q, the equations 
may be readily manipulated into the following forms: 


P= (f{R/gluw)— (h/gl), 
and 
O= (fR/gw)— (hu/g). 


B. Theoretical Value of Q 


The so-called stopping power, dE/dx, of a medium 
being traversed by a beam of electrons may be expressed 
in the following fashion: 


—dE/dx=nE¢, (14) 


where is the number of atoms/cm’ and ¢ is the cross 
section per atom. For loss of energy by radiation, it was 
shown by Racah® that 


draa= 16/3 (e4/mic*) (Z2/137), (15) 


where the symbols have their conventional meanings. 
This equation is applicable for all energies less than 
approximately 0.5 Mev.’ An expression similar to (14) 
may be written for the stopping of the cathode elec- 
trons by inelastic collisions with K electrons. We have 
available the Bohr expression*® 


dE 4Ame'n mv fe? 
de) 
dx mt 21 \2 


where / is the ionization potential. This yields 


ddirect = (4re*/ Ee’) In(1.16Eo/Ex). 


(16) 


The ratio Q will be given by 


(18) 


O= 3a (mc*)?/ Ee \(137/Z") In(1.16Eo/ Ex). 


For the conditions of this experiment, the quantity Q 
equals approximately 300. If the energy of the incoming 
cathode electron is averaged over the range Ex to Eo, 
the numerical figure is approximately 155. 


6G. Racah, Nuovo cimento 11, 461 (1934). 

7W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1950), 2nd ed., p. 173. 

8H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley & Sons, Inc., New York, 1953), 
p. 253 
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Another expression for the collision cross section 
commonly used in x-ray studies is given by the Rosse 
land ionization function,° 


dt —<*( 1 1 ) 
de Ey \Ex Ed 


The indicated cross section becomes 
2mre ( 1 1 ) 
Ey \Ex Eo 


3m (mc*)? 137 (Eo— Ex) 
ee ey - (21) 


8 Er 2 Ex 


($’ direct 


Here the value of Q is 


The numerical value is somewhat smaller, being 
approximately 110, and the result if averaged over the 
range of energies will be about 65. 

The Q values which would be predicted for the condi- 
tions of Webster’s experiments are of this order of 
magnitude and would not be constant, in contrast to 
Webster’s fixed value of approximately 1. 


EXPERIMENTAL 


The general techniques employed were outlined in 
the preceding paper. All measurements were taken with 
the Economy two-crystal spectrometer and recorded 
with a ratemeter and chart recorder. The resolution was 
that characteristic of two-crystal 
crystals themselves having (1, —1) wi 
at the Cu Ka line. The effect of ge 
observable. 

The target take-off angles employed 
7.5° in the continuously pumped tube and 4° in the 
commercial Philips diffraction tube. The results in the 
latter case are always open to query about the extent 
and effect of target pitting. Furthermore, 
csce is sensitive in this region to small errors in measur 
ing €; it is probably impossible to definitely establis! 
the angle to an accuracy of better than 0.5°. 

The fundamental principle of this experiment in- 
volves the comparison of the number of quanta radiated 
in the K emission lines with the number of quanta i 
the effective continuum. The areas in the lines weré 
obtained by running the recorders at 
speeds and smaller time constants than in the measurt 
ment of the continuum. The quantities which 
directly compared were the areas in the effective con 
tinuum and the area in the A@ line. The ratio of th 
total emission in the Ka;-Ka2 complex to the emission 
in the K@ lines was obtained by repeated measurements. 
These ratios are listed in Table I. The ratios at the 


* A. H. Compton and S. K 
periment (D. Van Nostrand 
Jersey, 1951), 2nd ed., p. 71 
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INDIRECTLY AND 


TABLE I. The values of R, P, Q, and ratio of number of quanta 
in K8 and Ke complex. Both line intensity ratios are corrected 
for counter sensitivity and air absorption, but the third column is 
also corrected for target absorption. 


larget 
angle KB 
€ (Ka + KB) 


0.123 


KB/ 
(Ka+ KB) 
corrected 


0.118 


0.106 0.105 


angles measured are not in complete agreement (see 
column 2); the effect of angle is to tend to produce a 
discrepancy in the direction observed but it is not of 
sufficient magnitude to account for it entirely. Surface 
pitting and contamination may provide the explana- 
tion, or the difficulty may merely be due to insufficient 
statistical accuracy. The ratio measured at 20° was 
used for the 7.5° target because pitting could scarcely 
have been involved in these two arrangements. The 
tabulated results are in good agreement with those of 
Williams” who obtained 0.107. The raw data obtained 
must be corrected for the effect of counter efficiency, 
absorption in the air, and also for target self absorption 
and crystal reflectivity where necessary. 

All measurements were made at an x-ray tube voltage 
of 11.8 kv. The target material was copper. The value 
of the various absorption coefficients are listed with 
Table II. The value of g listed was taken at the wave- 


TaBLe II. Absorption coefficients at angles employed. 


Angle e ja CSCE pa CSCE ji csce b 
39 200 4740 
21 000 2540 


7960 964 


34 500 
18 600 
7050 


38 500 
38 500 
38 500 


length for which one observes half of the effective con- 
tinuum at longer wavelengths and the other half at 
shorter wavelengths. A more detailed averaging process 
was utilized for getting @ for the 4° target, but its use 
would have produced no significant effect on the results. 

A value of } was obtained in the preceding paper for 
the 4° target which in principle should be applicable 
to the 7.5° and 20° targets. Unfortunately, a rather 
serious discrepancy exists which can only be resolved 
by assuming anode defects. An r¢ of 1.22 was obtained 
experimentally for the 20° target and a value of 1.45 
for the 7.5° target. The latter of these two is considered 
to be the more reliable measurement, but it is the most 
difficult to reconcile with the value of 2.10 found at 4° 
A fairly satisfactory compromise seems to be to assume 
a value of b= 38 500/cm, which will produce rg values 
of 1.15 (which is within the experimental error), 1.45, 
and 1.80 (for which one must assume an effect of pitting). 


"” J. H. Williams, Phys. Rev. 44, 146 (1933). 
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DISCUSSION 


The values of f, g, #, and / are given in Table III. 
By using the theory previously developed, one obtains 
the values of P and (Q listed in Table I. The common 
value of 4 is used throughout. If the 4° target data were 
corrected for the assumed pitting, the R value and 
consequently the P and Q values would be lower than 
those given. Table III also gives P’ as a function of 
angle where we define P’ as the ratio of the observed 
direct line intensity to the observed indirect line in- 
tensity. From the defining equations, it can easily be 
shown that 

P’ = (gl/h)P. (22) 


We see that for small angles ¢ the indirect radiation be- 
comes relatively small. 

The values of P and O obtained at each of the target 
angles are found in Table I. The agreement is probably 
better than is warranted considering the uncertainties 
about the surface effects. However, one can say that 
compared to Webster’s data the results of this experi- 
ment indicate a larger ratio of the directly produced 
line radiation to that produced indirectly. The condi- 
tions of this experiment are somewhat different from 
the Webster experiments, but it seems unlikely that the 
difference in results can be accounted for in this fashion. 

On the other hand, these results corroborate the 
generally low value of Q, the ratio of the probability of 
direct ionization to bremsstrahlung emission, despite 
the fact that the actual numbers are considerably dif- 
ferent. As we pointed out earlier, this result is not in 
agreement with the theoretical relation that indicates 
a value of Q of the order of 100. 

It should be emphasized that the results are little 
dependent on the proper law for stopping the electrons; 
nor is the result sensitive to the choice of the absorption 
coefficients 6 and yu. It does not depend strongly on the 
distribution of bremsstrahlung for the accelerated elec- 
tron. It is only important to recognize that the electrons 
are stopped close to the surface. Furthermore, the 
bremsstrahlung rays in the effective continuum are soon 
attenuated, while the line radiation is comparatively 
little effected. Thus all effects come from a small region 
of space and the following order of magnitude argument 


Tape III. Geometric factors relating directly and 
indirectly produced line intensities. 
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is valid. One observes experimentally that the intensity 
in the lines is two or three times that in the effective 
continuum. Whatever the distribution in space of the 
bremsstrahlung, the percentage of the effective con- 
tinuum which produces A excitation can only be ex- 
pected to be between 45 and 90%. Most probably it 
will be about 50%. Further, only two-fifths of the in- 
directly excited atoms produce line radiation, and one 
sees that the value of P must lie close to the value of 
8.9 we obtained. Since the direct and indirect radiation 
were subject to the same Auger probabilities, P and Q 
will only differ due to purely geometric factors. For 
example, assuming the value of 50% just given for the 
efficiency of conversion of bremsstrahlung to A excita- 
tion, the value of Y will be less than P by this factor. 
The one experimental fact that leads to this un- 
expected result is the ratio of the number of quanta in 
the line to the number in the effective continuum, and 
there is little likelihood that the values given for R 
are grossly in error. The data were taken under condi- 
tions where experimental errors could be minimized. 
The voltage value of 11.8 kv represents a practical 
optimum. For lower voltage the intensity in the con- 
tinuum becomes small and there is loss of statistical 
accuracy; for higher voltage, the continuum cutoff is 


AND D. J. 
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difficult to establish because of shielding problems, and 
large corrections must be made for counter sensitivity. 

To illustrate the lack of sensitivity of the results to 
anything but the measured value of R, calculations 
were made under the assumption that all x radiation 
was produced at the particular depth X,. calculated in 
the previous paper from the jump ratio. The integra- 
tions must be carried out numerically and they were 
only done on the 7.5° target. We obtained P=9.1 and 
QO=4.65. Values of 6=60000 cm~ and 20000 cm™ 
were also used in the expressions derived previously. 
We consider these values to be beyond probability. 
For b=60 000, we obtained P= 11.0 and Q=5.1, while 
for b= 20 000 we found P=6.9 and O= 3.8. Calculations 
for various distributions of the bremsstrahlung leave 
the P and Q value in the same general region. 

Because of the simplicity and directness of the experi- 
ment it is difficult to escape the conclusion that the 
ratio of theoretical cross sections for direct A excitation 
and bremsstrahlung production is in error by at least 
an order of magnitude. There are obvious weaknesses 
in the theoretical considerations which underlie the 
derivations for both cross sections, and it is difficult to 
ascertain at present what is the principal cause of the 
discrepancy. 
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Rigidity of the Inertial Moment of Large Interacting Many-Fermion 
Systems in Perturbation Theory* 
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As a result of an addendum and a correction to the author’s previous work, the vanishing of interaction 
effects on the inertial moment of a large many-fermion system, moving under periodic boundary conditions, 
in the second order of particle-particle coupling is established. The result is independent of potential form. 
A proof extending the theorem to all orders is given 


bs 
N this note we re-examine a previous calculation of  Tesult from S-ordering H»|(¢., produce propagator 
the author’ on the interaction correction to the ‘#@mges in the usual ground-state energy of second 

inertial moment of a large many-fermion system order in particle-particle coupling. (These were omitted 

moving under periodic boundary conditions in the ™ 1) It is then easy to show that the effect of these 

second order of particle-particle coupling. As a con- propagator changes,° 

sequence of an addendum and a correction to that py 

calculation,! we now find that interaction § effects ty? (s Hy Hy \? ) 

vanish in the first two orders of perturbation theory OX” | —(Hr+h | | 

independent of potential form. This analysis is described 

in detail below, where the notation used follows closely 

that of our preceding communications on this subject.!” —{W, (kr) + Wi (ke)}, 

By making use of some of our previous results, together 

with the proper extension of the theorem of Brueckner 

and Amado’ to all orders of perturbation theory, we ASxy “(= dV,° ) 


I. INTRODUCTION (a) The diagonal terms O(A7£°) correcting Ho, which 


is to just compensate the terms, 


in Eq. (1). Thus, it follows that 


are able to prove the vanishing of interaction effects on pen 
‘ ‘ ; x ) pee. = = 
the inertial moment to all orders. (Sey)rigid Re \ dhe dk; 


Section II is given over to a re-examination of our 


ne Before turning to a discussion of the correction to our 
previous work.' We take up the general proof in Sec. III. 


previous work, we shall recast Eq. (3) into a more 
suggestive form, by noting that the difference, 
I. VANISHING OF INTERACTION EFFECTS 05 (4,)—1/,2)(kp)——8e(bp), is just the negative 
of the single-particle energy calculated from the proper 
diagrams’ in the second order of perturbation theory.® 
Thus we have for our previous results, modified by 
the addendum (a), 


We begin by restating our previous results in the 
second order of particle-particle coupling,‘ 
AGzy M sdV,° 
: AS; Mod 
rigid Re \ dhe dk lim [6 e(kp) 
—{W,° (Rr) +W,° (Re)}, (DD) EO Ci eisid ky dk; 


with the following addendum and correction’: (b) The arguments by which the terms O(r-?),® 


| f(I+3r,, 1—3re) f(I—4r,, 14-38) 
3 f(k+3r,, k—$re)) 0 


rklst €k+3 + €143 
l>ke: s,t <kp) 


ir, 1Us4 tr,t; k+4r,1 


tris tedr; k+4r,l 


* Work supported in part by the Office of Naval Research. 
R. M. Rockmore, Phys. Rev. 120, 1933 (1960), hereafter referred to as I. 
2R. M. Rockmore, Phys. Rev. 116, 469 (1959); 118, 1645 (1960). 
We refer to the theorem proved (to lowest order in particle-particle coupling) in the Appendix to R. D. Amado and K. A 
Brueckner, Phys. Rev. 115, 778 (1959) 
‘We have corrected a trivial error in sign in Eq. (4.9) of I. 
>» See the antepenultimate sentence of the third section of I. 
6 The subscript Z denotes the linked part; |#o) denotes the unperturbed ground-state vector 
’ J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960). 
8K. A. Brueckner and D. T. Goldman, Phys. Rev. 117, 207 (1960). 
* See Eqs. (4.3)-(4.6) in I. 
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were discarded in I, are not correct. In fact, we shall shortly demonstrate that they just compensate the correction 
given by Eq. (4), thereby yielding the desired result,” 


Adz, 


lim ——=(), 
Lx (g = ) id 


ty/Trie 


in the second order of perturbation theory. It will simplify matters considerably to take the limit r — 0 wherever 
possible in (5a) and (Sb) and to make use of the symmetry property 


f(—k— 4, —k+ fr.) = f(k-+ dry, k— 410), 


so that (5a) and (5b) take the form 
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Ma, 
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expressions (6a) and (6b) can be further reduced to 
Vf 
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®° We must apologize to those who insisted on this result, although their arguments had no rigorous basis 
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and 


M ' | Vet: xr°— Uses x1 
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rk 7” s.t>ke éstee—ex—€1  N(k,l=kp) 


~¢ , a Ust; x1°— U_s,¢; xi? 
—> 6(s—kr)n(r-s/s)kysy - — 
l<kp, > k k 
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7 : Ust; Ki — Us,—t; ar” | ; : i 
- 6(t—ke)n(e-t/Dkytyy > +3(U— VV’). (7b) 
t k,t=kp) 
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I<kp, a>ki Cg te Ex €} 


To show that the sums of terms, (7a) and (7b), can be transformed into the negative of the effective mass 
correction given by (4), an extension of the gradient theorem of Brueckner and Amado,’ 


d 
ae f dk» (ky ke! v| kik») = = ff dof (hake) (hk v| kyke)] ki ,ko=kp), (8) 
dk, ko<kp (ky =kp) 


to higher orders in perturbation theory is required. Introducing the variable’ s=(k,—k.)/2 and writing 
(kKik2| | kik.)=2(s) as they do,’ one finds that the following simplified derivation of (8), 


d d | 
| i) dk»v(s) = §— fester k,— 2s} )v(s)| 
dk ko<kp (ki =kp) dk hiaks 


(ke*— 2s-k,) ; 
— f aks, — ko) v(Ss) 
| | 


= fds hk) kik, vi ki k2) |(e1,ko =k > (9) 


points the way to such a generalization. For example, in the case of the second-order single-particle potential, 


V (Rk) ‘ v) (kik Jk sk,), (10) 


we must introduce the variables, 8s=4(ki— ke), s3=4(ki—k;), ss=3(Ki—k,), so that we may write 


q 
ky) ls | fff asstssdsente k,— 2s»! )n(ke— | Ki— 283! )n(| Ki— 285! —Rr)v (S2,83,84). (11) 
(Ir) J « 


hen differentiation of the left-hand side of (11) with respect to k; (which we take to be a parametric differentiation 

of the right-hand side) and the subsequent equating of k; to kr yields the required theorem (in second order)." 

Note that each self-energy term gives rise in this way to three surface terms with the proper sign (in second order). 

In anticipation of our later use of this theorem, we remark that it provides an interesting connection between 

elements of the scattering matrix (on the Fermi surface) and the proper self-energy in the same order of perturba- 

tion theory. Moreover, the scattering-matrix elements may be taken to be those of pair-pair scattering in the 
One makes the usual assumption of a translationally invariant potential 


12 The conservation of momentum, i.e., the fact that so-+s;=s4, for example, does not introduce any difficulties 
'8 Tt is instructive to compare (7a) and (7b) with Eqs. (4.11) and (4.12), respectively, in I 
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limit that the small net momentum of the pair, 7, goes to zero, so that both particle and hole “lie” on the Fermi 
surface. (Of course, this is not the only possible interpretation.) 

After the verification that the terms (7a) correspond to [(d/dk)V,° (k) ](x=kr), and that those of (7b) correspond 
to [(d/dk)V,(k) ](e=kr), it remains to examine the combinations of matrix elements which occur in (7a,b). 
Taking the combination VUst; «1°— Use; «,-1°, aS an example, one finds that it enables us to extend averages over 
the entire Fermi surface, which the generalized gradient theorem demands. That is, 


7 P  Uet; a1? — Vee; 2-1 
z= (tek k)n(r- kyl, = 

rkl’ 8, tN n°" Ca Ce 
goes over into 


a 1 te Ust kl” 
> —n(r-k/k)k J} > - 


— 


rkl 7~ 8,t<kF €y + €1— Es — Et 
making the substitution I l in the second term. The latter ex i - then be written 
on making the substitution » —lin the second term. The latter expression may then be written as 


- © Ust; xr” 
mH »™ kyl, ra ; tren 
r>o yr? * 8. tckF yt €1— Eg— Er Sik, l=ke 


on symmetrizing the sum over r in (12). One now makes use of the fact that at the Fermi surface 


Ust; xi” 


kliw? | kb= > 


— 


F €x-T €17— €5—~ €t 
can only depend on the angle between k and I, and makes the spherical harmonic decomposition 
kl! ww? | KI) = 5°, wy"? (RD) Pi (cosd,.). 
Then by steps identical to those taken at the close of Sec. III of reference 3, one obtains 


1 kp? 
DD — bh Rly (el w | kl - fae (k- DEKE w? ki 


r” x! | (kyl =hy 3 r>0r? (2) 
III. PROOF OF THE CANCELLATION OF INTERACTION EFFECTS TO ALL ORDERS 
To show that this cancellation of interaction effects is altogether general, i.e., that it holds to all orders in 


perturbation theory independent of potential form, we must focus our attention on the complete expression for 
the cranking moment of an interacting system (moving under periodic boundary conditions), 


do 
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The last of the terms in (15) has previously’ been shown to vanish in the limit 1 — ~, relative to the rigid moment 
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by virtue of momentum conservation. That is, one has 


| 1 1 1 1 1 
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x(a (P), (P), H, ) =: (16) 
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where we have as usual neglected terms at most O(r’). 
A similar argument will remove the propagator corrections in the second and third terms of (15) as well. It will 
be sufficient to discuss the second term alone, where! 


1 1 
(| — fey — Ha}) a 
- Hr +1 = Hy, +e | L (propagator corrections) r#0 7" ko 


| 1 1 | 
x(® H, { >. hy! (dro 41,07 — Ox 4r.0 Oxo ty bods r a Qksr o Oxo! |P ) =(), (17) 
| —Artie x’o’ —Hr+t« L 
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The additional term, k,bxe@x4r,0, in the summand in (17) is necessary since no scattering insertion can be made 
in the line bearing the pair insertion @x41,o'bxet.!> Application of momentum conservation to the sum of diagrams 
obtained by making a scattering insertion in each internal line but the one bearing the pair insertion (these 
insertions lie on a cut which divides the diagram into earlier and later pieces), yields a term which just cancels 


= oo | 1 | 
p's p CLE aay a Dod +f,o Air a Da! p ) 
rx0 7" ka | —Hrt+te —Hr+te 


Thus it remains to discuss 
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namely, the contribution from the forward scattering, non-forward scattering, and annihilation (or creation) of 
pairs. We calculate these for momenta close to the Fermi surface in the limit of large volume. 
Consider the contribution from forward pair scattering, 


1 
~2 5 - LBW xe” (Eo— Hr t+ie—px,°t| Wo), (19) 
ror? ko 
‘In the second and third terms of (15), only propagator corrections and pair annihilation (or creation) terms are O(1/r*) in the 
limit as r — 0. 
8 See the discussion on diagrams of class (a) in I. 
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where px,r7'=dxyr,0'bxs'. In the limit of large volume and for |r/ky|<«1, we have 
(Wo| pe? (Eo— A rt+ie) pi e?t| Vo) > Gee? = L— W (k+4r,)+ W (ke) tie} n(ke—h)n(\k+4| ke), (20) 
where G,,,” is the physical pair-propagator, and IW (k,), the perturbed single-particle energy," 
W (k,) = E(k,)—i31 (k,). (21) 
This follows from the fact that diagrams with interactions between the particle and hole lines in the expansion 


of the pair-propagator (20) in perturbation theory are at most O(/~*) relative to those with no interactions between 
the particle and hole.'® In the limit r — 0, we have 


r-fin(r-)d(k— kp) 
lim G_y..? 2 Gy. 7 =- —n(r-n)d(k—kp)M*/ kp, 


r-k{(1/ke) [dE (ke) /dke }} 


where 1/M* is the exact effective mass. Consequently, in the limit of large volume and in the limit 7 
contribution of (19) takes the form 


1 
2M*ke & —¥ n2n(0-1)6(k— ke) = (M*/M) (Say) rig 
20 y? 


ke 


Now in the same limits, the non-forward matrix element associated with pair scattering 


V pi t” (Eo—Hr+te)"px A Vo 


is given by the expression 


Ge? (kK +r, ke! Rik +r, kG’, 


where G, ,’ satisfies the integral equation, 


D> Ge { (kerk. R kh’ +r. k’ (OR Ko +r.. kk 


“ 


k'+r.,k'< R k+r,, ke) is the matrix element for non-forward pair-scattering; in the limit r— 0, it is the sum 
of all pair-scattering diagrams with ingoing and outgoing pairs on the Fermi surface. One obtains it by 


of the generalized gradient theorem 


d 
f , 
dk; J ks diistinas = 


applic ation 


(je 4 e yf toss JU VO (Kiko: = -k 


to the sum of all proper self-energy diagrams. Note that as defined the matrix element (--- R 
contain any intermediate energy denominators which vanish in the limit r— 0, corresponding to intermediate 
states with one or more pairs with net momentum r.'? We shall write 


does nol 


im (k+r..k-' R k’+r.,k’-) = (kk XK) kk’ 


The matrix element (0 R —k’—r., —k’-; k+r,, ke) is the matrix element for pair-annihilation. In the limit 


16 T). F. Dubois, Ann. Phys. 7, 174 (1959). 
17 Note that by the process of disentanglement of Schrédinger diagrams, an R-matrix element with an intermediate 
such a pair can be written as a surface integral of the product of two R-matrix elements of lower order, i.e., 


R”™ = BA RGR"), (n’ +n” =n) 


Fermi surface 


tate containing 
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k, k’ — kp, the pair-annihilation matrix element is related to the non-forward pair-scattering by the symmetry, 


lim (0| R| —k’—r,,—k’-: k+r,,k-)= (k,—k' | Rik —k’)| ce =e. (27) 


>) 


That is, we may reverse the direction of the outgoing pair lines on the Fermi surface in scattering graphs, to obtain 
the corresponding pair-annihilation graphs on the Fermi surface. 
We consider now the terms in (18) associated with pair annihilation (or creation): 


25 -— ¥ hyhy'(— Go| Be (— Bertie pig: 1" t(— Br tie)\pe. 1781S, 


r0 42 kok’o 
— (Py px.r?(— Hz +-fe) wr) k’,  (—Hr +1¢e)"H, Bo ee (28) 


The doubling of terms is necessary so that the disentanglement! of the two ingoing (or outgoing) pairs have the 
o 7 5 Q g 5 5 

proper weight. The difference in sign as compared to that of the scattering matrix elements is crucial.'* The terms 

in the curly brackets in (28) may be expressed as 


Gy” (0) R| —k’—r., —k’e; k+ 45, ke)Gyr”. (29) 
The sum of (24) and (29) then yields schematically 
[GAG Je: 23 x, 
where (schematically ) 
G=G+GAG 
and 


Avr; eor= (k’ +85, k’c| R{ k+25, k.)— (0| R| —k’—1r,, —k’c; k-+485, ke). 


These equations are identical in structure!’ to those of our random-phase treatment? of this problem; however 
they are exact to all orders of perturbation theory. In particular, expansion of the exact propagator in the limit of 
large volume 

Gy 27 = —n(r-0)6(R—Re)(M/ke) {1—(1—M/M*)}7, 
yields the terms 


Sry) rigia{ 1+ (1—M/M*)+ (1—M/M*)?4 
which (except for the first) precisely cancel the surface integrals which result from the expansion 
GAG = GAG+GAGAG+ 
in the limit r— 0. This cancellation is a consequence of the generalized gradient theorem. We therefore conclude 


that the inertial moment of a large, interacting many-fermion system, moving under periodic boundary conditions, 
has the rigid value to all orders in perturbation theory. 
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In apparent contrast with recent results in Fe-Co and Fe-Ni alloys, the Méssbauer spectra in ferro 
magnetic Fe-Al alloys are both blurred and contracted as the fraction of aluminum atoms is increased 
This phenomenon is consistent with a model where the inner field at a given iron atom depends strongly on 


the number of aluminum nearest neighbors. 


INTRODUCTION 


AS part of an investigation of the internal magnetic 
field in iron near the Curie point, the absorption 
spectrum of a foil of 52% Fe, 40% Ni, and 8% Cr was 
taken with a Méssbauer analyzer. Even at temperatures 
far below the Curie point only a broad blur was found, 
in marked contrast to the “‘six-finger” pattern observed 
in soft iron foils. 

The most reasonable explanation for this phenomenon 
seemed to be that the effective magnetic field at an 
iron nucleus depends on its /ocal environment, which 
varies from atom to atom as a result of the statistical 
fluctuations in composition in a solid solution. A ternary 
system is clearly unsuited to an investigation of this 
sort. Therefore we chose the iron-aluminum binary 
system in which there is an extensive range of solid 
solubility and some useful neutron diffraction data. 


EXPERIMENTAL PROCEDURE 
Alloys of iron with 6 and 12 atomic % aluminum were 
prepared from high purity iron and aluminum by levi- 
16 





1 | 1 | 


Pure Fe 











| 














\ 


iy 























mevsec 


Méssbauer spectra of pure iron. 


tation melting, and reduced to approximately 1.5-mil 
foil by cold rolling. High purity alloy foils containing 
17 and 28% aluminum were available from previous 
magnetic investigations. Measurements of x-ray diffuse 
scattering showed that no appreciable local order was 
present in the alloys as rolled, in a severely cold worked 
state. The Méssbauer spectra were measured for pure 
iron and the alloys using a stainless steel source, moved 
sinusoidally, and a velocity sorting system as described 
previously.! 


EXPERIMENTAL RESULTS 


The experimental points are plotted in Figs. 1-5. The 
error flags are computed merely from counting statistics 
and are taken such that 63°% of the events are included 
within the flag. The pattern for pure iron is in good agree- 
ment with measurements elsewhere.? The amplitude of 
its six peaks are in approximately the correct ratios 
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Fic. 2. Méssbauer spectra of iron-6 atomic percent 
aluminum alloy. 


1S. L. Ruby and D. I. Bolef, Phys. Rev. Letters 5, 5 (1960). 
2D. E. Nagle et al., Phys. Rev. Letters 5, 364 (1960) 
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lic. 3. Méssbauer spectra of iron-11 atomic percent 
aluminum alloy. 
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3:2:1. The full width at half maximum is about 0.55 
mm/sec, a conventional figure for a stainless steel source. 
In the alloys we also observe six line patterns but the 
lines increase in breadth and decrease in amplitude with 
increasing aluminum content. Also the outermost peaks 
show the most broadening. The derivation of the solid 
lines in the figures will be discussed below, but it should 
be noticed that each spectrum has been separately 
normalized to the appropriate calculated curves. 


INTERPRETATION OF RESULTS 


Measurements of the Méssbauer effect in pure iron 
as a function of temperature indicate that the internal 
field is accurately proportional to the average moment 
per atom.? We assume that the same is true for indi 
vidual iron atoms in our alloys. Neutron diffraction 
measurements on fully ordered Fe;Al have shown that 
iron atoms in sites surrounded entirely by iron have 
approximately the same moments as in pure iron, while 
those with four aluminum and four iron neighbors have 
moments only 9.68 as great.? Since fully ordered FeAl 
is nonmagnetic, the iron atoms with all aluminum 
nearest neighbors have no net moment. 

We now assume that the moment per iron atom varies 
smoothly with the number of aluminum neighbors in 
such a way as to pass through these three points. For 
purposes of interpolation we chose the functional 
relation 


H=H)(1—n_8)*, (1 


where x=number of aluminum neighbors; Ho= 330 
kgauss, the value of the internal field for pure iron at 
room temperature; k=0.556 to fit the Fe;Al neutron 
diffraction datum mentioned above. 

In a random binary solid solution the probability 
that a given A atom will have exactly  B nearest neigh- 
bors is given by 

P= (,°)a"(1—-x)*", 


S. J. Pickart and R. Nathans, J. Appl. Phys. 5, 372S (1960). 


IELDS IN 


Fe-Al 




















mmisec 


lic. 4. Méssbauer spectra of iron-16 atomic percent 
aluminum alloy 


where x is the atomic fraction of the B constituent. For 
each alloy we calculated a spectrum by summing the 
spectra for iron atoms with zero to eight aluminum 
neighbors, assuming for each type of iron atom an 
effective internal field given by Eq. (1), and a contribu- 
tion to the total spectra proportional to the probability 
given by Eq. (2). In these calculations each peak has 
been given a full width of 0.5 mm/sec. 

In calculating the predicted spectra it was assumed 
that the iron atoms in the foil were oriented at random. 
This assumption leads to an expected 3:2:1 pattern 
in the intensities. The data from the magnetically soft 
(both the magnetic anisotropy and magnetostriction 
are extremely small at this composition) 28% Al alloy 
did not fit, and it was surmised that it had spontaneously 
magnetized in the plane of the foil. This was checked 
by running two auxiliary measurements in which the 
absorption spectra of pure iron and of the 28% Al 
alloy were taken while placed in a strong magnetic field 
perpendicular to the direction of the y ray. The intensity 
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of the peaks in pure iron changed, as expected, to a 
9/4:3:3/4 ratio. (The reason for this odd method of 
writing 3:4:1 is to preserve the normalization to the case 
of random orientation.) However the spectrum from 
the 28% Al alloy was the same as with no applied 
magnetic field. Therefore in calculating the solid curve 
for this alloy, 9/4:3:3/4 intensity ratios were assumed. 


DISCUSSION 


The agreement between the calculated curves and the 
experimental data is sufficiently good that we regard 
this model, in which the moment per iron atom de- 
pends only on the number of aluminum nearest neigh- 
bors, as adequate for the present level of experimental 
accuracy. Our results, however, do not provide a sensi- 
tive test of the exact functional relationship assumed 
[Eq. (1)], particularly in the range of large m. Our 
experiments were limited to the iron rich end of the 
diagram and the contribution to the spectra of iron 
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atoms with many aluminum neighbors was quite small. 
It also seems likely that second and more distant neigh- 
borinteractions must have some influence on the internal 
field, but since the natural width of the peaks is greater 
than the peak shifts due to the change of one nearest 
neighbor, the additional blurring due to second neigh- 
bor effects would be very difficult to see. Further meas- 
urements, including the effects of varying local order, 
as well as composition, may provide more detailed 
information about the relation between the local en- 
vironment of an iron atom and the magnetic field at its 
nucleus. 

The absence of observable broadening in the iron- 
cobalt and iron-nickel systems' is not inconsistent with 
the model used here. The variation of internal field with 
composition in these systems is sufficiently small that 
the broadening due to varying microenvironments 
would be negligible. 


>. E. Johnson ef al., Phys. Rev. Letter 1961 
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Determination of Contributions to the Residual Resistivity of Gallium at 4.2°K* 
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Resistivity measurements have been carried out on single-crystal wires of high-purity gallium in the 
temperature range of 1.27° to 43°K, and also at 4.2°K on gallium with added impurities, and with varying 
wire diameter. The last measurements indicated the electron mean free path to be 1.2 mm at 4.2°K at a 
resistivity of about 3X10~* esu, implying that the effective number of free electrons per atom in gallium 
is 0.2. Diffuse surface scattering was found to be an important scattering mechanism in wires of high-purit 
gallium at 4.2°K, and its contribution to the ratio of resistivity at 4.2 to 295°K in a 1-mm diam crystal 
is 1.5X10~5. The temperature measurements indicated that no resistivity minimum occurs, and also that 
along the 6 axis, the lattice scattering contributes 0.4X10-5 to the resistivity ratio. The effect of grain 
boundaries on the resistivity ratio is negligible. The presence of as little as one atomic part per million of 
impurities such as Cu, Ag, Zn, Tl, Ge, Sn, Pb, and As can be detected by residual resistivity measurements 


I. INTRODUCTION 


HERE are four main contributions to the resis- 

tivity of a metal, namely scattering of electrons 
from the lattice pz, structural defects pp, impurities py, 
and the surface ps. To a first approximation, these 
contributions are independent of each other, and are 
connected by a simple additive relationship. The effect 
of lattice scattering, while dominant at room tempera- 
ture, decreases with decreasing temperature. However, 
according to Matthiessen’s rule, the effect of impurity 
scattering in metals is approximately temperature 
independent. The present research is concerned with 
determining the effect of each of the above contributions 


* This research was sponsored by the Electronic Research 
Directorate of the Air Force Research Division-Air Research and 
Development Command under contract. 


in gallium by means of low temperature 
measurements.! 

Measurements have previously been reported on the 
variation of resistivity of gallium with crystallographic 
orientation and with temperature.” * The latter measure- 
ments have been repeated with gallium having over an 
order of magnitude fewer impurities, and the previously 
reported 744 behavior of resistivity’ at low tempera- 
tures has been confirmed. However, in the present work, 
a more accurate value of the effect of lattice scattering 
has been derived, and in addition, the contribution due 
to specific impurities, structural defects, and diffuse 


resistivity 


1L. R. Weisberg and R. M. Josephs, Bull. Am. Phys. Soc. 5, 430 
(1960). 

2 R. W. Powell, Proc. Roy. Soc. (London) A209, 525 (1951). 

3M. Olsen-Bar and R. W. Powell, Proc. Roy. Soc. (London) 
A209, 542 (1951). 
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surface scattering has been measured.‘ The last measure- 
ments provide an estimate of the mean free path of 
electrons at 4.2°K, and the number of conduction 
electrons per atom in gallium. 

It is noteworthy that since the effect of impurities can 
be easily separated from the other factors according to 
their additive relationship, measurements of the residual 
resistivity of gallium at 4.2°K provide a powerful 
analytical tool to estimate the impurity content of 
high-purity gallium. Use of this procedure has already 
been reported for the evaluation of the purification of 
gallium by vacuum annealing,’ and by directional 
freezing. Knowledge of the purity of gallium is essential 
in the preparation of semiconducting compounds such 
as GaAs and GaP. 

One of the outstanding characteristics of gallium is 
its orthorhombic structure leading to a marked anisot- 
ropy of many of its properties.? However, even though 
the resistivity is a factor of seven greater along the c 
axis as compared to along the 6 axis at 4.2°K, the ratio 
of the resistivity at 4.2°K to room temperature varies 
by only 20% along the same two axes. The use of the 
resistivity ratio has other advantages in that it mini- 
mizes the effect of crystal uniformity and geometry, so 
that measurements of crystal diameter and potential 
lead spacings do not have to be made. Further, the 
effect of thermal expansion on this ratio is entirely 
negligible. Therefore, most of the results are expressed 
in terms of R*, which is defined as 10° times the ratio of 
resistivity at 4.2°K to that at room temperature. 
Variations in the resistivity at room temperature due 
to temperature variations are percentage-wise too small 
to necessitate establishing the temperature of measure- 
meni closer than the usual 22° to 28°C range. When all 
measurements are expressed in terms of the resistivity 
ratio, for pure gallium, the relation connecting the four 
resistivity contributions can be written as 


R*¥=Rr*+Rp*+Ri+Rs*. (1) 


II. EXPERIMENTAL METHOD 


A. Sample Preparation 


The gallium used in these studies’ had a spectro- 
graphically determined purity of >99.999%. Gallium 
single crystals are prepared without contamination in 
the form of wires by drawing the liquid gallium into 
small diameter Teflon “spaghetti” tubing with a 0.1-cm® 
capacity syringe. The gallium is next forced out of the 
Teflon tube until a small amount protrudes from the 


‘ Preliminary research has also been reported by T. Frederking 
and R. Reinmann, Helv. Phys. Acta 33, 998 (1960). 

5 L. R. Weisberg, F. D. Rosi, and P. G. Herkart, Properties of 
Elemental and Compound Semiconductors, Metallurgical Society 
Conferences (Interscience Publishers, Inc., New York, 1960), 
Vol. 5, p. 45. 

®R. A. Kramer and L. M. Foster, Annual Fall Meeting, 
American Chemical Society, New York, September 11-16, 1960 
(unpublished), Abstract 79. 

7 Purchased from the Aluminum Company of America. 
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open end. This droplet is placed in contact with a 
gallium seed crystal to start the growth, which propa- 
gates at a rate of 1 to 2 mm min“. The growth progres- 
sion can be easily followed, since the Teflon tubing is 
translucent, and the solid phase is darker than the 
liquid. Seed crystals can be prepared quite simply by 
selecting them from those floating on a slowly solidifying 
gallium melt. The axial orientation of the gallium wires 
was, in most cases, close to the a-axis. The gallium 
crystal can be removed from the tubing without 
distortion by splitting the tubing longitudinally at one 
end and pulling simultaneously on both halves, thereby 
peeling the tubing away from the crystal like the skin 
from a banana. Gallium wires have been prepared with 
diameters between 0.4 and 1.8 mm; however, a diameter 
of 1.0 to 1.1 mm was used for most experiments. Crystals 
as long as 10 cm were grown, but the average sample 
length was about 2 cm. 

In one series of experiments, samples of gallium were 
prepared doped with impurities at a level of about 100 
atomic parts per million (ppm). The impurity was 
weighed on a microbalance, and then inserted into a 
5 mm bore quartz tube sealed at one end. About 5 g of 
gallium were then introduced into the tube, and the 
tube was sealed off under vacuum. The tube was heated 
to above the melting point of the impurity and held 
there for one to five hours, with intermittent vigorous 
shaking. For impurities with melting points in excess 
of 1000°C, annealing times were reduced to 10 to 30 
min to avoid attack of the quartz by the gallium. In the 
process of heating the gallium, its oxide film was ob- 
served to vaporize at about 600°C and condense at the 
upper part of the tube, where it remained throughout 
the subsequent heating. To serve as a control, undoped 
samples of gallium were given similar heat treatments to 
investigate the possibility of reaction between the 
gallium and the quartz, but none was observed either 
spectrographically or by resistivity measurements.: In 
all cases, the quartz tube was quenched in water 
subsequent to the heat treatment. 


B. Sample Holder and Mounting 


The sample holder consists of a Teflon mounting 
piece attached to the end of a 6 mm diam, 80 cm long, 
thin wall stainless steel tube. Two 0.018-in. and two 
0.012-in. diam copper wires pass through the tube to 
the Teflon piece for current and potential leads, respec- 
tively. Two holders have been constructed, the first to 
hold only one sample, and the second to hold three 
samples. Each holder is intended for direct insertion 
into standard liquid helium Dewars, with, respectively, 
t-in. and -in. id. entrance tubes. Contact to the 
gallium was made by 0.015 in. silver wires. Previous 
tests showed that of Cu, Pt, W, In, Au, and Ag, the 
strongest mechanical bond to gallium was formed by 
the silver, provided the tarnish was removed. To mount 
a sample, the Teflon holder is placed on a bed of dry ice, 
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and the silver wires are bent so they are sprung lightly 
against the sample. A small soldering pencil fluxed with 
gallium is held to the silver wire until the conducted 
heat barely melts the gallium and the silver wire sinks 
in. The gallium freezes immediately upon withdrawal 
of the soldering pencil. 

In one experiment, a gallium sample was placed in a 
cryostat for measurements down to 1.27°K. For this 
case, the gallium was attached to a piece of copper with 
GE cement No. 7031, which provided both electrical 
insulation and thermal contact. 


C. Experimental Procedure 


The usual four-contact method of measuring resis- 
tivity was employed. The current was supplied from 
batteries in series with controlling resistors and a 
reversing switch. The potential was measured with a 
commercial Liston-Becker de amplifier. Stray potentials 
were eliminated directly in this amplifier by means of 
a zero setting control; moreover, the potential was 
measured with the current flowing in the forward and 
reverse directions. The resistivity was also measured at 
two values of the current to check on linearity. Using 
a 1-mm diam sample, typical values for the current and 
the voltage at room temperature are 10 ma and 20 uv, 
and at +.2°K are 2 amp and 0.1 uv. A practical upper 
limit for the current at 4.2°K was found to be about 
5 amp, since at higher currents, anomalously high values 
of resistance were observed, attributed to heating effects 
occurring at the contacts. 

Measurements were carried out first at room tem- 
perature, and then at 4.2°K by inserting the Teflon 
holder directly into a standard helium Dewar. The 
holder was first precooled by immersion into liquid 
nitrogen, which reduced the helium consumption to 
only 0.2 liter for each dip of the three-sample holder. 
For the one experiment in which the temperature was 
varied from 1.27° to 43°K, the sample was placed in a 
helium cryostat, with provisions for pumping on the 
helium, and for heating the sample chamber. Tempera- 
tures were determined by means of a carbon resistance 
thermometer placed in good thermal contact with the 
specimen, and calibrated during the course of the experi- 
ment. 


D. Experimental Error 


For samples with values of R* above 3, the error in 
the current and potential measurements was 3%. For 
samples with lower resistivities, the background poten- 
tial fluctuations contributed 0.02 uv noise, thereby 
increasing the error of the potential measurements to as 
much as 10°. In these cases, the value of R* could be 
determined to only within + 0.2. Greater precision was 
not attempted since all but one of the experiments 
required the preparation of a series of equivalent gallium 
samples. Despite precautions of stirring and cleanliness, 
the measurements from sample to sample separately 
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drawn from the same batch of gallium were observed to 
vary by as much as 20%, even in the doped samples. 
This suggests that these variations are due to differing 
impurity contents of each sample. Similar effects to even 
a greater extent were previously observed by spectro- 
graphic analysis of a series of gallium samples. The 
possible 20% error due to variations in orientation was 
minimized by seeding of the crystal growth. Improper 
seeding leading to orifntations far off the @ axis were 
detected in the room temperature value of resistivity 
and rejected. The high residual total error necessitated 
the measurement of multiple samples in all experiments, 
except the measurement of the temperature dependence 
of resistivity. 


III. RESULTS AND DISCUSSION 
A. Effect of Crystal Defects 


In order to determine the effect of grain boundaries, 
three gallium samples were prepared from different lots 
of gallium with a grain boundary between the potential 
leads. This was accomplished by simultaneously seeding 
the two ends of the molten gallium in the Teflon tube 
with seeds of different orientation. In addition, several 
polycrystalline samples were prepared by rapidly cool- 
ing the gallium without seeding. Within experimental 
error, there was no discernible effect of the grain 
boundaries on the value of R*. 

It is also necessary to determine the effects of strains 
induced by handling on the resistivity. Four crystals 
were grown and mounted, and after measurement were 
bent back and forth at room temperature about the 
center as much as 45° from the original axis. There was 
no observable effect on the resistivity at room tempera- 
ture, but the resistivity at 4.2°K increased slightly. The 
results for a typical crystal are that the initial value for 
R* of 2.2 increased to 3.4 after one bend, to 3.6 after 
three bends, and to 4.3 after ten bends. In a separate 
test, measurements on pieces taken from the front and 
tail ends of a crystal wire always agreed to within 10%. 
It can be concluded that the effect of any slight strains 
introduced during normal careful handling are negli 
gible. It should be remembered that at room tempera- 
ture gallium is continually being annealed since it is 
within a few degrees of its melting point (29.8°C) so 
that the effects of cold work are minimized. 


B. Temperature Variation of Resistivity 


In order to re-examine the effect of lattice scattering 
at 4.2°K, the temperature variation of resistivity of a 
gallium sample was measured from 1.27 to 43°K. The 
sample had a 1 mm diameter, the potential lead spacing 
was 4 cm, and the room temperature resistivity was 
9X10-* ohm-cm, indicating that its orientation was 
close to the } axis. In Fig. 1 is shown the variation with 
temperature of the ratio of resistivity at each tempera- 
ture to the room temperature resistivity. It can be seen 
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that over a limited temperature range the resistivity 
varied as T**, which is in good agreement with the 
value of T* previously reported.’ As indicated in Fig. 1, 
by subtracting away the residual resistivity the lattice 
resistivity at 4.2°K is extrapolated to a value of R;* of 
0.4. A value of Rz* of 0.8 was found by Olsen-Bar and 
Powell’ for a sample oriented along the 6-axis, but their 
extrapolation was less reliable because their gallium 
was more than an order of magnitude less pure. 

It is noteworthy that no rise in resistivity at low 
temperature was observed for gallium, nor was it ob- 
served in less pure gallium.’ This suggests that gallium, 
like aluminum,’ may belong to the class of metals for 
which no resistivity minimum occurs. 


C. Effect of Surface Scattering 


The contribution of diffuse surface scattering to the 
resistivity of thin wires with circular cross sections has 
been calculated by Dingle’ and Sondheimer.” It can be 
shown that a good approximation to the results of 
Sondheimer of the variation of the ratio of total 
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Fic. 1. Temperature variation of the resistivity of gallium 
divided by its room temperature resistivity 


8M. P. Garfunkel, F. D. Dunnington, and B. Serin, Phys. Rev 
79, 211 (1950). 

*R. B. Dingle, Proc. Roy. Soc. (London) A201, 545 (1950) 

10 FE, H. Sondheimer, Advances in Physics, edited by N. F. Mott 
(Taylor and Frances, Ltd., London, 1952), Vol. 1, p. 1 
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resistivity, p, to the resistivity of the bulk pg in the 
absence of surface scattering, with the ratio of wire 
diameter, a, to the electron mean free path, /, is given 
by p/pp=1+l/a." This relation has several implica- 
tions, best seen by rewriting the equation as: 


p=patpsl/a=petps. (2) 


That is, the total resistivity can be considered as being 
composed of two additive parts, one due to the bulk, 
and the other due to surface scattering, ps. Further- 
more, the quantity ps=psl/a is independent of pg since 
the quantity pgl is roughly a constant for a metal. 
Next, it can be seen from Eq. (2) that a plot of p vs 
1/a will have a zero intercept of pg and a slope of pal. 
Therefore, both the quantities ps and / can be separately 
determined by varying the diameter of the samples. 
The results of such an experiment are shown in Fig. 2. 
It is found that at 4.2°K, Rg*=1.3, Rs*=1.5 at a1 mm 
diam, and that /=1.2 mm. Using a value of pg=17 
X10~* ohm-cm at room temperature,” the value of pal 
at 4.2°K is found to be 3X10~* esu. Absolute signifi- 
cance cannot be ascribed to the value of either pg or /. 
First, both of these quantities consist of contributions 
from lattice scattering and impurity scattering, and 
their relative contributions vary with 
Also, the lattice contributions will be orientation 
dependent. However, the simple formula 
ppl= (3/8r)*(h/eN') to provide a crude approximation 
to the effective number .V of free electrons per cm’, it is 
found that there are 0.2 electron per atom in gallium. 
Because of the marked anisotropy of gallium, it is 
possible that there is also some contribution due to 
specular scattering from the surface. While the data are 


temperature. 


using 


“ Tmplicit in L. Nordhein ct. Sci. Ind. No. 131 
Paris, 1934), p. 11 
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TABLE I. Increase in R* due to 1 atomic ppm of impurity. 














AR* 


Group 

I Cu 1.8 
\g 0.18 

II Zn 0.9 
In 20.07 

Tl 40 

IV Ge 1.1 
Sn 0.15 

1.3 

1.0 


Impurity 


Pb 
As 


insufficient to decide this question it is noted that the 
curve of R* vs a, derived from Fig. 2, shows no tendency 
for saturation at small values of a, which is character- 
istic of specular scattering.” 


D. Effect of Impurities 


Over fifty samples were prepared with roughly 100 
atomic ppm each of fourteen different impurities, 
following the procedure described in Sec. II A. Subse- 
quent to the measurement of R*, the samples were 
analyzed by an emission spectrograph to determine if 
the impurity entered the crystal. Those impurities 
which were definitely present in the gallium are listed 
in Table I, together with the increase in R* due to one 
atomic ppm of the impurity. At least two samples were 
measured from each batch of doped gallium. For the 
cases of Al, Mg, Fe, Si, and Se, the impurities did not 
remain in solution despite repeated trials, and despite 
the use of GaSe to introduce the Se. For Al, Fe, and Si, 
which are not volatile, the results imply that either their 
room temperature solubility is below about 10 ppm, or 
else it is possible that the impurities might have formed 
oxides, as has been encountered for impurities in 
copper.” 

The outstanding feature of Table I is the lack of 
regularity in the effect of impurities with respect to 
their position in the periodic table. The large value for 
Tl, and the order of magnitude difference between Cu 
and Ag are surprising. The measurements on the latter 
two impurities were carried out in duplicate to corrob- 


12 4. N. Friedman and S. H. Koenig, IBM Journal 4, 158 (1960). 

8 J. K. Redman et al., Bull. Am. Phys. Soc. 4, 150 (1959). 

4 Compare, for example, the results of C. R. Vassel, J. Phys. 
Chem. Solids 7, 90 (1958), for the case of aluminum, which might 
be expected to be similar to gallium. 
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orate the results. While these results are not understood, 
gallium has two properties that differentiate it from 
metals such as copper, silver, gold, and aluminum. First, 
it has an orthorhombic structure instead of face- 
centered cubic, and second, all reported elements have 
a solid solubility in gallium below 1% by weight with 
the exception of silver, which has a solubility of only 
2%."5 Finally, because of the small doping concentrations 
used, the results in general serve to delineate the prob- 
lem, rather than to be definitive. 


IV. CONCLUSIONS 


From the variation of resistivity with wire diameter, 
the mean free path of conduction electrons in high- 
purity gallium at 4.2°K was determined to be 1.2 mm, 
at a resistivity of 3X10-" esu. This indicates that the 
effective number of free electrons per atom in gallium 
is 0.2. 

Each of the quantities in Eq. (1) have been deter- 
mined for gallium. The effect of scattering from grain 
boundaries and from effects of induced strains was 
shown to be negligible in this work. From the tempera- 
ture variation of resistivity, the value of Rz* was deter- 
mined to be 0.4 along the b-axis. From the variation of 
resistivity with wire diameter, the value of Rs* was 
found to be 1.5 for a 1-mm diameter, so that diffuse 
surface scattering is an important contribution to the 
residual resistivity in such wires of high-purity gallium. 
The sum of R,* and Rs*, namely 1.9, is the residual 
resistivity ratio of a 1-mm diameter wire of gallium in 
the absence of all impurities. Most of the impurities were 
found from doping experiments to increase the value of 
R* by 0.1 to 1 unit for each atomic ppm. This indicates 
that residual resistivity measurements on gallium can 
detect the presence of most impurities at or below levels 
of 1 atomic ppm. 
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The conditions necessary in metals for the presence or absence 
of localized moments on solute ions containing inner shell elec- 
trons are analyzed. A self-consistent Hartree-lock treatment 
shows that there is a sharp transition between the magnetic state 
and the nonmagnetic state, depending on the density of states 
of free electrons, the s-d admixture matrix elements, and the 
Coulomb correlation integral in the d shell; that in the magnetic 
state the d polarization can be reduced rather severely to non- 
integral values, without appreciable free electron polarization 
because of a compensation effect; and that in the nonmagnetic 
state the virtua! localized d level tends to lie near the Fermi sur 


I. INTRODUCTION 


ECENT experimental results' have shown that 

the occurrence of localized magnetic moments on 
iron-group ions dissolved in nonmagnetic metals is a 
more widespread, more systematic, but at the same time, 
more complicated phenomenon than previously sus- 
pected. In dilute solutions of iron, cobalt, and to a lesser 
extent, nickel, the appearance of such moments seems 
to be a function mainly of the host metal, although the 
moments observed differ greatly from one solute to 
another. As a function of the Matthias “electron con- 
centration” parameter, one finds sharply defined re- 
gions where localized moments are strictly absent, 
interspersed with regions at the edges of which the 
moments appear almost discontinuously. 

The regions of localized moments have a noticeable 
negative correlation with the superconducting transition 
temperature, and a rather less strong correlation with 
low density of states as measured by the low-tempera- 
ture specific heat yT. 

Such localized moments in metals have been often 
accepted as an experimental fact without examination 
of their meaning or of the conditions for their occur- 
rence. Friedel and collaborators have made a start at 
an understanding of the phenomenon’; extending their 
work and some of the concepts set forth by us earlier,’ 
we will here attempt to describe formally, in a highly 


1B. T. Matthias, M. Peter, H. J. Williams, A. M. Clogston, 
E. Corenzwit, and R. C. Sherwood, Phys. Rev. Letters 5, 542 
(1960); B. T. Matthias and A. M. Clogston (to be published). 
There is, of course, a large literature on specific examples of 
localized moments, for which the reader is referred to extensive 
bibliographies in the papers of Friedel. (See reference 2.) The 
cited papers, however, are the first to bring out clearly the 
nature of the phenomenon of appearance and disappearance of 
localized moments as a function of the continuous variation of the 
nature of the solvent metal. 

2 P. de Faget de Casteljau and J. Friedel, J. phys. radium 17, 
27 (1956); J. Friedel, Can. J. Phys. 34, 1190 (1956); J. phys. 
radium 19, 573 (1958); Suppl. Nuovo cimento VII, 287 (1958); 
A. Blandin and J. Friedel, J. phys. radium 19, 573 (1958). 

3P. W. Anderson, Oxford Discussion on Magnetism, 1959 
(unpublished). 

*P. W. Anderson and A. M. Clogston, Bull. Am. Phys. Soc. 6, 
124 (1961). 
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face. It is emphasized that the condition for the magnetic state 
depends on the Coulomb (i.e., exchange self-energy) integral, and 
that the usual type of exchange alone is not large enough in d-shell 
ions to allow magnetic moments to be present. We show that the 
susceptibility and specific heat due to the inner shell electrons 
show strongly contrasting behavior even in the nonmagnetic 
state. A calculation including degenerate d orbitals and d-d ex- 
change shows that the orbital angular momentum can be quenched, 
even when localized spin moments exist, and even on an isolated 
magnetic atom, by kinetic energy effects. 


simplified model, a quantum state of the metal in which 
such a moment exists, and to discuss the conditions 
required for its stability. 

The fundamental conceptual difficulty here is that 
such a localized moment cannot be satisfactorily de- 
scribed within the usual type of one-electron theory 
which is adequate for the properties of nonmagnetic 
solids. The first problem is that in polyvalent metals 
the bandwidths are so great that the energies of the 
one-electron states which might contain the magnetic 
electrons are certainly coincident with a free-electron 
band. One-electron theory does not permit localization 
of such a state; the best one can do is to use a virtual 
state,” a state which, left to its own devices, would decay 
into one of the continuum of free-electron states. 

The second problem is that it is very difficult to 
understand how, in a usual Hartree-Fock theory, the 
states of opposite spin on the ion can be empty while 
the parallel spin states are full. For instance, in solutions 
of Fe in Mo-Nb alloys, the Fe ion changes from being 
nonmagnetic to having a moment corresponding to 
about two electrons when the concentration is varied 
by only a few percent. This is impossible to credit as 
gradual filling up on one-electron energy states, even 
if we accept exchange as strongly favoring the parallel- 
spin states. There must in fact be a nearly discontinuous 
change in the quantum state of the many-electron 
problem. 

The picture we suggest is founded on the same type 
of concept which is valuable in insulating magnetic 
materials’ and which has been suggested as being es- 
sential in magnetic metals®: That the magnetic state is 
characterized by being the state in which the Coulomb 
correlation integral of electrons in inner shell states is 
a major parameter of the problem and must be included 
in the Hartree-Fock treatment from the first. Under 
these circumstances, the Hartree-Fock fields for elec- 
trons of different spins differ not only by exchange in- 


5 P. W. Anderson, Phys. Rev. 115, 2 (1959). 
6 J. H. Van Vleck, Revs. Modern Phys. 25, 223 (1953); refer 
ence 3. 
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tegrals but by true Coulomb integrals, and only this 
circumstance makes localized moments possible in the 
iron group. 

The essence of what we do is a self-consistent calcu- 
lation of whether this localized moment exists. The 
principle of the method is this: Assuming that the local- 
ized moment exists, this means that a d-shell state gg 
on the impurity atom of spin up is full; of spin down, 
empty. If we are to include the repulsive energy within 
the d shell in our Hartree field, an electron of spin down 
will see the repulsion of the extra spin-up electron, while 
the electrons of spin up will not, since they can have 
no exchange self-energy. Thus if the unperturbed energy 
of the spin-up state lies a distance FE below the Fermi 
surface, the energy of the spin-down localized state will 
by —E+U, where U is the repulsive d-d interaction; 
this must lie above the Fermi level because we assumed 
this state empty. 

Now we have shown! (it is in fact obvious) that the 
effect of covalent admixture of free-electron states with 
the d states is to reduce the number of electrons in the 
spin-up state and to increase the number in the spin- 
down state; thus there is a reduction in the total mo- 
ment. We concentrate our attention here, however, on 
the changes in number of d electrons. These changes are 
such as to decrease the difference U between the spin-up 
and spin-down energies; —E moves up to —E+é6nU, 
—~E+U down to —E+U (1—6n). 6n is larger the larger 


the density of free electrons, the larger the d to free- 
electron admixture matrix element, and the smaller the 
energy difference between up and down states. If, by a 


change of one of these parameters, 67 is increased, the 
energy difference decreases. We will show that eventu- 
ally the situation breaks down cooperatively and be- 
comes completely unstable, and it is no longer possible 
to maintain a localized moment. 

When it is not possible to maintain the moment, the 
up- and down-spin d functions are equally occupied ; we 
give here a self-consistent discussion of this state of 
affairs which shows that the highest partially occupied 
d level in this case tends to lie near the Fermi surface. 
We will give a brief discussion of susceptibility, specific 
heat, and other properties of such a state, and show that 
in it correlation effects can be of great significance to 
these properties of the metal; in particular, there may 
be a large, slightly temperature-dependent suscepti- 
bility which does not come from localized, orientable 
spins and is not reflected in the specific heat. 

Before giving a detailed account of the theory and 
going on to discuss the possibilities of further extension, 
we will emphasize a few aspects of the results. 

First, in the “localized” state itis irrelevant whether 
or not one speaks of a real or virtual level. Even in the vir- 
tual case, the moment is made up of the sum of contri- 
butions from actual stationary states of the full one- 
electron problem and cannot decay in time. We do expect 
that the state will usually be virtual in Friedel’s sense? 
and that it can contain any nonintegral number of spins. 
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Nevertheless, in many other ways the results—but 
not the methods—are best described in terms of a model 
with actual localized electrons rather than in terms of a 
many-electron band type of model. 

Second it will be worthwhile to emphasize the com- 
parisons and distinctions with respect to the earlier 
work of Friedel.? (See especially the paper of Friedel 
and Blandin.) Friedel has foreshadowed qualitatively 
some aspects of our ideas, most particularly in the fact 
that the only logical description of localized magnetic 
electrons on impurities in metals is in terms of virtua! 
states. His discussion of these virtual states in terms of 
scattering theory, however, is considerably different, 
because he does not identify them closely with localized 
atomic states, as we find strong physical reasons to 
do. (In some of his work this connection has been 
foreshadowed. ) 

On the other hand, there are several vital differences. 
The most important is that he uses as the term which 
splits the spin up-spin down energies not the Coulomb 
integral 


but true atomic exchange integrals. In a sense U is 
an exchange integral—the exchange self-energy of ¢i., 
in fact—and in the general formulation of the Hartree- 
Fock method one can consider it in fact the 
exchange self-energy term is usually—and incorrectly 

ignored (see reference 7). However, the formal theory 
is much more straightforward if one includes U’ in the 
manner in which we do it, as a repulsion of opposite-spin 
electrons iN ¢ie, NOt as an attraction of parallel ones. 
Quantitatively, U is very much larger than ordinary 
exchange integrals, and we will see that the size of l 


so, but 


is actually necessary to explain the magneti 
Exchange of the usual type is, as we shall see, a helpful 
influence where more than one d electron is involved, 
but not a major factor. 

The other major difference is our use of a formal, 
self-consistent theory to derive the behavior in terms of 
the model parameters, and particularly the criterion for 
magnetism, which we find to be consid rably more severe 
quantitatively than Friedel’s, although it is of similar 
form. In general, we have constructed a much mort 
explicit picture of the actual state of affairs. 

A less central difference is our discussion of screening 
effects and their absence in the localized magnetic states 
We ascribe a 
to this feature than to the 
width of the virtual states in determining which solute 
ion states can show magnetism. 

We will not make any attempt at detailed applications 


State. 


as opposed to normal impurity states. 
considerably greater role 


7 One can trace the neglect of this term back to early papers 
in the theory of magnetic metals, e.g., J. C. Slater, Phys. Rev. 49, 
537 (1936), where the formal expressions given actually do include 
this term, but the evaluation fr tor 

out again 


nic energy levels drops it 
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of our results but merely set out a rather schematized 
model to show the principles which we believe apply in 
practice. In a last section of thts paper we will discuss 
possible further extensions and applications. 


Il. THE HAMILTONIAN; APPROXIMATIONS 
OF THE MODEL 


The mode] we use can best be summarized by writing 
down the Hamiltonian: 


H = Host Hat Heort A sa. (1) 


Here Ho; is the unperturbed energy of the free-electron 
system in second-quantized notation: 


Hoyj=> ExNko, 


k,o 
No Cec Cee 


e, is the energy of the free-electron state of momentum 
k, nye the number operator for momentum & and spin 
o, and Cys and cy,* the destruction and creation opera- 
tors. The continuum of free-electron states has a density 
p(e), which we normally assume constant, although it 
may easily be verified that a reasonable energy varia- 
tion of p(e) has little effect on the results. 

In a real metal the “free-electron states’ may be 
assumed to consist of the usual s and free-electron 
shells for which quasi-free electrons are a good approxi- 
mation, as well as in some cases—certainly Sc and Y 
and, we suspect, as far into the d shell as V or Mo—the 
‘free’ d electrons. As Slater and Wood have pointed 
out,® near the bottom of the band the d states are almost 
as extended as s and p states. Still farther into the transi- 
tion series, only a portion of the d electrons could reason- 
ably be taken free in our sense. (The essential criteria 
will appear in discussing Horr.) 

The second term, Hoa, is the unperturbed energy oi 
the ‘‘d”’ states on the impurity atom. In the discussion 
in the body of the paper, we assume the physically un- 
realistic case of a single nondegenerate level, because 
the principle of the method is easily extended to the 
more complicated many-level d or f shell. In an Ap- 
pendix we give the extension to a many-level shell: the 
only new feature there is internal exchange, which is a 
favorable effect. The term in the Hamiltonian is 

Hoa= E(nay+na_). 3) 


\ real question with respect to Eq. (3) is the precise 
definition of the localized eigenfunction ga; and in fact 
why we treat the effect of the solute atom entirely as 
that of a separate localized state ¢ga and not purely as 
an impurity potential acting on the free electron gas, 
as is done by Friedel? and in many impurity problems 
not involving transition metals. The main reason will 
become clear shortly: that the correlation effects in 
¢a, Which is visualized as an inner shell level, are larger 
than for the free electrons because of the inner shell 
character of ¢u. 


* J. H. Wood, Phys. Rev. 117, 714 (1960) 
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On the other hand, this separation and our theory 
are only easily applicable if gu is, in fact, orthogonal to 
the Wannier functions belonging to all of the free-elec- 
tron band or bands. This allows us to distinguish the 
‘“‘d” state clearly from the free-electron states, and 
makes it plausible to leave out of our model Hamil- 
tonian (1) the direct perturbation in the energy of the 
band functions caused by the impurity, as being ir- 
relevant to the magnetic problem. We can in fact make 

if we like—ga orthogonal to Wannier functions on all 
centers, but this will not be essential.° 

The assumption of a d state distinct from the free 
electron band is not essential in order to form a virtual 
state; as Wolff!’ has pointed out, even in the Slater- 
Koster one-band theory virtual states can appear. On 
the other hand, in physical fact a localized d state has 
no resemblance to the band states near it in energy. 
In spite of the fact that because of completeness it can 
of course be built up out of a superposition of plane 
waves, the requisite plane waves are primarily in bands 
far from the Fermi level and thus need not be included 
in the free-electron Hamiltonian (2). 

The third term, //...,, is the repulsive energy among 
the d functions, which we schematize as 


Heort 


Unara, 


(4) 
f galt) \7! ¢a(te) 7e? ry—re, —'dridro. 


We have here neglected the correlation energy of the 


electrons in ‘‘free-electron”’ states and the d-free repul- 
sion. The free even if, as in such metals as Y 
or Sc, they are partially d states, are very much more 
extended throughout the unit cell than are the localiz- 
able states near the top of the d band*; for this reason, 


states, 


and particularly because the free electrons experience 
a much more effective screening than the inner shells 
do, it is reasonable that U’, in effect, might be ~10 v 
for inner-shell d functions but only a few volts for free 
functions. Energy-level tables even for free atoms show 
that s-s and s-d repulsive energies are 2—3 v smaller 
than d-d energies; but we rely mainly on the fact that 
the free electrons in the metal are much more spread 
out and much better screened than in the atom. It has 


In cases like Sc, Ti, and other lower d-shell ions, it may be most 
convenient to treat the free-electron states as orthogonalized 
plane waves, which is in fact a fair approximation. On the Sc or 
Ti site, the plane waves are orthogonalized to 1, 2, and 3 s and 
p but not 3d states; therefore, they have considerable 3d character 
even though they are basically free states. On the Fe or other mag- 
netic type site, however, they must be orthogonalized to all 3d 
levels also; as demonstrated by M. H. Cohen and V. Heine, Phys. 
Rev. 122, 1821 (1961) this minimizes the perturbation of the free 
electron potential by the Fe atom. We are suggesting, then, that 
the two types of d states often postulated [see reference 8] are 
those which are essentially orthogonalized plane waves, and those 
which are made up primarily of atomic d wave functions. 

10 P. A. Wolff (to be published). Wolff shows that similar phe- 
nomena to those we describe occur even when the Freidel type of 
virtual state is used; this is reassuring but we believe the present 
approach is simpler and more physical 
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pte), 


rturbed energy levels in the absence 
udmixture. 


been suggested in the past"! that the d-d repulsion might 
be to some extent screened out by s electrons; we think 
that such screening would require a kinetic energy loss 
to the s electrons as great as or greater than the correla- 
tion energy gained, and would be quite ineffective. 

As we mentioned earlier, U is formally the exchange 
self-energy of the state gy as well as the Coulomb inte- 
gral of that state. Thus, formally, we could write the 
exchange and correlation terms 


SK (ne+ny) (ny +ny)—3J (nynyt+nyny), 


where both A and J are l 
with normal! exchange, but also shows why the term is 
often dropped, because the J part is really only a one- 
electron energy m++ny." 

A sound argument from experiment that U must be 
large is the observation that in some cases Hund’s rule 
is obeyed, so that intra-atomic exchange is clearly not 
screened in the d shell; and mechanisms which screen 
U would also tend to screen the exchange integrals. 

The fourth essential part of the Hamiltonian is the 
s-d interaction term 


; this shows the parallelism 


Hya= Dd VanlCne*Cac+Cae*Cne)- 


ko 


This type of s-d interaction is a purely one-electron 
energy, entirely different from the s-d exchange inter- 
action which enters the Zener type of theory. The d 
function usually has a symmetry different from the 
Wannier functions on the atom it occupies, so that 


matrix elements with the Wannier functions of the 
band on the same atom vanish; this is why such effects 
as we discuss do not usually appear in a one-atom theory. 
But there is no reason whatever for the matrix elements 
with Wannier functions on neighboring atoms to vanish. 
These matrix elements may be estimated to be of the 
order 2-3 ev or even more, from various sources—for 
instance, the lowering of the binding energy of Cu and 
other noble metals relative to the alkalies can be ascribed 
to s-d interaction.” 

The effect of symmetry allows us to write down a 
useful expression for Vy in terns of Wannier functions 
a(r—R,,) belonging to the band: 


1 
Vax foto r(r , a k-Rng(r—R,) 
VA ' 
¢ k-RnV(R 


This has been used? to evaluate some of the perl urbation 
theory results for polarization and other parameters. 
It will not be necessary in this paper, however, to 
simplify Vax except to assume that the mean-square 
matrix element, averaged over a surface of constant 
energy €;, does not vary radically as we vary ex. 

We treat the Hamiltonian (1) entirely in the Hartree- 
Fock approximation. That and the approximations al- 
ready made in setting up the Hamiltonian are the only 
essential approximations; the one-electron problem 
posed by Eq. (5) as a perturbation will be completely 
solved later, in principle, although in much of what we 
do we could, for simplicity, treat Eq. (5) in perturba- 
tion theory. 


III. SOME SIMPLE LIMITS 


Let us first, however, exhibit the two simple limiting 
cases, so that we can see the alternatives available. Let 
us imagine first that V is very small and U very large; 
for simplicity, place F a certain di 
perturbed Fermi surface, E+ above it. (See Fig. 1.) 
[t is clear what will happen in this case: one electron, 
whether of spin up or down, will fall into the d shell 
state, since it is below the Fermi surface. Now because 
of the term Horr, the effective one-electron energy in 
Hartree-Fock approximation for the other d 
state is now E+U, so that that state will remain 
empty. Thus one electron and one only is in the d 
shell, and this electron has a mean spin s=}, not 
zero as it would be if it really were half an electron 
apiece in spin-up and spin-down states. This state, then, 
is the magnetic state. It is interesting to note that in 


stance below the un- 


shell 


this state there is a large spin-dependence of the 


2 4 second source for this estimate is t ze of the similar 
matrix elements between d functions and 1s and p functions 
in magnetic as estimated fron val 
superexchange integrals (see reference 5 


insulators, effects or 
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Hartree field—if we occupy o=+, for instance, the 
Hartree field for spin-up electrons differs by U from that 
for spin-down electrons. As we discussed earlier, this is 
not the usual atomic exchange effect, but a kind of cor- 
relation effect, which however appears within the unre- 
stricted Hartree-Fock formalism. This type of exchange 
(or correlation) has been applied extensively in molecu- 
lar theory™ and in the theory of antiferromagnetism® 
but not previously in metals. 

A second simple type of assumption is to ignore the 
possibility of unequal spin occupation and to suggest 
that equal numbers of d electrons appear with + and 
— spins. Again neglecting V as an approximation, we 
run into an interesting situation. If we assumed both 
d states empty, then clearly both have energies Z, below 
the Fermi surface, and they must be filled. If, however, 
we fill them, that too is not allowed because then both 
have energy E+U far above the Fermi surface. Clearly, 
a rough approximation is that each d state be filled just 
so that E+(n)Uc~er: the state adjusts itself so that 
it automatically lies near the Fermi surface. We shall 
see that the more complete theory tends to do this also. 


IV. HARTREE-FOCK THEORY 


In order to give a reasonably accurate discussion of 
the Hamiltonian (1), it must be treated in Hartree-Fock 
approximation. That means that we assume the wave 
function to be the (antisymmetrized) product function 


Pyo= II 6... 


én<eF 


(7) 


k 


where the one-electron state creation operators c,* and 


are solutions of 


if Fm | avPo =€Engln -*Po, 


energies €,, 
(8) 
the ‘‘av” meaning that three fermion terms in the com- 
mutator are to be evaluated in terms of average values 
for the state Pp. 


In the case of our simple Hamiltonian (1) these equa- 
tions are very easy to solve. Let us set 


oe =)>'x( nt | k) oCxo*+ (n |d) eCas* ; 


and the equations for the various unperturbed operators 
are 


(9) 


[H,cue* || av= €xCuo* + Viale’ ; 10) 


and 
[H,cae* || w=LE+U (mao) least + Dox Vancn*. 


The resulting “equations of motion” for the relevant 
coefficients (|k) and (n|d) are obtained by substitu- 
tion of Eqs. (9), (10), and (11) into Eq. (8): 


€no(n| k), =x (| k)ot+Via(n|d)o, 


éne(n|d),=L_E+U (nao) |(n|d)q 
+30 x Vax(n|k).. 


3 P.O. Léwdin, Phys. Rev. 97, 1509 (1955). 


(11) 


(12a) 


(12b) 


. 
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V. GREEN’S FUNCTION SOLUTION OF 
ONE-ELECTRON EQUATIONS 


Since these equations can, for practical purposes, 
be solved exactly by Green’s function methods, we 
shall not stop to give the perturbation theory answers, 
even though they suffice under many circumstances for 
qualitative results. 

The results we want to use are never actually the 
individual quantities (w|k), or the actual continuum 
level energies €,, but certain averages over these such 
as, for instance, the mean density of admixture of the 
do state into the continuum levels of energy e, i.e., 


Pas(€)= >on 5(€n—e€)| (n|d),|? 


This will be the most important quantity because it 
determines the d-function occupation number. This 
and all other quantities of interest may be obtained 
most directly by studying the Green’s function: 


G(e+is)=1/(e+is—H). (13) 


In the representation of exact eigenstates, G is 
diagonal : 


Gan’ (€+15) = 1 (13a) 


(e+15—€ne), 
but in the unperturbed state representation, its matrix 
elements give the required densities; for instance, 

1 s 


pac(e)=— >. | (di n),|* lim 
Ton sw 4+ (e—€,,)” 


(14) 
—(1 r)Im[_Gaa’ (€) }; 
while the total modified density of states is 


pe(e)= (1/r)Im[TrG*(e) |, 
etc. 
The equations for G are derived from Eq. (12), using 
Y etis— HH) pGre= bux 
They are, making use of the abbreviations 


(15) 
and 
(16) 


(S—E,)Gaa’— do x V axGea?=1; (17a) 


(17b) 


(S—€)Gua’ — ViedGaa =0; 


(17c) 


(6—E,)Gax?— D> Vax Gere? =9; 
-~ 


and 
(S— ex Gun? — Ve 


(17d) 


Tak’ = Ox’. 


From Eqs. (17a) and (17b) we may immediately 
solve for Gaa: 


Gaa?(&) =[S—E,—>.| V ax |2(&- €x) ‘] 1 (18) 
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The sum in Eq. (18) may be evaluated : 


(e—€,)—I8 
lim >> (Vax)? = — ir( Vax?) avp(e). 
0 _ (e—e.)?+s° 


(19) 


Here we have neglected the effective energy shift of 
the d state, 


(20) 


because it may be taken into account simply by shifting 
the assumed unperturbed energy E. If the density of 
states is reasonably constant AZ, will not change very 
radically as E, changes. Thus we see that, except for 
the energy shift, Gag behaves exactly as if there were 
an energy state—the “virtual state’”’—at 


&=E,+171A/, 


where the “width parameter” A of the virtual state is 
detined by 


A=r(V? avP (€). (21) 


We usually assume that A is a constant parameter, 
roughly independent of E,. The density distribution 
(14) of the d state is 
1 
Pao(€)=- 
Equation (22) is the most important formula for our 
self-consistent treatment, but it will be of interest in 
the problem of polarization in the free-electron bands to 











pt P| 


Fic. 2. Density of state distributions in a magnetic case. The 
“humps” at E+U(n_) and E+U(n,) are the virtual d “levels” 
of width 24, for up and down spins, respectively. The numbers of 
electrons (n,.) and (m_) occupyi:g them are to be computed from 
the area of the unshaded portion, below the Fermi surface. 
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work out the remainder of the elements of G. Starting 
with the off-diagonal elements of Eq. (17d), we obtain 
: VirdGar® ; 
Gye’? = ———— ‘. (k Xk). 
E— ex 


This may then be substituted into Eq. (17c) to give 


[6-E.-¥ 


k’ +k 


V ax |?(E— ex) 1G ax’ V axGun’, 


which, using Eq. (19), is 
[S8—E,+iA+ V ax |2(6—ex) 1Ga’= V axGux’. 


Now, the diagonal element of Eq. (17d) gives us 


2(S—;) | (24) 


= (Se) + Vax!?/(S—e.)?(6— Ee +i) ]. 


Vax|* 


&—E,+id+ 


Gut=[ 8c iad 


Var 


This can be interpreted to say that, although each 
Gx has a pole at precisely the same energy, so that 
its perturbed energy is unshifted, nonetheless a certain 
amount of its density is to be found in the region of the 
virtual state—the admixture effect.* This is given by 


1 V ax |? 
——ImG,,(6)=~- anal), 
rg (e—e;,)? 


(25) 


near the virtual state. There are also shifts near the pole 
in the density, which correspond to the polarization 
effect computed in perturbation theory in reference 4. 
We shall see later that the compensation theorem of 
that reference may be derived directly from (24). 


VI. SELF-CONSISTENCY CONDITIONS FOR 
LOCALIZED MOMENTS 


In the preceding section we obtained the expression 
(22) for the density of d admixture in the continuum 
states of energy «. In order to determine the number of 
d electrons of a given spin a, we integrate this up to the 
Fermi energy er, since all states e, below er are full 
(at least at absolute zero). Thus 


1 ¢} Ade 
(na)=~ f — 
T (e— E,)? +4’ 


D 


1 Ee €r 
cot ( - ) 
T A 


Now we must make this equation self-consistent, 
which involves solving simultaneously the two equations 
(15) and (26). 


1 E—er+U(nz_) 
(nas)== cot = —— ), 
T A 


1 a) 
T A . 
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Equation (27) is the fundamental equation of our self- 
consistent method. 

To show its meaning, we have plotted out in Fig. 2 
a typical magnetic case. We show the two virtual states 
in terms of their distributions pao(e) from Eq. (22) 
centered around the self-consistent energies E, from 
Eq. (15). The empty portions of the two distributions 
are shaded. 

To show the possibilities inherent in Eq. (27), let 
us plot out (744) vs (ma_) in two cases. (See Fig. 3.) 
For simplicity we have chosen ey—E=U/2, and values 
of U/A of land 5. We see that when U/A is rather small, 
such as the case U/A=1, there is only one place where 
Eq. (27) is consistent, at (n,)=(n_)=4. But as U be- 
comes larger, the maximum slope of the cot curve 
becomes steeper and at U/A=5 we find the “‘localized”’ 
case in which there are three possible solutions, one at 
(n,)=(n_)=} but another pair at (2,)=1—(n_)=0.822, 
while (7, —n_)=m=0.644, the moment in Bohr magne- 
tons. The magnetic solutions are the stable ones ener- 
getically (this is obvious because the Hartree-Fock 
equations are variational; thus all three solutions must 
be extrema, and since the end points of the range are 
clearly not minima, this means that the two outside 
solutions must be minima, the center one a maximum). 

Before giving a physical discussion of these localized 
moment states, let us work out some of the numerical 
consequences of Eq. (27). Let us introduce the dimen- 
sionless parameter 

y=U/A, (28) 


the ratio of the Coulomb integral to the width of the 
virtual state. When y is large, correlation is large and 
localization is easy, while y small represents the ‘“‘nor- 
mal’, nonmagnetic situation. The parameter 


x=(er—E)/U 


29 


is also useful; x=0 means the empty d state is right 
at the Fermi level, while x=1 puts E+U at the Fermi 
level. x=3, where E and E+U are symmetrically 
disposed about the Fermi level, is the most favorable 
case for magnetism. We shall find that 0<+<1 is the 
only magnetic range, but in the nonmagnetic cases « 
can be outside this range. 

Inserting Eqs. (28) and (29) into Eq. (27), and drop- 
ping angular brackets, we rewrite that equation 


mNa,=cot[y(naz — x) ]. 


Let us investigate some special cases. 

A. Magnetic limit: y>>1, x not small or too near J, 
Then the cot is either close to zero or to m7, and 1a, 
is near zero or one. Assume may.~1, ng_-~0. Then 
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Fic. 3. (a) Self-consistency plot of (m,) vs (n_) for a typical 
magnetic case. y=U/A=5, x=(er—E)/U=}. Note three pos- 
sible solutions. (b) A typical nonmagnetic case. y=1, while x=}. 
The width is five times greater and only one intersection appears. 
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3: 


These may be approximately solved to obtain: 


x(1—a,)= (1—x) tg 


1 
~1 / ryt 1- 
ryx(1—-x) 


~] 


(30) 


1/Lryx(1—~x) -1] 
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B. Nonmagnetic Here we assume 


Na+ =Ng-=n. Then Eq. (27) becomes 


cases. may, 


cotrn=y(n—x) (31) 


In the simplest subcase, » will not be far from }—the 


final virtual state lying within a width of the Fermi 
level—so that 

cotmn—r(}—n), 
and 

(1+2xy/7) 
m=} 
“L (1+ v/) 

We see that tends to take on the value of 3, meaning 
that the effective energy level stays near the Fermi level. 
The effective energy of the d state relative to the Fermi 
level is 


Thus this is a very good approximation when y is 
small or, when x is even reasonably close to 3, for all 
relevant y. 

In the opposite limit (y largish, x near 1 or 0); the 
most interesting region is x near 0 (results for x1 are 
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Fic. 4. Regions of magnetic and nonmagnetic behavior. 
Curve gives x, vs r/y.=24A/U. 
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symmetric), y quite large. Here 


cotrmna= 1/70, 
and we have 


y(n—x)~1/r0n. 
Solving by successive approximations, we get 


n—~1/(xy)§+3x+. (36) 
C. The Transition Curve. Next it is interesting to 
trace out the transition curve from magnetic to non- 
magnetic behavior. Clearly, on the transition curve 
Na+=Na_, So that Eq. (31) is one condition on the curve. 
The second may be obtained by differencing Eq. (27). 
The result is 
w/sin*arn 


Here the subscript ¢ refers to the values on the critical 
curve of transition into the magnetic case. Equations 
(37) and (31) cannot be solved in simple form for y, 
vs x, but can be expressed simply in terms of , and x: 


T cotrn, 
y 7” 
sin’rn, 


Ne— X 


sin2mn,= 22 (n-—*X). (38) 

From Eqs. (38) and (37) we can obtain the following 

approximations for x~} (symmetrical in 
1). 


+=F 


rym) 


and 


y ovate (x—43)24 , xt; (39a 
and 
vier /9x 24 (x~0). 39b) 


These results are summarized in Fig. 4, 
the transition curve as a function of + and 2/y, and in 
Fig. 5, which plots » and, where they are different, 
(na,) and (nqg_) as functions of r/y for two typical cases, 
x=1 and x=}. The plot vs 7/y is essentially a plot vs 
A, the width of the virtual state. 

In order to get a feeling for orders of magnitude, 
in the iron group U is expected to be about 10 ev. The 
density of states is fairly widely variable; in an s band 
' while some 


which gives 


as in Cu it might be of the order 75 (ev) 
of the d-band metals might have densities twice to three 
times that. The least well-known parameter is (V*)ay. 
If one ascribes a fair fraction of the binding energy 
surplus of iron-group metals, such as Cu, as compared 
to non-d-band cases, such as K, to s-d coupling, Vay, 
may well be ~2-3 ev. This would also be borne out by 
the band displacements in Cu which perturb the Fermi 
surface. Thus A=2(V?)p(e) runs of the order 2-5 ev. 
This shows that the transition U/A=y=z occurs right 
in the interesting region, and that it is perfectly possible 
that the transitions from magnetic to nonmagnetic 
localized states observed by Matthias ef al.' could be 
caused either by changes in the density of states or by 
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motion of the Fermi level (changes in «). Note, however, 
that the shape of Fig. 3 indicates some insensitivity to ~. 

For rare-earth solutes, on the other hand, U~15 ev 
and V,,~1 ev at most, so that magnetic cases are to be 
expected almost exclusively. 

In Appendix I, we discuss the somewhat more realistic 
case of an orbitally degenerate localized level, as is 
usually expected to be present in d or f bands on high 
symmetry sites. In such a case, one must take into ac- 
count the repulsion of the electrons with parallel spins 
but different orbits, as well as the fact that this repulsion 
is decreased by the atomic exchange integral J (~ 1-2 ev 
in the iron group). This is the usual ‘“‘exchange”’ effect. 

It turns out that the condition for “splitting” of the 
Hartree field is less stringent when we include J: The 
condition analogous to Eq. (37) is 


T 


ey 


Veo (40) 


A ° sin’wn, 2A 
which shows that the required U is decreased by the 
presence of J. Note, however, that in the absence of U’, 
we require J>27A. If our quantitative estimate of A 
is even approximately right, this shows that exchange 
of the usual sort is utterly incapable of causing magne- 
tism in the d shell. 

It is interesting that there is a second condition, 


us 
, 


v => 
- : e » , 
SiIn‘wil, 


(41) 
2A 


which expresses the requirement that the Hartree fields 
for the two orbitally degenerate states become different. 
Where Eq. (40) is satisfied, but not Eq. (41), we will 
observe “quenching” of the orbital magnetic moment 
by the kinetic energy of interaction with the band, but 
10 quenching of the spin. As far as I know, this is actu- 
ally the behavior of the iron group solutes in most cases ; 
the fact that such behavior is not simply explained from 
the usual point of view has not been remarked before. 

VI. POLARIZATION OF FREE ELECTRONS; THE 

COMPENSATION THEOREM 


The “compensation theorem,’ which shows that the 
net free electron polarization roughly cancels between 
the admixture and antiferromagnetic effects, may be 
derived very easily from the diagonal elements Gx x of 
the Green’s function from Eq. (24). That equation gives 

Vax)? 
1 


. (24) 
(e—e,)*(e—E,+7A) 


Gx’ (€) = (e—€, ) 


Now the total density in energy of free-electron states 
is given by summing this over ali k, which is very simple 
since the dependence of (24) on e, is so simple. 


as 
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and (m_) as a function of 


[wo typical plots of <n, 
f — (n_) gives the net number of spins, and vanishes 


Ny 


at the transition y, for the given x. (a) x=3; (b) x=} 


1 
[ae ImG xy (« 
T 


Ptreo(€) 


Introduce 


p(€x)=p(e)— (ex—€) (dp/de) | «xt 


and by a simple contour integration we obtain 


dp(e) V ax *(e—E,) 


Pire« (€) (44) 


ple) 
de (e—E,) + A? 
The most interesting thing about this result is that 
if p(e,), the density of states, is constant in the first 
place, the presence of a virtual state anywhere in the 
spectrum fails to affect the free electron density at all; 
only the d state itself modifies the total density of states. 
Since we can obtain the total number of free electrons 
of a given spin simply by integrating Eq. (44) up to the 


Fermi surface: 
€F 
Wixee” Pfr 


x 


(45) 


oe’ (ede, 


this will be entirely unchanged, and there will be no 
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net polarization of free electrons, if p(ex) is rigorously 
constant. Otherwise, there will be a change: 

*F  dp(e) e—E, 
he J de— -, 
de (e—E,)°+A? 


x 


ANtree”= (46) 


If we assume for simplicity that dp/de is roughly con- 
stant in the region of interest it turns out that even the 
first-order corrections tend to cancel in the polarization: 


(erp— E,)?+? 


An,;*— An (Am) «> In (47) 


(E_—er)*+? 

lor this observation I am indebted to conversations 
with A. M. Clogston.) 

This cancellation appears to be more or less for- 
tuitous. There are two contributions physically: 


(1) The d function becomes mixed with free electron 
wave functions and vice versa. Clearly, this leads to no 
net otal polarization, since it is merely a unitary trans- 
formation ‘of the wave function. However, it has the 
effect of reducing the d polarization, because some of 
the free functions above €; become partially d. At this 
stage, however, there is still a net spin of precisely one 
electron; and to compensate the d polarization, some 
previously unpolarized free electrons are polarized. 

2) The free electron functions also have an energy 


shift 
AE xs = | Van. *(ex—Es)/Llea—E-)? +47], 


which leads to a negative first-order free electron polari- 
zation. This polarization is a true polarization rather 
than an admixture, similar in nature to a Zener- 
Nabarro-Kittel-Ruderman-Yosida polarization. In par- 
ticular, this polarization requires a relaxation process in 
order to follow the time dependence of the localized 
spin in the presence of a variable external field, where 
the admixture polarization, being a_ high-frequency 
effect, will follow immediately. Thus, any g shifts caused 
by free electron polarization will tend to have anti- 
ferromagnetic sign. (We leave out of account here the 
true s-d exchange polarization which results from the 
relatively small s-d exchange integral. That has a defi- 
nitely ferromagnetic sign. In the rare-earth group, this 
ferromagnetic effect may be relatively larger.) 

The spacial distribution of the polarization is not 
as directly obtainable from the Green’s functions. For 
this reason and for the sake of brevity, we leave this 
for a later publication. 


VII. SUSCEPTIBILITY AND SPECIFIC HEAT 


In the 


ceptibility and specific heat 


region of localized magnetic states, the sus- 
at least those caused by 
the solute—are probably controlled, near absolute zero, 
by the solute moments. These mo- 
ments, although they are not integral numbers of Bohr 


magnetons, are both localized and free to rotate, like 


interaction of the 
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ordinary ionic moments in insulators’; and they can 
exhibit ferromagnetic or antiferromagnetic behavior 
depending on their interactions. We will make no at- 
tempt here to explore the complexities of this situation. 

In the nonmagnetic region, however, the localized 
virtual d states can have a very considerable effect on 
the metallic properties, such as spin susceptibility and 
specific heat ; and in particular, these two measurements, 
which are often considered as both measuring the 
density of states at the Fermi surface, vary quite dif 
ferently, and do not measure the same quantity. We 
have, thus, a simple model to exemplify the effects 
which exchange and correlation can have upon thes« 
properties. In this section we compute these quantities 
near absolute zero and in the nonmagnetic case only. 

The effect of an external magnetic field is to shift 
the + spin Fermi level relatively to the — spin level 
by an amount 2 wH/. This shift will change the occupa- 
tions of the virtual levels, leading to relative shifts of 
these levels themselves. 

In the preceding section, we proved that at least if 
the density of states p(e.) in the band was reasonably 
constant, any motion of the virtual levels could not 
affect the net polarization of the free electrons. That 
theorem is still valid here, so that the free-electron band 
will contribute its unperturbed susceptibility Xo. 

The motions of the d electron density are simply com 
puted as follows: The shifts of the effective positions 
of the virtual levels are 


6E,= —wH+U(bn_), tS 
6E wH+wU én, 


The resulting changes in population may be obtained 
by differentiating Eq. (27): 
(w/sin*rn)(én,)= —6E,/A, 19 
(3 /sin°axn)( dn —d6E_/A, 


or, subtracting the two equations of Eq. (49), 


(x/sin?rn)(én,— dn yon, — 6n_)+ 2ulT/ A. 
Thus, the susceptibility is 
M_ ypulén,—sén 
xX —_ 
H H 
Qu Qu 


A(x/sin’xn—y) (xA/sin*xn)—l 

Equation (50) shows that as the system approaches 
the critical condition, Eq. (37), for magnetism, the. 
absolute zero susceptibility per impurity increases, 
becoming infinite at the critical density of states. This 
is quite reasonable physically. 

4’ We have not demonstrated this explicitly, but it is reasonably 
obvious from the symmetries of the problem. It is interesting that, 
as in the similar case of nonspherical nuclei, the entity which ro 
tates is effectively the Hartree field, not the individual electrons’ 
moments 
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The behavior of the added specific heat is quite 
different. Again, the result is extremely simple although 
the argument is rather long-winded. The standard 
formulas for the number of electrons and mean energy 


are, if the density of states is patpy, 


€F 
a= rh (pa + py 


since py is assumed constant for simplicity ; and 
mw (kT)? 


“4 dpa 
€ €(patpy)de4 €} + pa + py : 
v5 0 de 


In this case, not only ey can change with temperature, 
but also pa, because if there is a shift 6¢ in the occupa- 
tion of the d states, the virtual state energy Eq shifts: 


6Fa=U sna. 


rr? 
\de+—k°T? 
6 


dpa 


de 


(52) 


(53) 


First, we express the conservation of m (neglecting pa 
relative to py where possible, and keeping only lowest- 
order terms in 7): 


dn ( Tr 


€P tt dpa 
—=(= otf de+ 
dT dT . 42 
dpadka 
aa 


dpa 
—_¥T—, 
3 le 
Now 
dpa dpa dE 
dT dEq dT 


dep deka wr 
Ps—Pa +—# 
dT } 


dpa 
T—. 
de 


0 
dT 
The net change in number of d electrons is 


bna= — bns= — berps, 


so we get 
dna 


aT 


dna 
—paU + 
dT 3 


dpa 


0) e?T—, 
de 


dng (2/3)Rk°T (dpa/de) 
dT . 


(56) 


1 + Upa 


Now we return to Eq. (52), which we differentiate, 
again only to first order in 7, in order to get C.,: 


oF. dpa 
f ee de 
0 dT 


From Eq. (55), we can combine the first and third terms; 
we also use Eq. (54) and get 


dEa * dpa dEka : 
C= oo. )-f e—de +—kT (patp;). 
dT 0 de @fF 3 


15 F, Seitz, Modern Theory f Solids 
Company, Inc., New York, 1940), p. 150 


de 
dT 


, dpa 
eT (cp —+patpy 


de 


de PF 
€rps -f- 
T 


T 
+ 


? 
 ] 


(McGraw-Hill Book 


oO 


P< 


Finally, the second term may 
the result is 


be integrated by parts; 


dka 
C= 


; RT (pat ps) 
dT 


€ Tr 
pade + 
0 3 


Tr 


dEa 
- kT (p). (57) 
3 


Na + 


dT 
The new term is almost obvious; it says that the 
virtual level’s energy just shifts by 6£a as a whole; 
Using Eq. (56), we get explicitly: 
; a ; ( U(doa de) | er 
C=—FT: 
3 | 14Up. 


where pu is the energy density of the impurity state, 


P| 


TA wA 
pa(e)= ; 
(e— ka)? +A? sin’ 


dpa 27 A( Ea— €) 


de [(e—Ea)?+A7? 


Note that in Eq. (58) the sign in the denominator is + ; 
there is no tendency whatever towards a singularity. 
This is because the instability refers only to opposite 
motions of the two Fermi levels. At best, the specific 
heat from the anomalous term will be 20-30% of the 
density of states term pa. Thus, the specific heat is a 
much more accurate measure of density of states than 
is the sus eptibility. 


CONCLUSIONS AND DISCUSSION 


A rather schematized model of the electronic struc- 
ture of a metal containing a solute atom with one or 
more inner-shell orbitals available has been worked 
out in the preceding pages. While the schematic charac- 
ter of the model should not be ignored, we feel that 
nonetheless it contains the essential physics of the 
phenomena for such solutions as Mn, Fe, or other iron- 
group elements in Cu, Ag, and Au; for the same ele- 
ments in early members of the transition series such as 
Sc, Y, Ti, Zr, and possibly V, Nb, and Mo; and many 
rare-earth solutions. 

The essential criteria for our model’s more-or-less 
literal validity are twofold: The “inner shell” orbital 
must be very different from the Wannier functions for 
the free electron bands in the solvent, so that a distinct 
localized orbital can be defined apart from band func- 
tions; and it must be sufficiently sharply localized that 
its Coulomb self-energy integral is not strongly screened 
out, while those of the band electrons are. 

Under these circumstances, the competition between 
this Coulomb integral and the matrix elements—essen- 
tially kinetic energy—connecting the local state with the 
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band states is undoubtedly the determining element 
as to whether or not a magnetic state is established. 
The parts of the problem which we have schematized 
out will have subsidiary importance. 

Some of the things we have left out, with a brief 
discussion of their importance, are: 

(1) True s-d exchange of the type normally postulated 
in s-d exchange theories. This will undoubtedly be 
present to a limited extent. Even in the free atoms, s-d 
exchange is a relatively small effect-—1-2 ev. We may 
expect an appreciable screening of the Coulomb inter- 
actions for s electrons which may further reduce the 
effect. The primary result of s-d exchange will be to 
induce a more or less positive polarization of the free 
electrons, of the same order of magnitude, perhaps, as 
the terms ignored in the compensation theorem. 

(2) s-d Coulomb repulsion. We have discussed this to 
some degree; as Herring” has pointed out, this may be 
expected to reduce the effective U by compensating for 
d charge with s charge, but we believe the 
magnetic case to be the situation in which this effect 
is small. 


missing 


There would appear to be two distinct situations for 
impurities in metals. In such a case as Zn in Cu, the 
impurity may be considered simply as an extra positive 
charge, which is to be screened out by a deformation 
and modification of the free-electron band itself. But in 
the type of situation we envisage—for instance, Mn 
in Cu—the charge is expected to be compensated not 
by a deformation of the Cu s band, but by emptying 
levels approximating to the orbitals of the free atom 
because these orbitals are of an entirely different sym- 
metry and size from the functions available in the band. 
In other words, in such cases, it is far better to use as a 
starting approximation the neutral impurity atom itself, 
added to the, say, Cu matrix. This type of situation, in 
which the atomic properties of the solute are not 
strongly affected by solution, is probably the more wide- 
spread, especially when solvent and solute are widely 
different. It is in this case that one does not expect 
the free bands to be strongly perturbed, or to compen- 
sate effectively Coulomb effects in the inner shell. 

Finally, free-electron correlation and exchange have 
been explicitly ignored ; this is probably well justified in 
that we think of the free electrons as “‘quasi-particles,” 
for which these effects are taken into account in the 
e, and the screened interactions. 

A final question is whether a real many-body theory 
would give answers radically different from the Hartree- 
Fock results. Since our theory is exact in both limits 
(U — 0 or ~), we expect only numerical modifications ; 
in particular, the spin-up and spin-down electrons can 
probably correlate the times at which they occupy the 
localized state to some extent, reducing the effect of 
U and making the magnetic criterion even more severe. 

Having justified the model in the cases to which it 
does apply, what of situations in which it does not? One 
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is led to suspect that the philosophy and some of the 
results may still be applicable. For example, in Co in 
Pd'* one has no right to assume that the Co d shell 
function is any more local than the Pd one. On the other 
hand, the philosophy suggests to us that the large Pd 
susceptibility indicates that Pd is very close to entering 
the ‘“‘magnetic state’”’ on its own hook. In this case, it is 
reasonable that the perturbation due to Co could 
localize moments on neighboring Pd atoms; this might 
explain the observations qualitatively. In general, in 
such cases, one does not expect merely the decrease in 
d magnetization we have discussed here; generally, 
there will be larger polarization effects, which we em 
phatically have not studied, on the solvent d electrons 
themselves. 

In general, we have not attempted to discuss the com- 
plex subject of interactions of d electrons on different 
atoms. It is the great conceptual simplification of the 
impurity problem that it is possible to separate the 
question of the existence of the “magnetic state”’ 
entirely from the actually irrelevant question of whether 


the final state is ferromagnetic, antiferromagnetic, or 


paramagnetic. We would suggest that it is this concept 
of separating these two problems which will be of the 


greatest value in the far more difficult problem of the 
ferro- and antiferromagnetic metals. 

One result that can be carried over without much 
alteration into even the pure band theory of ferromag- 
netism has to do with the polarization of free electrons 
by the d electrons. There, as in the impurity case, the 
positions of the d levels of the two separate spins will be 
radically different, leading to precisely the same two 
contributions to the polarization: a positive admixture, 
and a negative true polarization, for precisely the same 
reason. These two contributions will tend to cancel and 
the net result will be that the d polarization will be 
reduced relative to that in the absence of such interac- 
tion. This reduction may be fairly large, leading to the 
interesting possibility that the 0.6 and 1.7 Bohr magne- 
tons of Ni and Co may represent an “unperturbed” 
d-band polarization much closer to 1 and 2, respectively. 
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APPENDIX A 


Self-Consistent Theory for a 
Degenerate d Level 


Let us generalize the Hamiltonian (1) in such a way 
as to include two degenerate d levels ¢; and gs: 
A= E(ny+ny+y_+n2_) 
+ yw €KNko + > V 5x (Ce Cae FCue Cie) 


k,o k,j,¢ 


+(U—J)(nynoy+my_ne_)+U (nyn_). (A.1) 


Here j=1 or 2 and the new parameter J, the exchange 
integral proper, is 


> 


e 
By fet@er@) ¢1(2) g2(1)dridre. 
r 


12 


(A.2) 


E is again the unperturbed position of the two d levels, 
assumed degenerate as they might be in a cubic crystal. 
The Vj. must be different—in fact, different functions 
belonging to the same symmetry under the group of 
the Brillouin zone—for the two different 7, but we can 
expect the widths and shifts of the two virtual levels 
to be the same, nonetheless, because of the symmetry. 

By precisely the same techniques as in Sec. IV of the 
main body of the paper, we spread each effective d 
level out into a virtual level of width A. The effective 
Hartree field for each level depends on the occupation 
of all the other levels through the terms in U and J in 


Eq. (A.1): 
Fess 1+) = £4+- U ((my_) + (ne_) + (te+)) —J (ney), — (A.3) 


etc. With these equations and Eq. (26) of the text, we 
arrive at the fundamental equations: 


cot(mny,) = [Een (1+)—er ] A, \.4 
etc. We introduce the parameters 


y=U/A; x=(er—E)/U; j=J/A, (A.5) 


and Eq. (A.4) becomes 


Cotrny, = y(my_+ Ne_+ Noy) — JN24.— XY, 


Cotte, = y(ny_+ e+ M14) — Ja. — XY, 


(A.6 


cotrny_ = y(14.4 Moy +Ne_)— jmg_— xy, 


Cotte = y(i44 Moy t+ m_) — jms_— xy. 


We will not work out all the details of the various results 
based on Eq. (A.6) but simply give a few general 
formulas. First, in the nonmagnetic state, clearly all 
the n’s are equal, 

Njo=N, 


and the state is determined by 


(A.7) 


cotrn= (3y— j)n—xy. 


This has the same form as the nonmagnetic case in the 
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text, and a fair approximation is often 


‘( 1+2xy/r 
IF —____——- ; 
2 eee 
which will be valid when x~1. 

Second, we can study the condition that magnetic 
moments just appear by differentiating Eq. (A.6), 
obtaining a set of linear equations in the 6n’s which have 
a nonvanishing solution only on the transition curves: 


TT 
= 61, = y(6n;_+6n2_)+ (y— 7) bm2,, 
sin’rn 
(A.8) 
Tv 
- 512, = y(61_+6n2_) + (y—7)bm1,, 
sin?’3rn 


and symmetrically for the n_’s. Letting 


624 =6ny44+600,; b6n_-=bn,+bny_, (A.9) 


we may add these pairs of equations together, and sub- 
tract the two sums, to obtain: 


(a/sin*rn) (6n4—dn_) = (y+ 7) (6n4—dn_), 


(A.10) 


a/sin*rn.= Yet Je- 


Equations (A.10) and (A.7) must be solved simultane- 
ously to obtain the critical concentration for a given 
x, y, and 7. Note, however, that the most favorable 
possible condition occurs when m,=}3, and that then 


Vnex=T— j. (A.11) 


Thus j makes it easier to form the localized state, in 
general at least. 

It is also possible that the Hartree field for orbital 
state ¢1, for instance, may differ from that for orbital 
go. The critical condition for such a case to occur is 
obtained when we take the difference of the pair (A.8): 


m(6114.— dna, ) 


(v— 7) (6014 — d02,), 
sin’[ar(miytm,)/2]) 


T 
(A.12) 
sin?a (7214). 
Since j is positive, this condition is always less easily 
satisfied than Eq. (A.10). It is, however, entirely pos- 
sible for both to be satisfied, especially if after polariza- 
tion of the spins 214+ 2; is roughly unity. 

As discussed in the text, this latter situation repre- 
sents the closest approach to a truly localized magnetic 
state, with both an orbital and spin magnetic moment. 
The former case, in which F1,°'=£,,°, is probably 
more often encountered. We have here in miniature, 
as it were, a model of the Van Vleck-Brooks orbital 
quenching mechanism in the magnetic metals.. 
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Monte Carlo Calculation of the Order-Disorder Transformation in 
the Body-Centered Cubic Lattice 
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The order-disorder transformation in the body-centered cubic structure was investigated by a Monte 
Carlo method. A critical temperature was observed at the point (v/kT) = —0.315. The results of the calcu 
lation are in close agreement with the best analytical approximations. The calculated variation of order 
with temperature is in good agreement with experimental data on 8 brass and 8-AgZn. Some information on 
the kinetics of the transformation was obtained. It appears likely that the rate-limiting process for diffusion 


in the ordered structure is jumping of vacancies to second neighbor positions. 


INTRODUCTION 


HE order-disorder transformation problem has 

been solved exactly only for the one-dimensional! 
case, and for certain two-dimensional cases. No com- 
plete analytic solution for any three-dimensional lattice 
has been obtained, although a variety of approximate 
results exist. Since there are several recent reviews of 
this field,’ no extensive discussion of analytic methods 
will be given here. 

The Monte Carlo method* is useful for studying this 
problem for several reasons. In addition to providing 
quite accurate numerical results for the equilibrium 
state of the system, this method permits a study of the 
kinetics of the transformation and of the detailed struc- 
ture of intermediate states. Also, the introduction of 
complicating factors such as off-stoichiometric com- 
position, or interactions with other than nearest neigh- 
bors can be dealt with relatively easily. 

The use of the Monte Carlo method for order-disorder 
problems was suggested by Murray in 1952,’ and ap- 
parently first used by Fosdick for a two-dimensional 
lattice.* We attempted a calculation for the body- 
centered lattice of 250 atoms, using a Datatron com- 
puter,® but it soon became evident that crystal and 
computer were both too small for satisfactory results. 
The present calculation was carried out on an IBM 704 
for a 2000-atom crystal. This structure has also been 
studied by Fosdick® and Guttman’ 
crystals and different jump procedures. 


using smaller 


GENERAL THERMODYNAMIC CONSIDERATIONS 


Before discussing the details of the calculation, it 
will be well to consider briefly the thermodynamics of 
r. Muto and Y. Takagi, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 194; L. Guttman, ibid. 3, 146 (1956); C. Domb, Advances 
in Physics, edited by N. F. Mott (Taylor and Francis Ltd., 
London ), Vol. 9, p. 150. 
2 See N. Metropolis et al., J. Chem. Phys. 21, 1087 (1953). 
3 F. J. Murray, J. Operations Research Soc. Am. 1, 75 (1952). 
‘L. D. Fosdick, Bull. Am. Phys. Soc. 2, 239 (1957). Also Phys. 
Rev. 116, 565 (1959). 
5 P. A. Flinn, G. M. McManus and J. Bardeen, Bull. Am. Phys. 
Soc. 3, 59 (1958). 
6 J. R. Ehrman, L. 
Phys. 1, 547 (1960). 
L. Guttman, J. Chem. Phys. 34 


D. Fosdick, and D. C. Handscomb, J. Math 
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the problem. The parameters which describe the state 
of order of the system are unusual in that they are 
observable, but not directly subject to external manipu- 
lation, as are the usual variables: temperature, pressure, 
etc. They are, however, well defined functions of the 
ordinary variables under equilibrium conditions. Two 
types of parameters are useful : the a’s of Cowley*® which 
describe the local structure of the lattice, and the 
Bragg-Williams long-range order parameter, which we 
shall denote by w, to avoid confusion with entropy. 
These parameters are defined as follows: 


a;=1— (papi ma), (1 


where pasi=probability of finding an A atom as the 
ith neighbor of a B atom, m4= mole fraction of A atoms, 
and 


w= (r74—-mMs)/Mep, 


where 4 is the fraction of A sites occupied by A atoms. 
It may readily be shown that these parameters are not 
independent ; for example: 


| ] ont £ 1] 
Qn > u" tor all 7; 
also 


a,=1, ag=0 is impossible , 


A complete description of the interrelations has not 
been obtained, however, and the problem of obtaining 
one appears to be of the same order of difficulty as the 
Ising problem itself. 

Since we wish to consider only nearest neighbor inter- 
actions, the energy of our system will depend only on 
a; in fact, 

E=—Nmamgctray, 


where V=number of atoms in system, 4,mz= mole 
fraction of components, c=coordination number, and 
v=interaction energy, the change of energy when one 
additional unlike bond is formed. 

The entropy of the system will not, in general, be 
simply a function of a, since a; does not completely 
determine the configuration. If, however, we specify 
that the higher a’s be such as to maximize the entropy 
for a given a; that is, that the structure be as random 
as possible, then the entropy will be well defined. When 


8 J. M. Cowley, Phys. Rev. 77, 669 


1950 
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we speak of the entropy as a function of a, this condi- 
tion is implied. This condition will, of course, be satisfied 
when the system is at equilibrium. 

The equilibrium value of a; is a function of tempera- 
ture and interaction energy; this dependence can be 
expressed in terms of the single parameter v/kT, which 
we will denote by A. Once the dependence of a; on X is 
determined, the energy as a function of temperature can 
be obtained from Eq. (3) and then any desired thermo- 
dynamic quantity can be calculated by using the ap- 
propriate classical thermodynamic identity. 


METHOD OF CALCULATION 


In our system, the energy of any given configuration 
is equal to the number of unlike bonds present in that 
state multiplied by 2, the energy per unlike bond. The 
corresponding probability for that state is proportional 
to the Boltzmann factor: 


g=Ce-", (4) 


where g;=probability of the 7th configuration and 
n;=number of unlike bonds present in the ith con- 
figuration. If the Monte Carlo process is to generate a 
Markov chain which will converge to the small canoni- 
cal ensemble (the states of the system will occur with 
frequencies proportional to g;), three conditions must 
be satisfied by the transition probabilities. The first is 
that they be normalized : 


pS pis? 


—/ 


1 for all 7, (5) 


where f;; is the transition probability that carries the 
state 7 into the state j. This is simply the requirement 
that all states terminate by a transition to some other 
state of the system. The second condition is the ergodic 
requirement: all states of the system must be accessible 
by some route. Finally, the p,;; must satisfy the condi- 
tion of micros opic reversibility 


QiPij=QiPji all 1, 7. (6) 
Using (5), this is seen to be equivalent to the condition 
di gipis=q; for all 7. (7) 
A variety of jump procedures can be devised which 
satisfy the above requirements. If, however, one wishes 
to study the kinetics of the transformation as well as 
the equilibrium states, it is necessary to approximate 
the physical process by which the transformation 
occurs, presumably vacancy motion. We use the follow- 
ing procedure: consider a vacancy at a given lattice 
site, and the possibility of a jump to one of the neigh- 
boring sites (considering only nearest neighbors at the 
moment). We pick one of the eight possible jumps at 
random and consider the change in the number of 
unlike bonds which will result if that jump occurs. The 
probability of the jump is taken to be: 


e Anijd/ (1p e—4niid), (8) 


*W. W. Wood and F. R. Parker, J. Chem. Phys. 27, 720 (1957). 
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The transition probability is one-eighth of this, since the 
probability of picking this particular direction is one- 
eighth. Hence we have: 


pis=he Anjjd (14-6-4"i), 


and the probability of no jump occuring on this par- 
ticular try is: 


which satisfies condition (5). We now 


condition (7) is satisfied : 


test to see if 


1 Ce 
LD ViPii= : rw 


1 Ce—7* 


->- as 
8 7 1+-e—4nii 


Ce 


as required. The condition of accessibility is satisfied as 
long as nearest neighbor jumps are permitted. Second 
neighbor jumps alone, however, would not be adequate, 
since the vacancy would be confined to a simple cubic 
sub-lattice. 

In a reasonable time it is possible to traverse only a 
small fraction of all possible configurations, even for a 
small number of atoms. What we do is to proceed far 
enough to destroy the influence of the starting con- 
figuration; that is, to approximate equilibrium, and 
then to average over a sufficient number of steps to 
reduce the statistical fluctuations to an acceptably 
small value. The test for approximate equilibrium is the 
usual one: we approach the final state from both sides; 
from a completely random structure, and from a 
perfectly ordered structure. 

It became apparent in the course of the calculation 
that equilibrium could not be reached in any reasonable 
time with only nearest neighbor jumps when the equi- 
librium state was one with long range order. The diffi- 
culty lies in the fact that after the vacancy jumps so as 
to put an atom in a wrong site, the probability is over- 
whelming that on the next move it will go right back. 
As a result of this effect, a vacancy is almost completely 
immobile in the presence of long range order in this 
structure. To enable the calculation to proceed, the 
program was changed so that in addition to the eight 
nearest neighbor jumps, the six neighbor jumps were 
also considered for each step, to make a total of four- 
teen choices. Since second neighbor (cube edge) posi- 
tions lie on a sublattice of atoms of the same kind in 
the ordered structure, the vacancy can move freely, 
without putting atoms into wrong sites. Quite aside 
from considerations of physical plausibility, this change 
was necessary to get equilibrium results, which, as dis- 
cussed above, are independent of mechanism. The 
model, however, is not completely unreasonable for a 
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The calculated short- and long-range order parameters. 
N is the number of jumps to equilibrium. 


iy 


0.054+0.002 
0.115+0.002 
0.155+40.002 
0.237 +0.002 
0.379+0.003 
0.540+0.003 
0.766+0.002 
0.918+0.002 


a2 


0.012+0.002 
0.034+0.002 
0.078+0.002 
0.160+0.002 
0.317+0.003 
0.500+0.003 
0.751+0.002 
0.915+0.002 


0.470+0.005 
0.673 +0.004 
0.864+0.002 
0.957 +0.002 


real crystal. This will be discussed further in the section 
on kinetics. 

The calculation was carried out for a crystal of ten 
unit cells on an edge, a total of 2000 atoms. A sort of 
cyclic boundary condition was used: the atom at the 
end of each row was joined to the first atom of the next 
row; the last row of each plane joined to the first row 
of the next plane of the same sublattice; and the last 
atom of the top plane of each sublattice to the first 
atom of the bottom plane of the same sublattice. This 
was used in preference to conventional cyclic boundary 
conditions primarily for computational convenience. 
At the start of each calculation the lattice was filled 
with equal numbers of A and B atoms (1’s and 0’s), at 
random, perfectly ordered, or according to the results 
of a previous calculation. The number of A atoms as 
first and second neighbors of each point was computed 
and stored. A vacancy was then introduced into a 
location selected at random, and allowed to jump. A 
random integer from 1 to 8 (or 14) was generated and 
used to specify the neighboring site to be considered. 
The probability given by (8) was computed, and com- 
pared with a random number between zero and one. 
Whenever the random number was less than the proba- 
bility for the jump, it was made; otherwise not. a1, a, 
and w were cumulatively averaged for 1000 jumps, then 
printed, and a new average started. Each 1000 jumps 
required approximately 20 seconds of machine time. 
About 1.5X10° jumps were required for the entire 
calculation. 

The pseudo-random numbers required were generated 








. The short-range order parameter a; versus v/k7T, together 
with the various analytical] approximations. 
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Fic. 2. The short-range order parameter a2 versus 27/&T 


by Lehmer’s method,” i.e., by multiplying the pre- 
ceding number by 3125 and taking the remainder 
modulo 2", 


EQUILIBRIUM RESULTS 


are given in 


kT) in 


and wz 
and qa; is shown as a function of (1 


The numerical results for a1, a, 
Table I, 
Fig. 1. 

Also shown in Fig. 1 are the curves for the approxi- 
mate analytic solutions valid in the limiting cases of 
almost perfectly ordered, and almost random structures. 
The Bragg-Williams (B-W) approximation is equivalent 
to assuming that a;=w, so that above the critical tem- 
perature the structure is completely random, and below 
it the structure is as random as possible consistent with 
the long range order present. Thus the B-W curve lies 
below the true curve, approaching it asymptotically in 
the limit of perfect order, as a; approaches w*. For (—A) 
greater than 0.4, the difference between the two curves 
is quite small, and the B-W approximation was used in 
the calculation of thermodynamic functions. 

In the limit of almost random structure, the one- 
dimensional result becomes a valid approximation. The 
well-known result may be expressed as 


2kT), 


a,=tanh(z 
which may be approximated by 


=1v/2kT (10) 


a 


The approximation (10) is actually closer to the Monte 
Carlo curve than is (10) curves downward, 
while the Monte Carlo function curves upward. Also 
shown in Fig. 1 is the short range order at the critical 
point, as determined analytically by Domb." His 
results give A.= —0.315 and a;,= —0.268, in excellent 
agreement with the Monte Carlo values. Domb’s high- 


(9) because 


1 See O. Taussky and J. Todd in Symposium on Monte Carlo 
Methods, edited by H. Meyer (John Wiley & Sons, Inc., New York, 
1956), p. 15. 

4 See Domb, reference 1, p. 288. 
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and low-temperature expansions” give results in close 
agreement with the present results in the range —A<0.3 
and 0.4<—nA. 

The results for ag are plotted in Fig. 2. It is apparent 
that a varies parabolically with A near the origin. This 
is to be expected from the one-dimensional case, for 
which 


The calculated ‘values for long-range order as a 
function of the reduced temperature, along with ex- 
perimental results for 8 brass" and 8-AgZn," are shown 
in Fig. 3. The agreement with the experimental results 
is satisfactory. 

From the experimentally observed critical tempera- 
tures for 8 brass and B-AgZn, we can compute the 
interaction energy for these alloys on the basis of the 
result >= —0.315 kT, and find for 8 brass v/k=232°K, 
for B-AgZn v/k=172°K. Using the observed heats of 
solution for these alloys, calculations on the basis of the 
quasi-chemical theory give 484° and 365°K, respec- 
tively, for 8 brass and 8-AgZn. 

It appears that only about one-half of the heat of 
mixing of these alloys is associated with nearest neigh- 
bor interaction, a result which is not surprising 


SD 


con- 
sidering the failure of the simple quasi-chemical ap- 
proach in other systems.!® 


THERMODYNAMIC RESULTS 


We may rewrite Eq. (3) in the form: 


(E/Nv)=—2a,, 





B - Bross 
e B- AgZn 
t Monte Carlo 











hic. 3. The calculated and experimental long range order 


versus the reduced temperature. 


12. Domb and M. F. Sykes, Phil. Mag. 2, 733 (1957); Proc 
Roy. Soc. (London) A235, 247 (1956). 

13 TP), Chipman and B. E. Warren, J. Appl. Phys. 21, 696 (1950). 

4 L,, Muldawer, J. Appl. Phys. 22, 663 (1951). 

18. Kaufmann (to be published). 

16 R.A. Oriani, Acta Met. 1, 144 (1953). 
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Fic. 4. The entropy of mixing versus 0/kT. 


so that the plot of a; against \ is essentially also a plot 
of energy against \. To obtain the entropy as a function 
of X we use the thermodynamic relation: 


dS=(1/T)dE (dV=0). (12) 


After differentiating 11, substituting in 12, dividing by 
k and integrating, we find 


d 


(1 of dS —_ 2 vf Ada l- 


" 


At the lower limit the structure is random, so that 


S/Nk=I1n2, 
and thus 


(14) 


The integral was evaluated by graphical integration of 
the curve of Fig. 1 and the result is shown in Fig. 4. 
The entropy at the critical point is in agreement wtih 
the value obtained by Domb, S.=0.586 Nk, and with 
the experimental value of 0.54 Vk.7"7 The limiting 
value of the integral in Eq. (14) provides an additional 
check, since S must vanish in the limit of infinite » 
(zero temperature). 

Since we now know S as a function of A, and a, asa 
function of A, we can determine S as a function of a. 
This relation is shown in Fig. 5. The important feature 
of the curve is the extended region which is almost 
linear. Since the energy is a linear function of a1, we may 
expect that in some temperature range the free energy 
will be almost constant over a wide range of a;. This 
occurs, as it must, in the region of the critical tempera- 


17 H. Moser, Physik. Z. 37, 737 (1936). 
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Fic. 5. The entropy of mixing versus a; 


as shown in Fig. 


F/NkT 


ture, 6, in which the quantity, 


-— 2\a;— (S Nk), 


is plotted as a function of a; for various values of X. 
This insensitivity of the free energy to the degree of 
order near the critical temperature leads to large fluc- 
tuations in order and slow attainment of equilibrium 
in this temperature range. 

The specific heat (both pressure and volume are 
constant in our system) can be obtained by using the 
relation: 


Cc _ dE 
which is readily transformed into the result, 
( NR= 2 da dy ° 


The derivative was evaluated graphically from the 
curve of Fig. 1, and the result is shown in Fig. 7. This 
curve is not in very good agreement with the experi- 

| results of Moser," 


menta however, since the lattice 








Equilibrium a,\ 








6. The free energy versus a for various values of 7/AT. 
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Fic. 7. The excess specific heat versus the reduced temperature 
contribution to the specific heat is not known, and an 


adequate comparison with experiment is not possible. 


KINETICS OF ORDERING 


The approach to equilibrium for various values of 
(v/kT) not too close to the critical value is shown in 
Figs. 8 and 9. No simple rate law is obeyed, but it is 
clear that about 20 000 jumps, or ten jumps per atom, 
are sufficient to reach approximately the equilibrium 
degree of order. The kinetic behavior for a value of 
(v/kT) close to the critical is shown in Figs. 10 and 11. 
Again ten jumps per atom bring the system fairly close 
to equilibrium, but the final change in the degree of 
order close to the critical value is very sluggish. Par- 
ticularly interesting is the long persistence of a meta- 


stable state with a; about —0.35 during the approach 
to equilibrium from a state of long-range order, as seen 
in Fig. 11. This behavior is, of course, to be expected, 


since the flatness of the free energy curve in this region 
means that there is very little driving force for a change 
in order. The curves for values of 
obtained allowing second neighbor, as well as nearest 
neighbor, jumps, since, as mentioned earlier, in the 
presence of long-range order, nearest neighbor jumps 
alone were singularly ineffective in attaining equilibriuin. 

It is difficult to construct an alternative mechanism 
in this structure. Divacancy motion as a unit is not 


—\) above 0.3 were 


possible, since two atoms which are nearest neighbors 
of a given atom are not nearest neighbors of each other 


8. The approach to equilibrium for 7 
point represents 1000 moves 
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‘1G. 9. The approach to equilibrium for 7<7,. Each 
point represents 2000 moves. 


Second neighbor jumps, however, although certainly 
requiring a larger activation energy than nearest 
neighbor jumps, and occurring much less frequently, 
may very well occur to some extent. The 
neighbor distance is not much greater than the nearess 
neighbor distance, and the lattice distortion required it 
not enormously greater. If second neighbor jumps do 
occur, they will be the rate-limiting process in diffusion, 
since nearest neighbor jumps contribute almost nothing 
to vacancy travel. This effect may well explain the large 
increase in activation energy observed in beta brass on 


second 
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Fic. 10. The approach to equilibrium from disorder 
for v= —0.3 kT 
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ordering!* ; above the critical temperature the activation 
energy is that for nearest neighbor jumps, and below 
it, that for second neigbor jumps. 


CONCLUSIONS 


The results of this Monte Carlo calculation are in 
quite good agreement with the results obtained by 
Domb by analytic methods. Unfortunately, no suffi- 
ciently accurate experimental data seem to be available 
to provide a critical test of the adequacy of the nearest 
neighbor approximation. Higher neighbor interactions 
can readily be introduced, but there seems no great 
need to do so until better data are available. Other 
generalizations which may be of considerable interest 


— 








Moves x 


Fic. 11. The approach to equilibrium from order 
for v= —0.3 kT. 


are the case of off-stoichiometric composition, and the 
case of clustering (A>), which has received relatively 
little attention. 
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In x-ray irradiated single crystals of KC], KBr, and KI doped 
in the melt with nitrate or nitrite, six triplets and one singlet 
are observed in electron paramagnetic resonance between — 190°C 
and room temperature. The trapping mechanism producing the 
centers is indicated by the behavior of the electron paramagnetic 
resonance signal during optical or thermal release of free electrons 

from F centers) or holes (from Cl.~), and the chemical nature 
of the centers by selective doping methods. In all three salts these 
tests have identified NO interstitials (anisotropic up to room 
temperature, almost axial symmetry, principal paramagnetic axes 
in [100], [011], and [0i1] directions); NO in positive-ion va- 


I. INTRODUCTION 


HE addition of a small concentration of nitrate or 
nitrite to the melt of alkali halides modifies the 
optical absorption, with indication that the foreign ions 
are substituted into regular lattice sites as impurities. 
Early experiments by Maslakowez' showed that a 
chemical dissociation of the impurities takes place in the 
melt and that an equilibrium between NO. and NO; 
results, which is determined by the melting point of the 
host crystal. In irradiated doped crystals, Hutchinson 
and Pringsheim* discovered absorption bands in the 
‘isible and ultraviolet spectrum connected with the 
presence of NO.-, but their results could not be inter- 
preted with certainty. 

The purpose of this work was to obtain by the method 
of electron paramagnetic resonance (EPR) more de- 
tailed information on the included impurities in KBr 
and KI and the effect of x or gamma rays. Although 
preliminary investigations indicated the presence of two 
paramagnetic centers only, further experiments were 
complicated by the detection of seven different centers, 
many of them being anisotropic and occurring together. 
After a description of the experimental procedures, the 
results and their interpretation are given for the centers 
in KCl and compared with those of KBr and KI. 


ove: 
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Il. EXPERIMENTAL 


The crystals used in the experiments were single 
crystals either purchased from the Harshaw Chemical 
Company or grown in this laboratory from Reagent 
grade potassium halides. Certain crystals were doped in 
the melt by adding 0.01 to 1 weight percent NaNOs or 
KNO, to the pure powder, and then the single crystals 
were produced in quartz or Pt crucibles by either the 
Kyropoulos or the Bridgman method. Other samples 

* Based on work perforr 1e¢ 
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11, Maslakowez, Z. Physik 51, 696 (1928). 
2 E. Hutchinson and P. Pringsheim, J. Chem. Phys. 23, 1113 
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cancies (isotropic); and NO;~~ in negative-ion vacancies (ani- 
sotropic below — 145°C, axial symmetry, axis in [111] direction). 
In KCl and KBr, NO2-~ in negative-ion vacancies (anisotropic, 
axial symmetry, axis in [110] direction, visible below —125°C), 
and oxygen molecules (anisotropic, almost axial symmetry, axes in 
[100], [011], [011] directions, visible below — 100°C) have been 
identified. Information regarding the bonding in the molecules 
has been obtained. Two isotropic triplets are not identified. The 
relative concentrations are different in the various host crystals, 
and the linewidth increases according to the halogen nuclear 
moment. 


cleaved from large single crystals of pure KCl were 
sealed in a quartz tube which had been evacuated and 
filled with 3 atm distilled NO». The tube was heated to 
700°C for periods ranging from 1 to 20 days. Because of 
the high temperature, the nitrogen dioxide was almost 
completely decomposed into nitric oxide and oxygen, so 
that a surface layer of } mm thickness or more was doped 
with NO and O:. An attempt was made to have only 
NO by filling the tube (after evacuation) with this gas 
which had been purified once through vacuum distilla- 
tion. However, the NO must react at high temperature, 
because the characteristic brown color of NO» appears 
when the tube is cooled down to room temperature. To 
eliminate a high steady-state concentration of NOs, the 
crystals were heated in an open tube where NO was 
flowing slowly, removing the reaction products. 

To eliminate the effects of anisotropic centers, certain 
crystals were gound with an agate mortar in a de- 
humidified glove box, and then compressed in a steel 
mold with an hydraulic press (20 tons) to give a trans- 
parent, polycrystalline pellet of 6-mm diameter and 
l-mm thickness. These pellets, as well as the single 
crystals, were examined with a Perkin-Elmer infrared 
spectrograph to check the relative amount of NO. and 
NOs included in the lattice, each one of these ions 
giving a sharp characteristic absorption peak at 7.85 u 
and 7.22 u, respectively.! For short times, ranging from 
15 sec to 30 min, the samples were irradiated with x rays 
from a Machlett x-ray tube (50 kv, 50 ma tungsten 
target) at a distance of 1 in. from the tube window, or 
for longer times with a Co™ source of 4 kC. 

The resonance measurements were performed with a 
Varian EPR spectrometer model V4500, with 100 kc/se« 
field modulation, and a 6-in. electromagnet V-4007-1. 
Through the use of a variable temperature device 
V-4547 (gas cryostat) and a Dewar vessel, measure- 
ments were made from liquid nitrogen up to room tem- 
perature. A copper-constantan thermocouple, placed 
below the sample in the cold gas stream, measured the 
temperature which was stabilized manually within 5°C. 
The microwave frequency was measured with a Hewlett 
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raB_e I, Paramagnetic centers in KCl. A/g.8., B/geBe, C/geBe, and W (width at half height of the absorption line) in gauss; 
the brackets indicate the crystallographic orientation of the principal tensor axes. 





Center i ig { Sz 


NO int. 


2.0070-+0.0004 
[011] 
2.0069-+0.0002 


2.0038+0.0002 
[100] 
NO+[+ ] 
NO;--+[-] 2.0020+0.003 
[111] 
2.0052+-0.0002 
2.0014+0.0002 


[110] 
2.0422 +0.0002 
[100] 


2.0029-+0.0002 
fo11] 


Packard Cavity Wavemeter (X532B). A Micro-Now 
microwave frequency calibrator (type 101, accuracy 1 in 
10°) was connected to the bridge through a unidirec- 
tional coupler and gave a reference signal consisting 
essentially of the harmonics of 450 Mc/sec, with smaller 
intensity in those of 150, 50, 25, and 5 Mc/sec; the 
spectrometer detecting unit indicated when the klystron 
frequency (changed slowly by varying the reflector 
voltage) was 100 kc/sec off one of the harmonics 
generated by the calibrator, practically every 5Mc/sec, 
and permitted calibration of the wavemeter, with an 
absolute accuracy of 0.5 Mc/sec. The magnetic field 
was measured with a Harvey-Wells NMR gaussmeter 
(; 501; in comparing its 15 Mc/sec marker with the 
15-Mc/sec harmonics of the microwave calibrator, an 
accuracy of 0.15 gauss could be obtained. The lowest 
error for g factors is thus +0.0002, for a narrow well- 
revolved line. 


III. RESULTS AND DISCUSSION 


No resonance has ever been found in crystals before 
irradiation, indicating the inclusion of the nitrogen com- 
pounds in the form of diamagnetic species (or of para- 
magnetic species with very short relaxation times). The 
concentration of the observed centers ranged from 10!® 
to 10'* cm™, and the paramagnetic properties are sum- 
marized in Table I for KC]. With the exception of the 
last one, which is a singlet, all are triplets and involve 
a nitrogen nucleus; this has been checked by substitut- 
ing N'5(7=4) for N“(7=1), the triplets reducing then 
to doublets and the ratios of the splittings agreeing 
exactly with the values of the nuclear moments. The 
line shape is (with exception of center 3) nearly Gaussian 
and the width at half height of the absorption line is 
given in the last column. 

As no quadrupole effects have been observed, the 
Hamiltonian describing the centers has the conventional 
form: 


—K=8.(g.HS,+¢2HS.+2,H,S,) 


+AS,],+BSil2+CSyl,. (1) 


2.0068 +0.0002 


2.0003+0.0003 


B/gBe C/gBe 


&y A / BeBe 


¢ +4 3 
4940.3 4. ony 1.0 +0.1 


7.0+0.3 5.0+0 
[011] roit] 


32.540 
30.9-40.2 
[100] 


2.0099 +0.0002 
(oit] 


14.2+0.2 2.8 +0.2 


30. 5+0.2 


61.5+0.5 
[111] 


12.0 +0.5 
5.2 +0.4 


43.2+0.5 
[110] 


2.4 +0.2 


2.0099 +-0.0002 0 


[011] 


The g and hfs tensors were observed to have the same 
principal axes; g, and A refer to the rotation axis, if 
present, or to the axis with larger hfs or g. The squares 
of the g factor and of the hfs are always linear functions 
of cos?6, where @ is the angle between the magnetic field 
and the axis of symmetry. Thus, according to Zeldes 
et al.,* the splitting in the case of a rotation symmetry 
for the electronic distribution can be interpreted for 
sp orbitals as 


A g BegnBn[ (8x 


B= gBegnBnl (8m 


3) y (0) 7+ ((3u2—1) r°) |, (2) 


3) |W (0) |2—4((3y2—1)/r*)]. (3) 
where gy, By are the nuclear g factor and magneton, 
y(0) |? the electron density at the nucleus, and yp the 
cosine of the angle between the electron radius vector r 
and the rotation axis z. As the signs of A and B are not 
known, one has the choice between two solutions for 
¥(0) |? and ((3n—1)/r*), satisfying the condition that 
iy(0) |2>0.4 


|A|>|2B|: 
3((3u2—1)/r3)= (| A| + 
8a |y (0) |?= ( 


|B )/geBegnBn ; 


A|+2|Bl)/gBegnB. (4) 


A|<|2B]: 
3((3u?—1)/r*)= (+ |. 
8x |W (0) |?= (+ |. 


1|}—|B))/gBegnBn; 
1|+2|B) )/g-BegnBn. 


Phe uncertainty can be listed in all the cases shown later. 


(5) 


It is important to test if the centers are produced by 
electron or hole trapping, and there are two comple- 
mentary methods. In the first one, the F centers of the 
regular lattice are bleached with 560-my light ; the elec- 
trons are then released into the conduction band and 
trapped by the impurities. Such an impurity, which 
was diamagnetic, becomes then paramagnetic, and the 


3H. Zeldes, G. T. Tramell, R. Livingston, and R. W. Holmberg, 
J. Chem. Phys. 32, 618 (1960). 

4In the case of exchange polarization with negative s contribu- 
tion occurring with pure / orbitals, both Eqs. (4) and (5) have to 
be considered. 
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Fic. 1. EPR spectrum 
of NO in KCI, for differ- 
ent crystal orientations 
in the magnetic field. 
The three isotropic lines 
are produced by NO in 
positive ion vacancies; 
the brackets refer to the 
lines of NO interstitials 
with indication of the 
angle between the mo- 
lecular axis and the field. 
(Upper scale in gauss; 
frequency : 9125 Mc/sec). 
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intensity of the corresponding EPR spectrum increases ; 
if the impurity was already paramagnetic, the trapped 
electron pairs with the odd one, and the corresponding 
spectrum intensity decreases. In the second method, the 
crystal is irradiated and measured at a temperature 
lower than —80°C, to keep the holes trapped in Cl. 
ions.» Upon heating, the holes are liberated into the 
lattice, trapped by the impurities, and produce inverse 
effects. At low temperatures, the presence of an electron 
acceptor impurity in sufficient concentration inhibits 
almost completely the formation of F centers and thus 
the EPR spectrum consists of Cl.~ ions and species 
resulting from the trapping of electrons. 


A. NO in KCl 


rhe first of the centers in Table I (Fig. 1) has already 
been described®; it is anisotropic and stable up to room 
temperature, where it decays irreversibly within half an 
hour. The g values are independent of the temperature, 
but the hfs parameters show a little variation; the slight 
deviation from rotation symmetry disappears below 
— 150°C. At this point, one observes saturation broaden- 
ing with the microwave power greater than 10 mw, and 
at —190°C, the high field line for 6=0 broadens by 
about a factor of two. 
This center is present in small amounts in crystals 
5T. G. Castner, W. Kanzig, J. 
1957); P. Yuster, C. Delbecq, Phys 
6 C. Jaccard, Bull. Am. Phys. Soe 


Phys. Chem. Solids 3, 178 
Rev. 111, 1235 (1958 
5, 418 (1960 
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doped from the melt, but its relative concentration is 
greatly enhanced in a pure crystal heated in NO» gas 
(i.e., a mixture of NO, NOs, and O-) or in pure NO gas. 
The second center is isotropic, the g value and the hfs 
showing no dependence of the temperature. The lines 
narrow from 2.8 to 1.8 gauss from 0° to —100°C and 
saturate progressively upon further cooling. The center 
disappears at room temperature within three hours. It is 
always present with the first one, the intensity ratio 
being constant in crystals heated in NO» or NO. More- 
over, the g value of the isotropic one is equal to the 
space average value of the anisotropic one, and if we 
transform our results with Eq. (4) we obtain: 


Center 1: 


lw (0) |?=0.84X 10% cm-*  (1/r 1.5 104 cm 
(0.45) (15.5) 


Center 2: 
ly (0) |?=0.85 x 104 cm 


The magnetic electron-nucleus coupling in the free NO 
molecule has been calculated from previous measure- 
ments by Dousmanis,’ yielding the values |¥(0) |?=0.85 
X10" cm~* and (r’)= 14.9 10" cm™; using another 
model, Mizushima’ obtains |~(0)|?=1.0210"* cm 
If we drop the second solution for center 1, we get a 
good agreement between these results, and this suggests 
that both centers are due to NO in the same electron 
configuration but in different locations. 

They are both produced by electron trapping; the 
EPR signal of the first one increases if the F centers 
formed in the regular lattice are bleached with green 
light at room temperature, this being accompanied by a 
very fast decoloring of the surface zone in which the NO 
has diffused. The signal intensity of the second center 
increases also upon F bleach and decreases upon thermal 
decomposition of the Cle in a crystal irradiated at low 
temperature. 

In a simple interpretation agreeing with the experi- 
mental facts, the NO molecules are included in the 
lattice in the form of nitrosyl chloride in a vacancy pair 
(NOCI [+ ][—]), or in a negative-ion vacancy (NOC! 
[—]). During irradiation, NOC] [+ ][—] traps an 
electron to become a regular Cl- plus a neutral NO 
molecule in the positive-ion vacancy; the internuclear 
distance N—O is 1.14 A, and the diameter of the va 
cancy is 2.66 A. Its small dipole moment (0.15 debye® 
does not prevent the NO from rotating despite the crys- 
talline field, but not completely freely; the orbital 
moment is quenched; and only the s component of the 
odd electron wave function is revealed by the hfs 
Having trapped an electron, NOCI [—] becomes a 
NOCI which dissociates, the chlorine ion going in the 
negative-ion vacancy, and the NO molecule remaining 

7G. C. Dousmanis, Phys. Rev. 97, 967 (1955 

*M. Mizushima, Phys. Rev. 105, 1262 (1957 


'C. A. Burrus and J. D. Graybeal, P1 109, 1553 


1958 
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as an interstitial. There is enough room if the NO is in 
the [100] direction; the distance N—Cl or O—CI is 
2.44 A, which leaves a free radius of 0.64 A around the 
N or O nuclei. However, the molecule has no room to 
rotate and it is locked in its [100] orientation. 

In optical experiments, the bleaching of the F centers 
increases the number of the anisotropic species by a 
factor of 5 or more, but the isotropic one at most by-a 
factor of 1.5; this greater electron affinity of the inter- 
stitial NO can be explained by the fact that the system 
(NOCI plus negative-ion vacancy) is positively charged 
with respect to the regular lattice, whereas the system 
(NOCI plus vacancy pair) is not. 

In the free NO molecule, the odd electron is essentially 
in a pr antibonding state.’'* For the interstitial mole- 
cule, the proximity of the Cl- ions would repel the px 
wave functions, and the g factor would be much more 
influenced by the crystalline field; thus, the odd electron 
is likely to be in a po state, leaving, as observed, the 
g. almost equal to the free electron value, and the g, and 
g, slightly larger, as is the case for the (halogen): 
molecule ion also in a po state. The fact that the g factor 
and the hfs of the NO in the positive-ion vacancies equal 
the space averages of those of the interstitial NO sug- 
gests that both NO molecules have the same electronic 
configuration. That the freely rotating NO appears to 
be in a po state rather than in the pz state of the free 
molecule is surprising. 


B. NO;-~ in KCl 


The two systems of the third center of Table I (Fig. 2) 
are connected: When the temperature decreases, the 
isotropic system disappears at —140°C and the ani- 
sotropic one appears below — 145°C; moreover, during 
bleaching and heating experiments performed on the 
same crystal, the intensity ratio is always the same. 
An examination of the g values reveals that the isotropic 
g is equal to the space average of the anisotropic one. 
This suggests that both systems belong to the same 
center, which is oriented below —145°C but rotates 
above this temperature. 

The isotropic system saturates at low temperature 
for microwave power greater than 10 mw, the linewidth 
increasing 1 gauss from room temperature to — 100°C, 
but the anisotropic one does not vary appreciably with 
the temperature; its absorption lines are neither Gaus- 
sian nor Lorentzian, but with a broad top, concealing 
certainly an unresolved structure. 

The center is present in all the samples, but with a 
relatively lower intensity in single crystals heated in 
NO gas. In KCI pellets containing only KNOs, pressed 
and heated up to 200°C to increase the diffusion, only a 
sharp NO ;- line is observed in the infrared spectrum, 
indicating a predominant amount of nitrate ions in- 
cluded in the lattice, while the EPR shows only the 
isotropic spectrum characteristic of this center. Thus, 
the center is likely to be a neutral or doubly charged 
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nitrate ion (NO; NOs—, or NO The following 
observation leads to the assumption that the center is 
produced by electron trapping: In irradiated KCl 
(NOs-) powder, the formation of Cl.~ is not at all 
inhibited at low temperature, and if the holes are re- 
leased by heating, the EPR signal intensity of the center 
decreases by a factor of two or three." 

A plausible model consists of a NO ;~, ina negative-ion 
vacancy, trapping an electron during irradiation, to give 
a NO;-~. Each oxygen, (with a net negative charge) is 
bound with a single po bond to the nitrogen (with a net 
positive charge); the odd electron is in a three-electron 
px bond resonating between the three oxygens and the 
nitrogen, with the lobes of the p functions parallel to the 
molecular axis. If the NO;~~ were planar, then no s-p 
hybridization could occur for an odd electron in a 7 
state (because of reflection symmetry, pm being odd and 
§ even). Therefore, the isotropi hfs could only occur 
by exchange polarization ; in that case, it would be small 
and negative, in contradiction to the experimental re- 
sults. We conclude that the NO ;~~ is not planar. Experi- 
mentally, the rotation axis of the g and hfs tensors is in 
the [111] direction; this indicates that the p functions 
point also in this direction. In the (111) plane (Fig. 3), 
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Fic. 2. EPR spectrum : a 
of NO; in KCl, for 
two crystal orientations 
in the magnetic field 
at 190°C, and for 
100°C, with indica 
tions of the angle be 
tween the molecular axis 
and the field. (Upper 
scale in gauss; fre 
quency 9125 Mc sec. 
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0 This supports the hypothesis that the center is not produced 
by nitrate radiolysis: If it were NO» LJ. Cunningham, J. McMillan, 
and B. Smaller (to be published) ] it would become NO," upon 
hole trapping; this could obviously occur only if located in a 
positive-ion vacancy; then (without introducing a much more 
complicated mechanism with vacancy pair and/or place change) 
the primitive NO;~ should also be in a positive-ion vacancy, 
which is quite improbable. Moreover, the center would also occur 
in NO,~-doped pellets, which is not the case. 
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3. Environment of the NO;~~ ion in the (111) plane 
white circles: cations; black circles: anions). 


Fic 


the NO ;~~ is surrounded hexagonally by 6 chlorine ions, 
4.45 A distant, and trigonally by two sets of three 
potassium ions, one on each side of the plane at a dis- 
tance of 3.14 A. These neighboring ions are certainly 
responsible for the odd line shape, resulting from many 
unresolved hyperfine lines. 

A transformation of the experimental parameters 
with Eq. (4) yields 


I 


(0) 2.44X 1074 cm 


(0.01) 


= 10.3 10"4 cm 
(30.6) 


(3u2—1)/r 


and (0) 2= 2.41 10" cm for the isotropic center, so 


that the second solution can be disregarded; the odd 
electron has thus a relatively large amount of s character, 
about three times as much as in NO. 


: 
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Fic. 4. EPR spectrum of NO.~~ in KCl, for two crystal orienta- 
tions in the magnetic field. The position of the lines is indicated 
by the brackets, with the angle between the molecular axis and 
the field. The lines in the middle part of the spectrum belong to 
other centers described in this paper. (Upper scale in gauss; 


frequency : 9125 Mc/sec 
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At temperatures higher than —140°C the center 
changes its orientation swiftly enough to smear out the 
dipolar interaction and reveals only the isotropic part 
of the tensors, as the vacancy radius is 1.8 A and the 
N—O distance only about 1.2 A; below — 145°C, this 
movement is greatly reduced, but it is possible that the 
rotation around the molecular axis persists down to low 
temperatures. 


C. NO, -~ in KCl 


Center 4 (Fig. 4) is formed only in crystals doped in 
the melt and apparently in powders ground with KNO, 
and heated up to 400°C, revealing in the infrared the 
presence of NO; ions only. Thus, it is likely to be 
related to the nitrogen dioxide. 

The EPR spectrum is visible only below — 125°C, and 
disappears in a reversible way if the temperature is 
raised less than 100°C above this point. No isotropic 
component has been found at higher temperature, in 
contrast to the NO;-~. As the EPR signal increases if 
free electrons are released in the crystal, it seems prob- 
able that center 4 consists of a NOs in a negative-ion 
vacancy, trapping during irradiation an electron to 
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Fic. 5. EPR spectrum of 
oxygen in KCl, with two 
crystal orientations in the 
magnetic field, and indica- 
tions of the angle between 
the molecular axis and the 
field (scales in gauss; fre 
quency : 9125 Mc/sec.) 
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become an NO.-~; NOs and NO; are not linear; it is 
plausible that the addition of another electron increases 
the ONO angle but without producing a linear NO» 
molecule ion. The odd electron is certainly in a p state 
in the nitrogen atom. If we assume that the molecule 
and, therefore, the p lobe are fixed in space, then 
((3u?—1)/r*) must be positive; but the calculation from 
the observed hfs then yields negative values for |¥(0) |? 
which are much too large to account for an exchange 
polarization. On the other hand, one can obtain a solu- 
tion of Eq. (5): 


3.34X 1074 cm 
—6.4X 10"! cm 


¥(0) |? 
((3u?—1)/r*) 


with a reasonable positive value for |y(0),?; then the 
negative sign of ((3u°—1)/r*) must be interpreted by a 
rotation of the molecule, with the axis perpendicular to 
the odd electron p lobe. Moreover, the s admixture 
implies that the odd electron is not in a pr state (which 
has other reflection symmetry than s), but in a po state, 
as in the case of NO;-~. The small g values can be 
explained if the next unoccupied energy levels and the 
odd electron level have the same symmetry and allow a 
mixing of the electron state with higher levels. However, 
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TABLE II. Paramagnetic centers in KBr. 4/¢.8., B/ge8e, C/ge8e, and W in gauss; the brackets indicate 
the crystallographic orientation of the principal tensor axes. 





Center TCC) Ze ge 








[100] 
NO+[+] ~100 2.0072+0.0004 


gy A/geBe 


NO int. —100  2.0037-40.0002 2.0089-+0.0002 -32.340.5 


NO;--+[-] —190 2.0020+0.0006 2.0068 + 0.0006 5 32+ 2042 


C111] 


0 2.0042+0,.0003 


40.3+0.5 10+1 


NO.--+[—] -190 2.0015+0.0020 2.0003+0.0020 135 6245 6.5+0.7 


[110] 
O.++[+] — 190 2.0418+0.0003 2.0035+0.0003 
[100] F011] 


the behavior of the g tensor is difficult to explain, and 
we cannot propose any model thus far. 


D. Oxygen in KCl 


Phe last center of Table I (Fig. 5) is the only one that 
does not show any hfs, indicating its connection with a 
reaction product involving no nitrogen. It can be ob- 
served below — 100°C, but only in crystals doped in the 
melt. It is probably also present in doped powders, but 
the spectrum is then smeared out. It never occurs in 
crystals heated in NO or NO, gas and irradiated with 
x or y rays for less than one hour. The behavior during 
electron or hole release in the crystal shows that. it is 
produced by hole trapping. If a crystal doped in the 
melt or in the gas is irradiated at room temperature for a 
long time (1 week), the EPR signal increases by a factor 
of 10. As the centers are anisotropic, they are not due to 
atomic oxygen ions which have room to rotate as well in 
the interstitial sites as in the vacancies. They involve 
neither oxygen bound to chlorine nor potassium, because 
the spectrum would then show a multiplet instead of a 
singlet. O.- has to be ruled out as it has different mag- 
netic parameters.!! A possible model is an Oz molecule, 
losing an electron during irradiation to become an O2* 
molecule ion; it then has the tendency to neutralize a 
neighboring chlorine ion, but if it is located in a positive- 
ion vacancy it is stablized by the Madelung field. In 
another model, all the oxygen in the crystal is in the 
form of 0. molecule ions, which are present in large 


TABLE III. Paramagnetic centers in KI. A/g.8., B 


2.0103-+0.0003 3.20.4 
[011] 


quantity according to Kinzig and Cohen"; they lose 
an electron during irradiation, and give neutral oxygen 
molecules with a spin of one, observable by EPR. 

In crystals doped in the melt, the nitrate and nitrite 
decompose thermally, releasing oxygen that diffuses and 
recombines in the vacancies; in crystals heated in the 
gas and containing only NO, such a dissociation should 
not occur unless it is produced by x or y irradiation. This 
would explain the large increase of the spectrum in- 
tensity after a long exposure to gamma rays. 


E. Centers in KBr and KI 


In potassium bromide and iodide, we find the same 
paramagnetic species (Tables II and III), but in differ- 
ent concentrations, and the lines are generally broader, 
because of the larger magnetic moment of the halide 
nuclei. The determination of the magnetic parameters 
is thus less accurate. 

The nitric oxide and the NO; ions are present in 
both halides, but the relative concentration of the latter 
is greatly enhanced in KBr and even more in KI with 
respect to KCl; in potassium iodide, the lines of the 
low-temperature spectrum are so broad that they cannot 
be resolved and measured unless the magnetic field is 
parallel to [100], where they coincide; the g factors and 
hfs can be estimated to be about the same as in KBr. 

Whereas the stability of interstitial nitric oxide is 
maintained in KBr, its resonance in KI can be observed 
only if the crystal is irradiated and kept at liquid nitro- 


£eBe, C/geBe, and W in gauss; the brackets indicate 


the crystallographic orientation of the principal tensor axes 


Center 


NO int 2.0037 +0.0003 
[100] 


NO+[+] 2.0084+0.0003 


NO 2.0050-£0.0006 
2.0050-+0.0006 


'W. Kanzig and M. H. Cohen, Phys Rev. Letters 3, 509 (1959 


A/geBe eB C/geBe W 
2.0113+0.0003 37.0+0.2 38+1.5 10+1 
[1007] 


14.2+0.6 3.3+0.3 


46+1 30+10 
44+1 15+2 
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gen temperature; heating up to —140°C for 5 min de- 
creases the EPR signal to about }. 

NO. is absent in KI; this is consistent with the 
infrared spectrum that shows in the measured crystal a 
NO.-/ NOs" concentration ratio at least 20 times smaller 
than in the other halides. It occurs in KBr heated in NO 
gas (in opposition to KC]), its signal there being more 
intense than those of nitric oxide. 

Oxygen molecules are present in a small concentration 
in KBr irradiated for a long time, but are undetectable 
in KI. 

The sequence KCI-KBr-KI shows an increase in the 
average oxidation state of the nitrogen, with a corre- 
sponding decrease in free oxygen; although this could 
be due to the lowering of the melting point, as suggested 
by Maslakowez,' it seems to be rather a property of the 
solid lattice too, as the shift in the equilibrium is also 
observed in the crystals heated in the gas at the same 
temperature. 


F. Unidentified Centers 


In KCl and KBr, two other centers have been ob- 
served, with the parameters: 
= 2.0052+0.0002, A=12.0+0.2 


A=21.8+0.2 


Center 6, g gauss ; 


Center 7, g=2.0062+0.0002, 


gauss. 


They are isotropic at all temperatures down to — 190°C; 
their behavior during optical electron or hole release 
indicates that the former is produced by electron and 
the latter by hole trapping. If KCI crystals are heated 
to 100°C for 10 min, all the signals disappear, except 
center 7 which increases ; on the other hand, if the crys- 
tal is exposed to ultraviolet light, all the centers are 
bleached but center 6, which doubles its signal intensity 
before it decreases slowly. In crystals heated in NO gas, 
7 is present in a relatively large concentration in KBr, 
but not in KCl, with an inverse distribution in crystals 
doped from the melt. 

The hyperfine splitting is much smaller than has been 
previously measured for NO» (47 gauss in the gas,™ 
58 gauss in an argon matrix," 107 gauss in a solution of 
CCl,"*), so that it is improbable that nitrogen dioxide 
trapped in vacancies produces the observed signals. 
Without more extensive experimental information, we 
cannot answer the question of their identity. 
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IV. CONCLUSION 


With selective doping processes combined with optical 
and thermal release of free electrons and holes from the 
host-lattice imperfections (F centers and Cl,~), it has 
been possible to suggest the following models for the 
observed centers. In all the examined halides, the nitric 
oxide enters either from the melt as a dissociation 
product, or from the gas phase when the partial pressure 
is high enough; it is included in the lattice as nitrosyl 
halide, which dissociates under irradiation, giving nitric 
oxide, rotating freely in positive-ion vacancies or locked 
in interstitial sites in [ 100 ] orientation. The nitrate ions, 
in negative-ion vacancies, become doubly charged dur- 
ing irradiation and are immobilized electrostatically at 
low temperatures in (111) planes. In KC] and KBr the 
same occurs to nitrite ions, but they are locked in [110 } 
orientations. The linewidths range from 1 to 12 gauss in 
KCl, but are roughly doubled in KBr and tripled in KI. 
At high temperature, the different compounds react with 
each other to attain equilibrium concentrations that are 
dependent on the host crystal and of the gas mixture 
around it. 

The interpretations of the EPR spectra take into 
account only simple experimental facts; their validity 
has to be verified by more refined theoretical calcula- 
tions for the proposed models. Another way to obtain 
more detailed information on the centers is to examine 
their optical properties in comparing the absorption of 
the samples with their EPR spectra; this is a difficult 
investigation because of the low intensity and the over- 
lap of the absorption lines, as our preliminary measure- 
ments have shown. A search for analogous species in 
other doped alkali halides will certainly allow interesting 
comparisons. In addition, measurements performed at 
lower temperatures down to liquid helium are necessary 
to identify the last-mentioned isotropic centers. 
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A phase transition in alpha uranium at 42°K+1°K is indicated by measurements of the single-crystal 
elastic moduli using ultrasonic pulse techniques. The indicated transition coincides closely to anomalies 
noted in the thermal expansion, Hall coefficient, electrical resistivity, and thermoelectric power. An examina 
tion of the literature specific heat data shows that the transition is associated with an inflection point in 
the entropy vs temperature curve. On the basis of the elasticity and available lattice parameter data it is 
postulated that the temperature dependence of the y positional parameter becomes relatively large in this 
range and the phase instability is a result of a change in the nature of certain interatomic bonds 


N an earlier paper we reported on the temperature 

dependence of the elastic moduli in single-crystal 
alpha uranium between 78° and 573°K.' It was then 
noted that the stiffness modulus cy; changes anomal- 
ously in this temperature range, having a maximum 
value at 256°K, and decreases with increasing tempera- 
ture coefficient on cooling. These earlier measurements 
were carried out in an open Dewar flask using the ultra- 
sonic pulse, phase comparison technique.2 We have 
since been carrying out measurements in a liquid 
helium cryostat in attempting to obtain all nine elastic 
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Fic. 1. Temperature variation of ¢1;, C22, and ¢33. Filled squares 
are new phase comparison data, open squares are from new time 
delay data, and A’s are from reference 1. 
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moduli for alpha uranium to: the range of 1°K. This 
has turned out to be a much more demanding task than 
anticipated, primarily because of the high attenuation 
of the ultrasonic waves in the small specimens in the 
temperature range below 45°K. The modifications in 
the technique will be presented at a later date; the 
results we have obtained to date are, however, most 
interesting in that the existence of a phase transition 
at some distinct temperature between 41° and 43°K is 
definitely shown. 

Figures 1, 2, and 3 show the temperature dependence 
of the 9 elastic moduli as computed from the measured 
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Fic. 3. Temperature variation of cross coupling moduli ¢:2(@), 


( ), and ¢23(@). A’s are from reference 1 


frequency data as follows: 


fr\? f'r\*dr 
M)r=( yC) (Ms, (1) 
fi lo dy 


where M is the stiffness modulus, fy is the measured 
frequency (between 35-60 Mc/sec) for +4 wave- 
lengths in a specimen (n being an integer) at the refer- 
ence temperature of 77.8°K, fr is the frequency for the 
same value of # at the temperature of measurement, 
ty and tr are the specimen thicknesses, dp and dr are 
the densities, and (M),» is the value of M at 77.8°K. 
Derivation of Eq. (1) is given in reference (1). Based 
on the reproducibility and the cross-checks afforded, 
the fr measurements used for evaluating the data here 
presented are probably not more than 0.05% in error. 
In the temperature region where the energy losses in the 
specimens became unusually large and phasing effects 
between specimen waves were difficult to observe, the 
measurements were discontinued. For certain wave 
modes this region was relatively narrow and the pulses 
reappeared on passing through the 40°-43°K range. 
For shear waves, however, the loss mechanism generally 
persisted on cooling through the range to 30°K. 
Because of the very large effect of the transition on 
cu, the longitudinal wave in the [100 ] crystal direction 
was of special interest and measurements were at 
tempted as low as 1.5°K. In this case the phase com 
parison measurements could not be made in the range 
20°-47°K, as noted in the lower curve of Fig. 1. To 
fill in the gap, direct time-delay measurements were 
made for a wave traveling a round trip in the specimen 
Because of the short times involved (approximately 


) these measurements could be more than 1% 
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in error, as indicated by a check in the region where the 
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2 sets of data overlap. This accuracy is, however, more 
than adequate to indicate the form of the curve in the 
region of 50°-20°K, since the modulus decreases to a 
minimum which is less than 50% of its value at 50°K. 

The thickness ratios ¢7/t) and the density ratios dr/d» 
in the temperature range between 63°-20°K and 
20°-1°K were of necessity estimated by interpolation 
from the lattice parameter measurements of Bridge 
et al.,3 assuming a continuous curve and zero thermal 
expansion for the [100] direction and for the volume 
at 42.5°K. The latter estimate seems reasonable on the 
basis of the earlier dilatation measurements reported 
by Laquer.* 

The cy, vs 7 data clearly indicate a deep trough with 
possibly a sharp discontinuity in dce,,/dT at some tem- 
perature between 38° and 43°K. Although the remaining 
data are not sufficient to determine whether the 
modulus-temperature slopes are indeed discontinuous, 
they all show at least quasi-cusps with minimum 
modulus values between 41° and 43°K. In addition, 
the dM /dT increase very sharply approaching infinity 
on cooling to the singular temperature, whereas the 
recovery of the modulus on the low-temperature side 
seems to be less spectacular. 
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Fic. 5. Specific heat/temperature ratio variation 
computed from data of Flotow and Lohr.’ 


The anisotropic effects of the transition are probably 
best shown through a comparison of the temperature 
dependence of the linear compressibilities in the three 
principal crystallographic directions, shown in Fig. 4. 
Between 100° and 44°K, the [100] compressibility 
increases by greater than 40%, that for [010 } increases 
by 10%, whereas that for [001] decreases by 25%. 
The net result is about a 15% increase in volume com- 
pressibility between 100° and 44°K. 

These data are not the first to show that anomalies 
in the properties of alpha uranium occur in the range 
of 40° to 60°K. Laquer and collaborators reported in 
1952 on the change in sign of the linear thermal ex- 
pansion coeflicients of various polycrystalline samples 
at 47°K.4 Since the initial discovery, anomalies in the 
temperature dependence of the thermoelectric power 
between 40° and 45°K,° the Hall coefficient between 
18° and 43°K,* and the thermal conductivity at 60°K7 
have been reported. The specific heat data, however, 
have shown neither discontinuities nor \ points associ- 
ated with C, below the phase transformation at 933°K.8 
Consequently, there has been no attempt nor, in fact, 
any justification, to associate these anomalies with a 
low-temperature transition in the thermodynamic sense. 
In view of our results, however, we have given a closer 
look at the specific heat data by plotting C,/7 versus 
T. The results, given in Fig. 5, show quite clearly that 
there is a singularity in C, between 42° and 44°K 
which causes either a point of inflection or a sharp 
change in slope in the entropy-temperature curve. In 


5 W. W. Tyler, A. C. Wilson, and C. J. Wolga, Trans. AIME 
197, 1238 (1953). 

6 T. G. Berlincourt, Phys. Rev. 114, 969 (1959). 

7H. M. Rosenberg, Phil. Trans. Royal Soc. (London) A247, 55 
(1955). 


°H. E 


Flotow and H. R. Lohr, J. Phys. Chem. 64, 904 (1960). 
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addition, Berlincourt has reexamined his previously 
reported electrical resistivity data® and has found a 
significant evidence of a break in the variation of the 
slope with temperature, as shown in Fig. 6. Above 200°K 
the resistivity curve is quite linear and extrapolates 
to p=0 at T=0. The p/T plot is then a gage of the 
change in the slope of the p vs 7 curve. 

It appears, then, that all of the anomalies mentioned 
above are, together with the elastic moduli anomaly, 
associated with a transition in the atom arrangement 
and/or electron band structure occurring at 42° to 
44°K. It appears quite conclusive that we are not deal- 
ing with a classical first-order transformation and highly 
probable*that second-order transformations involving 
In fact it is not 
clear, as yet, that there is a thermodynamic instability 
occurring at the transition which would fit in with the 
basic requirements proposed by Tisza’: 


magnetic changes are not involved. 


|\—(@P/aV), (dT/aV), 


(dT/dV) T/Cy 

where P, V, 7, and s are pressure, volume, temperature, 
and entropy, respectively. If we assume the volume 
expansion coefficient to be zero at the transition tem- 
perature (as is indicated in reference 4), the instability 
determinant reduces to 


11/Byo1 QO | 
|=(), 
() T/Cp} 


which is not satisfied unless C, or the volume compress- 
ibility go to infinity. The slopes of the C,/T curve given 
in Fig. 5 do not indicate an infinite C,, and reason does 
not permit us to deduce an infinite compressibility, 
although the curve in Fig. 4 rises with almost infinite 
slope. Consequently, we can only state that on cooling 
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Fic. 6. Ratio of electrical resistance p to temperature as plotted 
against temperature. (Courtesy of T. G. Berlincourt, Atomics 
International, Inc.). 
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Fic. 7. Atomic arrangement in alpha uranium structure. Lattice 
parameter values apply to 300°K. Unit cell boundaries are 


outlined 


or heating to the transition temperature, the structure 
approaches thermodynamic instability. 

In regard to the mechanism of the transition, the 
primary difference between the two phases is apparently 
character of the second-nearest-neighbor bond 

atoms .1-B of Fig. 7 spaced in the [100] direction). 
At 0°K the modulus ¢;; is about 3 the value which one 
would obtain by extrapolating from the high-tempera- 
ture curve assuming a normal temperature dependence. 
The problem then lies in finding a mechanism by which 
the number of bonding electrons for this bond changes 
rapidly with temperature above the transition or a 
mechanism by which the available bonding electrons 
are localized to the 4B bond. We wish here to point 
out a mechanism which could result in such changes oc- 
curring due to somewhat extraordinary changes in the 
symmetry of the electron distribution. In Fig. 7 is a 
schematic picture of the alpha-uranium structure in 
which the basic units are the crooked chains formed by 
nearest-neighbor bonds.! These chains are aligned 
in the [001 } direction and packed so as to give the ortho- 
rhombic symmetry of the unit cell. Choosing A as the 
origin, the nearest atoms are C, C’ at (0,2y,}), the 
second-nearest are at position B, (1,0,0), the third- 
nearest at D, (4,5,0) and the fourth nearest at F, 


(3,3 —2y, 3). The mechanism we are proposing is based 


the 


on speculation of the y-parameter change (now under 
study) and is as follows: As the crystal is cooled, the 
co parameter decreases and the y parameter increases 
angle between the AC and AC’ 
bonds and, most important, to decrease the fourth- 
neighbor distance 4 F:. The latter effect begins to weaken 
the 4-to-B bonding in the range of 300°K, as indicated 
by the cy and [100 | direction compressibility data. In 
the range of 90°K, the temperature coefficient for the 
y parameter change increases markedly, the “‘squashing”’ 


so as to decrease the 
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Fic. 8. Variation with temperature of the direction for maxi 
mum stiffness, which remains in the (100) plane and inclined to 
C001} direction by a 


of the chains causing an increasing temperature coefti- 
cient for the [001] compressibility (Fig. 4). At the 
transition, the 4B bond instability is complete and the 
A-B distance begins to increase to accommodate the 
more symmetrical electron distribution caused by the 
packing arrangement. The anomalies in the Hall coeffi- 
cient, electrical conduc tivity, and thermoelectric power 
would then be the the band 
structure at the transition and a gradual reformation of 
a new stable configuration on cooling to about 20°K. 
Further measurements of the lattice parameter 
changes through the transition temperature will assist 


result of changes in 


in checking the course of the proposed atom movements. 
The negative thermal expansion for the ad) parameter 
is already indicated in reference 3. Changes in the y 
parameter in the low-temperature range are not avail- 
able, as yet. We do, however, have some further basis 
for the proposed mechanism from the correlation be- 
tween the directions of the maximum elastic stiffness, 
(€33’) max, and the nearest neighbor bond, which has 
been discussed previously.':” The direction for (¢33") max 
is in the (100) plane, inclined about 37° to the [001 }. 
The changes in inclination angle, which we call @max, 
with temperature is shown in Fig. 8. The increase on 
cooling from 220° to 90°K may be within the error in 
the modulus values involved in the computations but 
the 0.9% change between 90° and 44°K along a rela- 
tively smooth curve indicates a significant change in 
Omax and implies an increase in either the y or the bo 
parameter of over 0.1%. The 49 increase seems incon- 
sistent with the known data. 
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The statistical theory recently developed is applied in this paper to an investigation of the dispersion 
relation of sound waves in metals with special regard to contributions due to electron exchange. It is found 
that these contributions are by no means negligible in the long-wavelength limit, contrary to current belief. 
Furthermore it is shown that the temperature dependence of the renormalized sound frequencies is solely 
mediated by the temperature dependence of the Fermi-Dirac distribution of the electrons 


1. INTRODUCTION 


HIS paper constitutes a continuation of in- 

vestigations of the interaction of electrons and 
phonons given in another paper.' The theory outlined 
there is essentially a statistical Hartree-Fock method. 
It is well known that the Hartree-Fock method consists 
in solving Schrédinger’s equation for an n-particle 
system with the assumption that the total wave 
function splits into a (symmetrized) product of single- 
particle wave functions. In other words, each particle 
moves in the average field of all other particles. This 
of course leads to nonlinear equations if the method is 
to be self consistent. Precisely the same arguments may 
be invoked in the case where one deals with a statistical 
ensemble of particles. Now it is the distribution function 
or the density matrix of the #-particle system which is 
assumed to split into a (properly symmetrized) product 
of single-particle distribution functions or density 
matrices. The at first linear Liouville equation then 
becomes a nonlinear one and it goes over? into the 
classical collisionless Boltzmann equation in the 
transition #=0. 

Linearization leads to a set of equations which is 
entirely equivalent to the random-phase approxi- 
mation.’ In this paper we are going to derive a collision- 
less Boltzmann equation for the phonon gas of a metal 
using the theory as developed in I. This equation, 
after linearization, will yield the desired dispersion 
relations and it will be that a contribution 
arises from electron exchange which constitutes a 
correction of 10% for the velocity of sound in the 
limit of long wavelengths. Disregarding the exchange 
contribution, the well-known dispersion relation of 
Bardeen and Pines‘ is recovered. It will also be shown 
that the temperature dependence of the dispersion 
relation is rather weak and an excellent approximation 


shown 


* This paper presents the results of one phase of research carried 
out at the Jet Propulsion Laboratory, California Institute of 
lechnology, under contract, sponsored by the National Aero 
nautical and Space Administration. ; 
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earliest and most significant in this field: D. Bohm and D. Pines, 
Phys. Rev. 92, 609 (1953). 
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is the use of the O°K Fermi-Dirac distribution even at 
temperatures far from zero. In Sec. 3 the exchange 
correction will be computed for sodium and a com- 


parison will be made with experiment. 


2. DERIVATION OF THE DISPERSION RELATION 


A determination of the dispersion relation for sound 
Waves is most effected by eliminating the 
electronic degrees of freedom from the equation of 


easily 
motion of the phonons. According to I, the equation 
of motion for the Fourier transform of the perturbed 
electron distribution function is 


h 
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All symbols are the same as in I. AF’y is detined by 


AF y= Fy(k+K)—Fo(k). (2) 
Equation (1) is equivalent to Eq. (18) of I, the only 
difference being that the static part of the electron ion 
interaction has been eliminated in a manner similar to 
the procedure in I. The equation of motion for the 
phonon-state vector 2(f) is, according to I, 


h by w'a(Q)b.7(Q)b,(Q) +. \ 1 >. a;° VR; forex 
aQ 


Q=ih, (3) 


XV (R°—r') Fi (r'k’ 


where F’, is the perturbed electron distribution function. 
The ionic displacements a; may be expressed by the 
phonon creation and destruction operators in the 
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well-known manner: 
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In other words the ionic displacements are conveniently 
decomposed into longitudinal and transverse modes 
since in the long-wavelength limit only the longitudinal 
modes couple to the electrons. From the definition of 


3(K,k,z 


for a=2 (5) 


), we have 


so that the elimination of 8 from Eq. (3), by expressing 
it with the aid of Eq. (1) in terms of the expectation 
value (2)a;'2), will eventually yield a nonlinear 
Schrédinger equation for the phonon state vector Q(t). 
In order to obtain this equation which will ultimately 
determine the possible eigenfrequencies for the sound 
waves, we first have to determine 6 from Eq. (1) in 


1 (K.w) 


B(Ky 


It is well known® that the expression 1—wp?A=e is 
just the dielectric constant of an electron gas in the 
self-consistent field approximation so that indeed the 
interaction potential ¢(K) is greatly 
reduced by the screening due to the electrons, ¢(K) in 
Eq. (8) being replaced by e'¢(K). Now inserting 
Eq. (8) into Eq. (6) and utilizing Eq. (4), we obtain 


ion-electron 


after straightforward calculation, confining ourselves 
to the long wavelength limit (i.e., neglecting all umklapp 
contributions), the following expression for the inter- 


5 A reader interested in mathematical details here and in the 
following, is referred to O. von Roos, Technical Report 32-106, 
Jet Propulsion Laboratory, California Institute of Technology 
(unpublished). 
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terms of the ionic interaction. This is very easy if the 
exchange term [the second term on the right-hand 
side of Eq. (1) ] were missing. On the other hand, with 
this term an exact solution of Eq. (1) is impossible. 
Fortunately, however, the exchange term is small in 
the long-wavelength limit (i.e., in the limit K<kp, 
where kp is the wave vector of an electron at the 
Fermi surface). We are therefore allowed to perform 
a perturbation calculation treating the exchange term 
as small (of first order). We therefore put 


B= BoB, 


where 8» is the solution of Eq. (1) without exchange, 
and §, the first-order correction. It will be seen that 
this approximation is an excellent one indeed. We will 
not go into the details of the calculation’ but quote 
the final result: 
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As we said earlier, only the longitudinal modes con- 
tribute in the long-wavelength limit. Equation (3), 
with the interaction term replaced by expression (11), 
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is then the nonlinear Schrodinger equation we were 
looking for. It is now convenient to transform this 
equation into the density matrix language in the 
occupation number formalism. We then have, dropping 
the index on the creation and destruction operators, 


2(t)'b'(Q/)—b(—Q,) |2( 


Tr{p([b'(Q,)—b(—Q,) }}, (12) 


with 


p=p(N,| Nj/,0), (13) 


the density matrix in the occupation number formalism. 
Here .V; is short for 


ACP Pome: Foe 


an array of arbitrary positive integers such that 
\;=3, for instance, means that there are 3 phonons 
with wave vector Qj. In this representation we have 


6(Q,)=b,(N;|Nj’)=(N7)'8(N;| N/—8,), (14) 
bt (Q:)=bit (N;| N)= (N/+1)'8(N;| Nj +6;), (15) 
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Equation (18) may be called the collisionless Boltzmann 
equation for the phonons. It has the properties any 
collisionless Boltzmann equation must have: First, any 
diagonal time-independent matrix satisfies Eq. (18) 
identically ; second, the entropy 


S=Tr{p Inp} (19) 


is a constant of the motion. Particularly, the density 
matrix of thermal equilibrium, 
po=Z" exp —#8 >; wi(Q;).N; J6(N;|.N;’), (20) 
with 
Z= En exp[—#B Yj wi(Q;).N;], (21) 
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a product of Kronecker 
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From Eqs. (13)—(15), we have for the trace Eq. (12) 
IS. 
Tr{pLb'(Q:)—b(—Q,) J} 
Sevf (Vi +1) 0(N5| Nj+6), 0) 
(V_j)'p(N;|Nj;—6;.1,0}, (16) 
where the sum runs over all possible positive integers 
V for each 7. It is now easy to translate the Schrédinger 
equation (3) into a von Neumann equation. In fact, we 
have 
ihdp/dt= Hp— pH, (17) 
which yields, after performing the appropriate matrix 
multiplications, with the definitions (32)—(35), 
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satisfies Eq. (18) identically. The assumption that the 
major part of the phonons is in thermal equilibrium, 
so that we may put 


p=potpi, (22) 


(20) achieves 
again a linearization of Eq. (18) in complete analogy 
to the electron case. Introducing the Fourier transform, 


where pi<po and po is given by Eq. 
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Since po is diagonal, we see immediately that if the set .V; differs from the set .V;’ by more than one unit or not at 
all, then pp=0. Utilizing this fact it is not difficult to discover that Eq. (24) allows for nontrivial solutions only if 
the frequency w satisfies the following dispersion relation : 


V; 
w(Q) E+ 


2 A (Qw) 
O*(¢(Q) F 
mM 


The second term in the curly bracket of expression (25) 
is due to exchange. If it is omitted, formula (25) 
becomes identical with the dispersion relation of 
Bardeen and Pines.‘ We also see that the temperature 
dependence of w is determined by the Fermi-Dirac 
distribution Fo(k), used in the definition of A and B. 
Without actually calculating the integrals (9) and (10), 
it can be seen, however, that the temperature effect is 
small for moderate temperatures Fy(k), at 
temperature 7°, deviates appreciably from the distribu- 
tion at 0°K only at the Fermi surface but contributions 
to the integrals (9) and (10) are small in this region. 


since 


3. DISCUSSION OF THE EXCHANGE 
CONTRIBUTION 


In the long-wavelength limit, the integrals 4 and B 
may be computed easily using the 0°K distribution 


for Fo(k). The result is 


1(Q (vp 2 26) 


B(Q 2) = 82? (3 4arkp*)?(m hh), 27) 
independent of w. UF is the veloc ity at the surfac e of 
the Fermi sphere. With these approximations, formula 


28 goes over into 


1 
4 kp 


keeping only terms of lowest order in VY. We see 
immediately that the last two terms in the curly 
bracket (the last term is due to exchange) are of the 
same order of magnitude since v¢/ wp~kp7'=10-° cm. 
An expression for the elastic constants of sodium in 
terms of the frequencies of sound is given by Bardeen 
and Pines' (Appendix A). Repeating their calculations 
found that the elastic 


with expression (28), it is 


1 ay Wp". | (Q.w) 


Mw p? B(Q.w) 
2nO? A(Qw)[1—wp2A (Qw) 


constants are given by 


Cut2lcas 
: (? 0 e& 
V; Er+ 
13 10 vs 


—2[V(rs)—Eo]— 


where the last term constitutes the exchange contribu- 
tion. Taking the values of reference 4 for the Fermi 
energy Fp, etc., we have from Eq. (29 


Cr+ 2¢44= 2.6X 10" (9.3— 2.1) 10 
1.9 10" erg cm’, 


which is 10% lower than the experimental value: 


Cut 2cq4= 2.13 10" erg /cm', 


and 20% lower than the corresponding value without 
exchange: 


49> 2.410" erg cm 


Finally, comparing the exchange correction in Eq. (28) 
with the corresponding one for the plasma oscillations,’ 
it is found that the sound 
waves is slightly larger (by a factor of 5/3) than in the 


the correction in case of 
case of plasma oscillations. 

In conclusion we would like 
recent paper by Hone* 
relation corrections to the electron-phonon interaction 


to draw attention to a 
in which exchange and cor- 
are calculated within the framework of the Bohm and 
Pines approach. However, it is difficult to compare the 
present results with those of Hone 
depend on a Fermi-Thomas screening factor introduced 
somewhat ad hoc. 
are only valid in the long-wavelength limit. Otherwise 


since his results 


The calculations of the present paper 


there would be a mixing with the transverse modes of 
lattice vibrations and correlation effects would become 
important. Correlation effects (deviations from the 
Hartree-Fock under 
investigation. 


currently 


approximation) are 


70. von Roos, Phys. Rev. 121, 941 (1961), where a list of 


earlier references can be found. 


§ D. Hone, Phys. Rev. 120, 1600 (1960). 
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Measurements of cyclotron resonance using the trigonal plane in single-crystal antimony have been 


made with linearly- and circularly-polarized radiation 


23.5 kMc/sec) in magnetic fields up to 8500 oe at 


liquid helium temperatures. The observed oscillations for magnetic field directions parallel to the crystal 
surface were identified as Azbel’-Kaner resonances. The tilted-ellipsoidal Fermi-surface model proposed by 
Shoenberg was successfully used to interpret the data. The mass parameters in this model were determined 
from a combination of present data with some of Shoenberg’s de Haas-van Alphen data to be ,/my=0.050, 


M/my= 1.03, m3/mo=0.53, and | my, 


my=0.67. Analysis of data obtained with circularly polarized radia 


tion suggests that the carriers responsible for these Azbel’-Kaner resonances in antimony are electrons 


1. INTRODUCTION 


YCLOTRON resonance provides a means of ob- 

taining effective-mass values of carriers at ex- 
tremal regions of the Fermi surface in a very pure metal. 
This fact was best appreciated after Azbel’ and Kaner' 
predicted the existence of an oscillatory behavior of 
the surface impedance of a metal under anomalous skin- 
effect conditions with a steady magnetic field contained 
in the plane of the sample. Subsequently, other theoreti- 
cal studies of this effect were made by Heine,? Rod- 
riguez,® and Mattis and Dresselhaus. 

Early experimental work*®* showed the feasibility 
of performing cyclotron resonance experiments in 
metals and a cyclotron resonance experiment under 
classical skin-effect conditions was used to determine 
band structure parameres of bismuth.’ Cyclotron reson- 
ance of the Azbel’-Kaner type has been observed in 
copper,*’ tin,®!° zinc," aluminum," bismuth," and 
lead." 

The zone structure of antimony suggests that the 
first four Brillouin zones are full and that the fifth 


* This paper is based on a thesis submitted by one of the 
authors (W.R.D.) in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy at the University of Wisconsin. 

t Research supported by Alfred P. Sloan Foundation, Inc 
Che Wisconsin Alumni Research Foundation, and the Brittingham 
lrust Fund. 

t Now at the Defence Research Telecommunications Estab 
lishment, Ottawa, Canada. 
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zone is not quite full, as it slightly overlaps the next 
highest zone. This results in an equal number of elec- 
trons and holes. The Fermi surface of carriers, which 
were assumed to be electrons, was determined by Shoen- 
berg'® in a de Haas-van Alphen experiment to be a set 
of either three of six ellipsoids tilted from the threefold 
symmetry axis. A model for the Fermi surface of carriers 
of opposite sign to those on the tilted-ellipsoidal Fermi 
surface has not been established experimentally. 

The present work'® was undertaken to investigate 
the Fermi surface of antimony using cyclotron resonance 
techniques. The tilted-ellipsoidal Fermi surface param- 
eters were determined with the aid of some de Haas 
van Alphen data,!® but the Fermi surface of holes was 
not obtained. It is, therefore, a preliminary account of 
cy¢ lotron resonance in antimony and additional cyclo- 
tron resonance experiments which are in progress will 
result in a more complete determination of the Fermi 
surface of antimony. 


2. EXPERIMENTAL 


Experiments were performed at liquid helium tem- 
peratures using circularly-polarized and linearly-polar- 
ized kMc sec with magnetic field 
strengths up to 8500 oe. A sample surface of about 8-mm 


radiation at 23.5 
diameter formed part of the end wall of a cylindrical 
cavity excited in a 7/);; mode. 

In experiments in which linear polarization was used, 
the microwave power from a stabilized klystron was 
fed through a magic tee to the microwave cavity, and 
the reflected power from the cavity was detected in the 
fourth arm of the magic tee by a crystal detector. The 
sample-cavity axis was set in either a horizontal or a 
vertical plane. The crystal surface was oriented with 
respect to magnetic-field direction by turning the sample 
cavity and connecting waveguide about a vertical axis 
and by rotating the bottom half of the cavity, which 
included the sample, about the cylindrical axis of the 
cavity. By means of these adjustments it was also pos- 
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(CERSTEDS ) 


Fic. 1. Power absorption vs magnetic field for magnetic field 
strengths up to 6000 oe with the magnetic field along the binary 
axis and parallel to the plane of microwave polarization. The letter 
e at low fields (47<1000 oe) marks the position of the low-field 
fundamental and subharmonic resonances. The high-field funda- 
mental and its harmonic are each marked by the letter e. 


sible to set £,, at any desired angle to the external mag- 
netic field. 

Circularly polarized radiation in a TE, cavity was 
obtained by using the method of Galt ef al.’ During 
experiments the paramagnetic resonance was observed 
in a sample of diphenyl-picryl hydrazyl placed at the 
outer edge of the antimony surface. The circular- 
polarization ratio which was at least 15:1 in all experi- 
ments, was determined from the ratio of the amplitudes 
of the paramagnetic-resonance signals for the two 
cavity positions which made the cylindrical axis of the 
cavity parallel to the magnetic-field direction. 

The crystal structure of antimony is rhombohedral. 
A major cleavage plane is perpendicular to the threefold 
axis, called the trigonal axis, and contains two other 
nonequivalent principal directions, which are the binary 
axis and the bisectrix axis. Samples in the form of thin 
crystal slabs were cleaved at liquid air temperature from 
a large, single, zone-refined crystal prepared by The 
Battelle Memorial Institute. Part of the shiny, cleaved 
surface was exposed to the inside of the microwave 
cavity and the remainder of the surface was attached 
to the end of the microwave cavity with low-melting- 
point solder. 

The resistivity ratio (R4.2°K/R25°k) was measured 
and found to be 0.0017. The resistivity ratio determined 
by Steele’? for other antimony single crystals was 0.014. 
Thus there was an order of magnitude greater purity 
for our samples. 

The signal derivative was obtained by using magnetic- 
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field modulation at a frequency of 100 cps. Alternatively 
changes in dc signal were detected by using a sensitive 
electronic voltmeter. Recorded traces of either the 
signal or the signal derivative were taken as a function 
of magnetic field on an x-y recorder. The magnetic 
field, supplied by a Varian twelve-inch magnet, was 
calibrated during each trace with a nuclear magnetic- 
resonance signal. 


3. RESULTS 


Examples of data taken with the magnetic field paral- 
lel to the crystal surface are given in Figs. 1-4. The 
temperature of the sample was 4.2°K, and the micro- 
wave frequence was 23 650 Mc/sec. Lowering the tem- 
perature to 1.3°K did not appreciably increase the 
resolution of resonance minima. The magnetic field was 
directed along the binary axis in Figs. 1 and 2, and along 
the bisectrix axis in Figs. 3 and 4. The results show the 
existence of resonant absorption in the region less than 
3000 oe. The magnetic-field strengths of resonance 
minima for different magnetic-field directions in the 
binary-bisectrix plane are plotted in Fig. 5. In addition 
to these minima, there was a broad absorption minimum 
at 2220 oe for all magnetic-field directions in the binary- 
bisectrix plane. In the region above 3000 oe, when there 
was no resonant absorption, it may be noted that micro- 
wave absorption increased with magnetic field. 

The same resonances were observed when the mag- 
netic field was set either parallel or perpendicular to 
the direction of the linear polarization of the micro- 
wave radiation. However the several resonances had 
different relative intensities in the two cases and the 
increase of absorption with magnetic field above 3000 oe 
was much greater using the latter rather than the former 
geometry. 

The greatest resonant absorption at any crystal orien- 
tation occurred when the magnetic field was aligned 
along the crystal surface. The resonance absorption de- 
creased by a small amount for small angles between the 
magnetic-field direction and the surface, and decreased 
by 10% at an angle of 15 deg. High-field resonant ab- 
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_ Fic. 2. Absorption derivative vs magnetic field for magnetic 
field strengths up to 2500 oe with the magnetic field along the 
binary axis and normal to the plane of microwave polarization. 
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sorption disappeared at an angle of 20 deg and a non- 
resonant absorption existed for angles larger than 32 
deg. The value of the collision relaxation time 7, as 
obtained from the maximum number of observed har- 
monics, was 1.25X10-™ sec. 

With the use of circularly-polarized radiation, data 
was taken for different magnetic-field directions in the 
binary-trigonal plane. Figure 6 shows data taken with 
the magnetic field perpendicular to the sample surface 
and parallel to the trigonal direction. When the mag- 
netic field was rotated away from the trigonal axis, 
the circular polarization became less effective in dis- 
tinguishing the effects of electrons from those of holes 
because the magnetic field was also inclined to the 
normal of the plane of microwave polarization. Never- 
theless, when the magnetic field was directed within 
40 deg of the trigonal direction, the effective polariza- 
tion ratio was determined experimentally to be greater 
than 10:1. Then, the following observations were made; 
the shape of the absorption curve and the magnitude 
of the high-field absorption were quite independent of 
magnetic-field direction when the effect of holes was 

. detected, while the shape of the absorption curve due to 
electrons depended strongly upon magnetic-field direc- 
tion between 10 and 30 deg from the trigonal axis. 
Finally, when the magnetic field was parallel to the 
sample surface, resonance minima similar to those ob- 
tained in the linear-polarization experiments were ob- 
served. This last observation assured us that sample 
quality was adequate for cyclotron resonance. 


4. DISCUSSION OF EXPERIMENTAL RESULTS 
Cyclotron resonance of the Azbel’-Kaner type can 
take place in a metal when the restrictions 


6/r< 1, (la) 


(1b) 


31/6 > (1+e*r*)!, 


are satisfied.! Here dis the classical skin depth, / is the 
electron mean-free path, r is the electron radius of curva- 
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Fic. 3. Power absorp- 
tion vs magnetic field 
strength with the mag- 
netic field directed along 
the bisectrix axis and 
normal to the plane of 
microwave polarization. 
The letter e indicates 
minima attributed to 
electrons. 
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Fic. 4. Absorption derivative vs magnetic field with the 
magnetic field directed along the bisectrix and normal to the plane 
of microwave polarization. 


ture, and w is the angular frequency of the applied 


radiation. It is necessary to determine that they apply 
to antimony since it is a semimetal. Using the measured 
value of the de conductivity of 1.4107 (ohm-m)~ and 
the maximum value of wr=25, 6 is less than r in an- 
timony for magnetic field strengths less than 20 000 oe 
and condition (1b) is satisfied in the present experiment 
by a factor of 10°. Since conditions (1a) and (1b) are 
satisfied for at least low magnetic-field strengths, Azbel’- 
Kaner cyclotron resonance would be expected to take 
place in antimony, i.e., resonance from a single group 
of carriers would consist of a fundamental resonance at 
magnetic field Hw mc/e as well as subharmonic 
resonances at submultiples of the fundamental resonance 
field. Thus the resonance absorption minima of data 
typified by Figs. 1+ are probably due to the cyclotron 
absorption of carriers. Three fundamental resonances 
are found to exist for magnetic-field directions in the 
trigonal plane except for binary and bisectrix magnetic- 
field directions where, in each case, two resonances 
coincide. 

The cyclotron mass m was determined from the mag- 
netic field of each fundamental resonance using 


w= eH /mce. ( 


2) 
Due to the predicted existence of a phase shift of sub- 
harmonic resonances and to finite wr, corrections to 
these cyclotron masses may be necessary.! In the present 
experiment there was no clear evidence of a phase shift, 
and a change of wr from 12 to 27 observed in one sample, 
gave no apparent change in the resonance field strength. 
This observation indicates that the resonance condition 
was relatively independent of wr. As a result, in the case 
of cyclotron resonance in antimony these corrections 
would probably be less than 5%, and no attempt has 
been made to apply them. Cyclotron mass values de- 
termined for magntic-field directions in the trigonal 
plane are shown in Fig. 5. The cyclotron mass values for 
the binary- and bisectrix-magnetic field directions are 
given in Table I. 

The amplitude of the broad minimum, seen in the 
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Pas.e I. Experimental values of cyclotron masses of the tilted 
ellipsoidal Fermi surface for two magnetic field directions. 
Cyclotron masses 
Magnetic-field direction Mag / Mo Mp, -/Mo 
0.31 
0.068 


0.079 
0.13 


Binary axis 
Bisectrix axis 


2220 oe, is 


similar to the 
amplitudes of other resonance minima, but no subhar- 
monics of the resonance are resolved. (See Figs. 1-4.) 
However it may be noted that the minimum occurs 
between the regions showing good resonant absorption 
and increased absorption with magnetic field. The ab- 
sorption minimum is probably a result of changing skin 


1 


conditions between the 


binary-bisectrix plane at 


low and high field regions. 
Contrary to expectation,’ the amplitude of cyclotron 
resonance in antimony did not depend critically on the 
alignment of the magnetic field relative to the sample 
surface. It is possible to account for this result by con- 
sidering the distribution of velocity components of 
carriers contributing to resonance. When the magnetic 
field was not aligned along the sample surface, those 
carriers with small velocity components, parallel to the 
magnetic field direction, presumably caused the reso- 
nance. The interpretation of data does not depend on 
for a particular mag- 
field direction, the cyclotron mass of carriers on 


this alignment condition since, 
netic t 
an ellipsoidal-Fermi surface is independent of the 
velocity components along the magnetic-field direction. 
The problem of alignment has been discussed for other 
Fermi surfaces by Phillips.'* 

The increase magnetic field 
Figs. 1-4) is probably caused 


in absorption with 
strength above 3000 oe 


by carriers which do not satisfy the conditions required 
for Azbel’-Kaner resonance. The 
on the tilted-ellipsoidal Fermi surface if classical skin- 


carriers could be those 
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Fic. 5. Magnetic field 
strength of resonance 
minima in units of cyclo- 
tron mass defined by 
w=ell/mc vs magnetic- 
field direction in the 
binary-bisectrix plane. 
The solid lines are 
theoretical curves calc 
ulated using the mass- 
tensor components of 


Eq. (5). 
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Fic. 6. Power absorption vs magnetic-field strength with the 
magnetic field set normal to the surface and parallel to the 
trigonal axis. The circularly-polarized radiation was set to detect 
electrons for negative fields and to detect holes for positive fields. 
The arrow locates the resonance field assumed for this orientation 
from Shoenberg’s work. 


effect conditions hold at large magnetic field strengths. 
However information band structure has 
become available through quite accurate measurements 


about the 


of the electronic specific heat in antimony.'’ The value 
°K mole. 
However the contribution to the specific heat from the 
carriers on the tilted-ellipsoidal surface is only 705 
ergs °K mole. accounted for this dis- 
crepancy by assuming the existence of heavy holes in 
antimony. Also, measurements of the anomalous skin 


for the electronic specific heat is 6300 ergs 


Shoenbe rg- 


effect in antimony”! indicated a mean-effective mass of 
that 
are the 
carriers which cause absorption at high magnetic field 
strengths. The results shown in Fig. 6 appear consistent 


with this assumption but give no numerical 


the holes equal to 1.5 mo. It is likely therefore, 
holes with insufficient wr to cause resonance 


estimates 

The absorption curve | ig. 6, taken with the magnet 
field normal to the sample plane and along a threefold 
axis, was also observed under anomalous. skin-effect 
conditions. Since the analysis of this data is limited by 
the lack of knowledge of the theoretical shape of the 
absorption curve, the effective mass of carriers cannot 
be obtained reliably from this data. However using the 
method of interpretation of Galt ef al.,’ we 
cyclotron mass in fair agreement with that found by 


obtained a 


Shoenberg!® for this orientation. Figure 6 shows the 
nature of this agreement. The shape of the absorption 
curve also distinguishes the effects of electrons from the 
effects of holes” and should depend on the effective mass 
of carriers contributing to absorption. In experiments 
using circularly-polarized radiation with the magnetic 


field inclined to the sample surface, the dependence of 
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Kittel, Phys. Rev. 98, 368 (1955). ] 


isotropi Fermi surfaces 





CYCLOTRON. RE 


the shape of the absorption curve for electrons on mag- 
netic-field direction suggested the existence of several 
groups of carriers on highly anisotropic surfaces. The 
dependence of the absorption curve for holes on mag- 
netic field direction was relatively independent of angle. 
The data, consequently, make it appear likely that the 
carriers seen on the tilted-ellipsoidal surfaces are 
electrons. 


5. DISCUSSION OF EFFECTIVE MASS DATA 


The tilted-ellipsoidal model of the Fermi surface of 
electrons, proposed by Shoenberg,'® consists of at least 
three ellipsoids, one of which, when referred to an origin 
at its center, is represented in momentum space (p 
space) by 


(3) 


aiprt+ar:prt+a pst 2a spep3= 2molko, 


where subscripts 1, 2, and 3 refer to the binary, bisectrix, 
and trigonal directions in momentum space respectively. 
‘ois the Fermi energy, mo is the mass of the free electron, 
and the a’s are dimensionless constants. The effective 
mass tensor for the ellipsoid represented by Eq. (3) has 
the form 
m 0 O 
m=| 0 moe (4) 


m4 
QO ms mz 


where m1, #2, m3, and m4, are component masses in units 
of my. 

The component masses for the tilted ellipsoids may 
be obtained by solving the appropriate expressions” of 
effective mass for tilted ellipsoids and magnetic-field 
directions corresponding to the crystallographic axes. 
The solution requires cyclotron mass values for mag- 
netic-field directions along the binary, bisectrix, and 
trigonal axes. However there are only three independent 
cyclotron masses and four component masses. The 
additional information may be supplied by knowing the 
tilt angle of the ellipsoids from the trigonal axis. In 
our calculation, the cyclotron masses of Table I were 
used. A third independent mass for a trigonal-directed 
magnetic field having a value of 0.095 my was assumed 
from de Haas-van Alphen data.'® This mass was used in 
our calculation rather than the corresponding one de- 
termined from the present data because of the uncer- 
tainty in interpreting cyclotron resonance data with 
the magnetic field normal to the sample surface. Shoen- 
berg obtained a value of 35 deg for the ellipsoid-tilt 
angle. Using the present cyclotron resonance data, the 
ellipsoid-tilt angle was obtained from the symmetry of 
cyclotron-resonance minima for crystal orientations 
obtained by tilting the magnetic field from the sample 
surface. The tilt angle was found to be 3643 deg. How- 
ever, since the magnetic field had to be within 25 deg 
of the crystal surface for the observation of cyclotron 
resonance and thus could not be set close to the direction 


3B. Lax, K. J. Button, H. J. Zeiger, and L. M. Roth, Phys. Rev 
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79 
of tilt of the ellipsoids, Shoenberg’s value was probably 
obtained more reliably and was used in calculating 
the mass tensor components. Our set of values derived 
from the above data are 


m,/my=0.050,  me/my=1.03, m3/mo=0.53, 


ms|/mo=0.67. (5) 
The sensitivity of the mass-component values on ex- 
perimental error depended on the grouping of the equa- 
tions for the cyclotron masses. Proper grouping gave 
answers which were relatively insensitive to experi- 
mental error. Each of the values is believed to be ac- 
curate to +15%. The corresponding tensor components 
for a single ellipsoid are 

my/mo=0.050, mo /my=1.49, ms 


my=0.064, (6) 


where the primes refer to the principal axis system of 
the ellipsoid. Axis 3’ is 35 deg from axis 3, and the binary 
axis is also the 1’ axis of the ellipsoid. 

The anisotropy of the resonance minima, which is 
expected for the ellipsoidal surfaces with the above 
mass components, is shown in Fig. 5. The curves include 
the fundamental resonances and some harmonics. The 
agreement between the theoretical curves and experi- 
mental points is within experimental error. This justi- 
fies the use of the tilted-ellipsoidal model, at least with 
experiments of the present accuracy. 

The mass-tensor components of antimony determined 
in the de Haas—van Alphen experiment'® are 
0.050, me my,= 0.52, 


m1, Mo mo=1.00, mz 


m,|/mo=0.65. (7) 


The striking agreement between the above two sets of 
results is of course in large part due to our use of one 
of Shoenberg’s mass values and his ellipsoid-tilt angle. 
The mass components from the two experiments are 
in much worse agreement if correction for finite relaxa- 
tion time is made to our data.”! 

The present results may be compared with other re- 
cent effective-mass data obtained in antimony. Freed- 
man and Juretschke,?® through a study of galvano- 
magnetic effects in antimony, obtained values for the 
mobilities of electrons and holes and concluded that 
the carriers on the tilted-ellipsoidal Fermi surface were 
holes. The present cyclotron-resonance data do not 
support this conclusion. In another resonance experi- 
ment,2* Smith ef al. used circularly-polarized radiation 
with the static field normal to the sample surface. They 
claimed to have measured an electron effective mass of 

24 RN. Dexter and W. R. Datars, International Conference on 
Electronic Properties of Metals at Low Temperatures, Geneva, 
New York, 1958 (unpublished), quoted such corrected numbers 
based on theoretical phase shifts which were not justified in this 
experiment : 

26S. J. Freedman and H. J. Juretschke, Technical Report No. 
6, Polytechnic Institute of Brooklyn, 1959 (unpublished). 

26 G. E. Smith, J. N. Galt, and I. R. Merritt, Phys. Rev. Letters 
1, 276 (1960). 
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0.088 mo, when the magnetic field was along a bisectrix 
axis, but did not observe the second effective mass ex- 
pected for the crystallographic orientation. We cannot 
explain the apparent disagreement with our results 
which were obtained with the magnetic field in the plane 
of the surface. 

An independent determination of electron Fermi- 
surface parameters from cyclotron-resonance data in 
antimony requires a value of the cyclotron mass for a 
trigonal-directed magnetic field which lies in the plane 
of the surface. A bisectrix-trigonal plane in the sample 
surface would permit the determination of this cyclo- 
tron mass as well as an accurate value of the tilt angle. 


AND 


nan. HN. BEATER 
We are still trying to prepare a satisfactory surface by 
electropolishing techniques. 
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Measurements of the magnetic field at the Fe*’ nucleus were obtained on powder samples at room tempera 
ture using the Mossbauer effect for the spinel-type ferrites y-Fe2Os, “‘ordered”’ lithium ferrite (Lip. s5Fe2 ;O,), 
and “disordered” lithium ferrite giving values of |496+20|koe, |508+20|koe, and |510+20! koe. These 
compounds contain only trivalent and no divalent iron. The Méssbauer spectra of all of these compounds 
were very similar and no difference could be detected between the ‘‘ordered’”’ and ‘‘disordered’’ compounds 
Only one set of lines was observed indicating that the fields at the octahedral and tetrahedral sites are about 
the same value. The valve of the hyperfine interaction constant A obtained from electron paramagneti: 
resonance spectrum of the divalent Mn®® (isoelectronic with trivalent Fe) impurity in single crystals of the 
isomorphous spinel-type crystal “disordered” lithium aluminate (Lio.sAl2.s04) was found to be |77.2+1.0 
X10 cm™. The angular variation of the spectrum indicated that the divalent Mn** ions were located 
substantially on octahedral sites. The corresponding magnetic field for the Mn® nucleus is around 550 koe 
which is close to the value obtained elsewhere for the Mn® nucleus located on a tetrahedral site in a spinel 
type aluminate. This i good agreement with the Méssbauer results. 


lis is ir 


INTRODUCTION magnetic impurity ions in diamagnetic crystals. To a 


HE determination of the magnetic field at the 
nucleus of magnetic ions in crystals can be carried 
out by several different methods. A direct determination 
can be achieved for ions in ferromagnetic and anti- 
ferromagnetic crystals by measurements of the Mdss- 


first approximation, the hyperfine spectrum can arise 
only through the anomalous interaction of the s elec- 
trons with the nuclear spin (Fermi contact interaction) 


TABLE I. Crystallographic parameters and symmetries 


A-site B-site 
ymmetry symmetry 
(tetra.) (octa.) 


Lattice 
constant 
Ordering (angstroms) Space grout 
y —FeO: 8.338" 
Lio. sFe2.sO« 8.33¢.4 


bauer effect or nuclear magnetic resonance (NMR). 
The results of such measurements can be related to the 
hyperfine interaction parameter ‘A obtained from the 
electron paramagnetic resonance (EPR) spectrum of 


Compound 


On(7) —Fd3ms.* 
0(6) —P 433° 

or P43 

* Supported in part by the U. S. Air Force through the Air  Lio.sFersO« Disordered On(7) —Fd3me 43m 3m 
Force Office of Scientific Research of the Air Research and  LiosAlzsO« Disordered On(7) —Fd3m 43m 3m 
Development Command. iaceanies aera iene taind a _ 

+ Summer visitor, 1960, Michigan State University. 


~—- se : * I. David and A. J. E. Welch, Trans. Faraday Soc. 52, 1642 (1956). 
t National Science Foundation, Undergraduate » Some investigators (see, for example, reference 14) have reported super- 
Participant. 


structure lines indicating the 0(6) —P4:3 space group and ordering. 
a e e , — > 
§ Now at Department of Physics, Wayne State University, * P. B. Braun (reference 14). 
Detroit, Michigar 


4 3m 3m 
Ordered 3 2 


8.33¢.4 
7.924 


Research 


4 Values obtained on powders prepared from single crystals grown at 


the Naval Research Laboratory. 





MAGNETIC FIELD AT NUCLE 
for S-state ions located in cubic environments in in- 
sulators. The trivalent Fe’ ion, which is an S-state 
ion, is conveniently employed for the Méssbauer and 
NMR measurements. Values of the hyperfine interac- 
tion parameter A for the isoelectronic ions trivalent Fe*? 
and divalent Mn*® have been reported for a number of 
compounds. It is of interest to compare the results 
of various experiments'"" with each other and with 
theory.” In this article the field at the nucleus of 
the trivalent Fe*’ jon in the spinel-type crystals y-Fe.0; 
and lithium ferrite (Lio.sFe2.;04) is obtained from meas- 
urements of the Méssbauer effect. The results are com- 
pared with the field deduced from the value of A for 
the divalent Mn* impurity in the isomorphous com- 
pound lithium aluminate (Lio.;Ale.;04). Further com- 
parison is made with other data reported using the 
Mossbauer effect," EPR,” and NMR," and with 
theory.” 

In spinel-type crystals the magnetic ions can be 
located on either octahedral or tetrahedral sites, with 
the possibility of a different magnetic field on each site. 
In some crystals variations in the distribution of the 
cations can occur resulting in local fluctuations in the 
environment of each magnetic cation. Such fluctuations 
could result in slight variations in the fields at the 
nuclei in these sites. In order to investigate this pos 
sibility, we have studied the magnetic field at the nuc- 
leus in the isomorphous crystals lithium ferrite and 


lithium aluminate in which long-range ordering of the 
lithium and trivalent ions on octahedral sites can occur 
as a result of heat treatment.’ We have also obtained 
results for y-FeoO3 in which vacancies occur in the 
spinel-type lattice and are believed to be located on 


octahedral sites.’®'6 These ferrimagnetic compounds 
are particularly suitable for study since they contain 
only ferric and no ferrous ions. In addition, lithium 
ferrite is the only ferrite in which the transition metal 
ion is present only as trivalent iron and can be prepared 

10. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). 

2C. Alff and G. K. Wertheim, Phys. Rev. 122, 1414 (1961) 

3G. K. Wertheim, J. Appl. Phys. 32, 110S (1961). 

4R. Bauminger, S. G. Cohen, A. Marinov, and S. Ofer, Phys 
Rev. 122, 743 (1961). 

®R. Stah!-Brada and W. Low, Phys. Rev. 116, 561 (1959). W. 
Low, ibid. 105, 793 (1957). 

6 FE. S. Rosenwasser and G. Feher, Bull. Am. Phys. Soc. 6, 117 
(1961). 

7P. B. Dorain, Phys. Rev. 112, 1058 (1958): 

8 W. M. Walsh, Jr., Bull. Am. Phys. Soc. 6, 117 (1961). 

9W. Low, Proc. Phys. Soc. (London) B69, 837 (1956). 

10. M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids 1, 
117 (1956). 

1 E, L. Boyd, L. J. Bruner, J. I. Budnick, and R. J. Blume, 
Bull. Am. Phys. Soc. 6, 159 (1961). 

12 A. J. Freeman and R. E. Watson, Phys. Rev. Letters 5, 498 
(1960). 

‘8 R. E. Watson and A. J. Freeman (to be published). 

4 P. B. Braun, Nature 170, 1123 (1952). 

1G. A. Ferguson, Jr., and M. Hass, Phys. Rev. 112, 
(1958). 

16 E. J. W. Verwey, Z. Krist. 91, 65 (1935). 
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> iN SPINE! CRYESTALS 


TRANSMISSION 


+5 
SOURCE VELOCITY mm/sec 


Fic. 1. Resonant absorption of the 14.4-kev gamma ray of Fe*? 
in y-Fe2O; and Fe metal at room temperature. The source was 
Co*’ diffused into stainless steel. Positive velocities are for the 
source approaching the absorber 


in “ordered” crystals. The relevant crystallographic 
data for the compounds studied are shown in Table I. 


EXPERIMENTAL 


The experimental arrangement for the Mdéssbauer 
studies was similar to that of Ruby e/ a/.' consisting of 
a loudspeaker driven by a sinusoidal signal at a fre- 
quency of 25 cps. A rigid rod attached to the voice 
velocity pickup coil and the 
source. The induced voltage in the pickup coil was used 
to command a 256-channel pulse height analyzer to 
store counts in addresses corresponding to the ap- 
propriate instantaneous velocity. It was found most 
convenient to calibrate the system with an iron foil 
absorber. The compound absorbers were interchanged 
with the iron metal reference absorber at frequent 
intervals. The source consisted of a 0.001-in. thick 
nonmagnetic stainless steel foil in which radioactive 
Co*’ had been diffused.!® The y-FesO3 absorber consisted 
of several layers of acetate magnetic video tape with 
a total effective thickness of 26 mg/cm? of y-Fe.Os. 
The lithium ferrite absorber consisted of powder of ap- 
proximately 25 mg/cm? suspended in collodion film. 

The “disordered” lithium aluminate single crystal 
used in the EPR experiments was grown from a com- 
bined PbO-PbF, flux. The EPR measurements were 
carried out on both divalent Mn* and trivalent Fe 
(natural abundance) at 24 kMc/sec. The microwave 
apparatus consisted of a Pound stabilized klystron and 
a Toy circular transmission cavity. The applied 
magnetic field was sinusoidally modulated at 1000 cps 
and the transmitted cavity signal was detected with a 
1N 26 silicon crystal and amplified with a narrow-band 
amplifier. The output of the amplifier was phase- 
detected and finally recorded as the first derivative of 
the resonance absorption. The magnetic field was meas- 


coil oscillated a 


7S. L. Ruby, L. 
31, 580 (1960). 
8G. K. Wertheim, Phys. Rev 


M. Epstein, and K. H. Sun, Rev. Sci. Instr 


Letters 4, 403 (1960 
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Tas e II. Summary of results obtained from the Méssbauer experiments. 


+-Fe.0; 


-7.58, —4.16, —0.86, 
+ 1.66, +4.99, +8.41 


Peak positions” (mm/sec 
(all +0.09 mm/sec 
Derived quantities 
go, ground state splitting 
(mm/sec ) 


5.85+0.13 


g1, excited state splitting 3.37+0.07 


(mm/sec) 
AE, isomer shift (relative +(0.41+0.09 
to stainless steel) 
(mm/sec) 


Magnetic field at Fe nuclei 496+ 20 


at room temp. (koe) 


Lio.sFee.sO4 (ordered) 
—7.74, —4.36, —0.94, 
+1.66, +5.10, +8.49 
6.03+0.13 


3.41+0.07 


+0.37+0.09 


508+ 20 


Lio.s5Fes.;04 (disordered ) Fe metal 
—7.82, —4.27, —0.82, —(.72, 


+1.92, +5.06, +8.50 


~$Ft. —790: 


+0.97, +3.23, +5.43 


6.06+0.13 3.95+0.13 


3.40+0.07 2.24+0.07 


+0.43+0.09 +-(0).11+0.09 


— 333410 


510+20 


* Used for calibration purposes employing splitting parameters of Hanna et al. (reference 19). 


b Zero position is that of maximur 


ured using proton and lithuim nuclear resonance. The 
accuracy of the determination of the field differences 
corresponding to the hyperfine line separation was 
approximately one gauss. 


RESULTS 


The room temperature Fe*’ hyperfine spectra ob- 
tained by the Méssbauer effect in y-Fe.O; and lithium 
ferrite are very similar to those of iron metal. Typical 
spectra for iron metal and y-Fe2O; are shown in Fig. 1. 
The lithium ferrite spectra were practically identical 
to that of y-Fe2O . Since only one set of lines was ob- 
served, it was concluded that the fields at the octahedral 
and tetrahedral sites are the same to within a few per- 
cent. A small asymmetry ir line width and amplitude 
can be seen between the right and left half of the spectra. 
Further tests indicated that this is largely instrumental. 
The observed linewidths for all the compounds studied 
was about 1.0 mm/sec and no significant differences 
could be observed for the linewidths between the various 
compounds. An analysis of the data indicated an absence 
of any quadrupolar interaction in contrast to that found 
for a-Fe,O;' and yttrium iron garnet? (YIG) (single 
crystal). It has been pointed out* that quadrupolar 
interaction in ferrimagnetic powders may be difficult 
to observe because to a first approximation it would only 
result in line broadening. No quadrupolar interaction 
can be deduced from the YIG powder data‘ although it 
has been observed in single crystals.’ 

The results of a least-squares analysis of the data 
obtained in the Méssbauer investigations are sum- 
marized in Table II in which the velocity calibration 
is based on the splittings in iron metal reported by 
Hanna ef al.'** All errors quoted include those of the 
reference value. The field at the nucleus in iron metal 
has been used to calculate the magnitudes of the fields 


19S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 

#”S. S. Hanna, J. Heberle, G. J. Perlow, R. S. Preston, and D. 
H. Vincent, Phys. Rev. Letters 4, 513 (1960). 


1 absorption of stainless steel source and stainless steel absorber. 


in the compounds which are givenin Table II. The isomer 
shifts, AF, are also reported and are approximately 
the same as those found for other trivalent iron 
compounds.”! 

The EPR measurements were carried out on a ‘‘dis- 
ordered” lithium aluminate single crystal oriented so 
that the magnetic field (H) was in the (110) plane. 
The spectrum of the six hypertine lines corresponding 
to the 3 <> —} electronic transition. The line positions 
were nearly isotropic and the line intensities diminished 
with increasing angle of H with respect to the [111] di- 
rection. The full width for H in the [111] direction was 
about 11.5 gauss and was larger in the [001 ] and [110 ] 
as well as in intermediate directions. The magnitude of 
the hyperfine constant (4) obtained from these meas- 
urements was 82.6+1.0 oe or (77.2+1.0)XK10™ cm 
The measured g parameter was 2.0023+0.0010. The 
symmetry of angular variation of the line intensities 
and widths with respect to the [111 ] direction was found 
to be in accord with the crystallographic trigonal sym- 
metry of the octahedral site in “disordered” spinels. 
Consequently, it is reasonable to assign a substantial 
portion of the divalent Mn* to this site in lithium 
aluminate. Additional measurements of the EPR spec- 
trum of the divalent Mn®* and trivalent Fe*’ ions and 
their relation to the magnetic properties of ferrites will 
be published separately.” 


DISCUSSION 


A summary of the fields obtained by various methods 
for the isoelectronic ions, divalent Mn°* and trivalent 
Fe’, is shown in Table III. For the trivalent oxides 
the magnitude of the fields are about 500 koe. For lith- 
ium ferrite, the magnitude of the field at O°K can be 
estimated if it is assumed that the field at the nucleus 


L. R. Walker, G. K. Wertheim, and \ 


Letters 6, 98 (1961 
2S. DeBenedetti, G. Lang, and R. Ingalls, Phys. Rev. Letters 
6, 60 (1961) 
VJ. Folen 


Jaccarino, Phys. Rev 


to be published). 





MAGNETIC FIELD AT NUCLE 


S IN. SPINEL-TYPE CRYSTALS 


TABLE III. Comparison of fields at the nucleus by various methods 


A 
(10-4 cm“) 


Compound 


y-Fe.O; 

Lio.sFee,,;04 “ordered” 
Lio.sFee.;O4 “disordered” 
a-FesO; 


YIG tetrahedral 


YIG octahedral 
NiFe.O, 

Lio.sAle. 504 octahedral 
ZnAl.O, tetrahedral 
MgO 

MgO 

ZnO 

ZnO 

CaF» 

NaCl 

ZnS 

Fe;O4 

free ion 


Mn** 
Mn?* 
Mn?* 
Fe3+ 

Mn?* 
Fes! 

Mn?* 
Mn?* 
Mn?* 
Fe** 

Mn?** 
Fe? free ion 


* Very recent Méssbauer experiments by R. Bauminger, S. G. Cohen, A. Marinov, 


agreement with these values. 


varies with temperature in a way which is proportional 
to the sublattice magnetization. This was pointed out 
by Bauminger ef al.4 who have presented experimental 
evidence in support of this assumption. For ferromag- 
netic metals, the temperature dependence of the field 
at the nucleus has been observed to vary as the satura- 
tion magnetization (except for small lattice dilation 
effects).**° For lithium ferrite the ratio of the sublattice 
magnetization at room temperature to that at 0°K is 
0.974 for the A site and 0.951 for the B site. This was 
calculated using the Néel theory and the magnetization 
data and molecular field coefficients obtained by Rado 
and Folen.** As a result the field at O°K for the lithium 
ferrites (and probably the closely related compound 
y-Fe2O3) may be expected to be less than 5% different 
from the room temperature value. 

The fields measured at 0°K by the Méssbauer effect 
can be compared with fields deduced from the value 
of 1 using the relation?’*8 


H =AS Lnblny 


where S is the spin of the ion (3 for Fe** and Mn**), 
g, is the nuclear gyromagnetic ratio of the ion, and yu, 


41). H. Vincent, R. S. Preston, J. Heberle, and S. S. Hanna, 
Bull. Am. Phys. Soc. 5, 428 (1960). 

2 [). E. Nagle, H. Frauenfelder, R. D. Taylor, D. R. F. Cochran, 
and B. T. Matthias, Phys. Rev. Letters 5, 364 (1960). 

26 G. T. Rado and V. J. Folen, J. Appl. Phys. 31, 62 (1960) 

27 W. Marshall, Phys. Rev. 110, 1280 (1958). 

28 Some small contributions to the magnetic field at the nucleus 
in ferromagnets arising from the Lorentz field and demagnetiza 
tion field are less than 10 koe and have been ignored. 


H Tempera- 
(koe) Method ture (°K) 


496" 
508 
510 
515 

| 390 
460 
470 
540 
5108 

| 547 
530 
—574 
| 550 
— 538 
490| 
677 
—576 
~446 
490" 
696 
—626 


Reference 
Mossbauer room Present 


Moéssbauer room Present 


Moéssbauer room Present 


Méssbauer room 
Mossbauer room 
85°K 
room 
85°K 


room 


Méssbauer 
Mossbauer 
Méssbauer 
Mossbauer 
EPR 
EPR 
EPR 
EPR 
EPR 
EPR 
EPR 
EPR 


room 
room 
290.4 


4.2 
290 9 
EPR 290 10 

NMR room 11 

theory 12 

theory 13 

S. Ofer, 


and E. Segal, Phys. Rev. 122, 1447 (1961), give excellent 


is the nuclear magneton. The values of A and H for 
the divalent Mn** and trivalent Fe*’ impurities in 
oxides and a few compounds are listed in Table III. It 
can be seen that where measurements of the sign have 
been obtained, the fields are negative and range from 
—450 koe to —680 koe, depending on the covalency 
of the host lattice. For the oxides a field of around 500 
to 550 koe magnitude seems prevalent. However, in 
the garnet-type ferrimagnetic crystals, the field on the 
tetrahedral site has been observed by the Méssbauer 
effect to be lower in magnitude than the field at the 
octahedral site. This is in contrast to spinel-type 
ferrites where no difference in the field at each site can 
be observed. In view of the dependence of the field at 
the nucleus on covalency, it is not strictly rigorous to 
compare fields obtained by the Méssbauer effect with 
those obtained by EPR even if both are measured with 
the same type ion, e.g., trivalent Fe*’. This is because 
the Méssbauer measurements are obtained with mag- 
netic crystals. On the other hand, the EPR results 
are obtained on diamagnetic host crystals which would, 
in general, have a different degree of covalency. 

In spinel-type diamagnetic crystals the value of A 
for divalent Mn* on a tetrahedral site in zinc aluminate 
has been reported by Stahl-Brada and Low® and for an 
octahedral site in lithium aluminate in the present 
paper. It is interesting to note that these corresponding 
fields at the nucleus agree to within 20 koe. Data using 
the trivalent Fe’ impurity would be more suitable for 
the comparison with the Méssbauer results. However, 
these data were not available. Existing data on the field 
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at the nucleus by EPR for both divalent Mn°* and triva 
lent Fe*’ are available for MgO °** and ZnO 7: host 
crystals. In the case of MgO, the field for trivalent Fe*” 
is only about 5% lower in magnitude than the field for 
divalent Mn*. In the case of ZnO, the field for triva- 
lent Fe is about ten percent lower than that for diva- 
lent Mn*. In spite of all of these complications, it is 
interesting to note that the field at the nucleus obtained 
by Méssbauer and EPR experiments are remarkably 
constant for various host crystals and for the isoelec- 
tronic ions divalent Mn and trivalent Fe*’. 

rhe values of the field at the nucleus obtained by 
nuclear magnetic resonance have been reported recently 
by Boyd, Bruner, Budnick, and Blume! for various 
garnets and ferrites. They report two fields for magne- 
tite of 460 and 490 koe magnitude in which the higher 
value is believed to correspond to the tetrahedral site 
which contains only Fe** ions. 

Also, we note that the theoretical value of the field 
can be predicted from the spin-polarized Hartree-Fock 
calculations of Freeman and Watson”: for free ions. 
In their treatment the s electrons are polarized by the 
3d electrons. The difference in the electron spin density 
at the nucleus is conveniently given in terms of a func- 
has a value —3.34 atom 
Mn?** and — 3.00 atomic units for F¢ 


tion x which of units for 
*. These correspond 
to fields at the nucleus of —696 and —626 koe, respec- 
tively. This is considered to be very good agreement in 


view of the approximations involved in the calculations. 


VOLU MI 


CHREINER, 


AND BEARD 
In addition, the occurrence of covalent bonding and 
crystalline (Coulomb) field effects could reduce the 
magnitudes in solids compared to those of the free ion 
The Mossbauer results given here indicate that the 
field at the trivalent Fe*’ nucleus in the spinel-type 
ferrites studied is the same to within percent at 
both the octahedral and tetrahedral sites. No changes 


a few 


in the Mossbauer spectrum can be observed between 
“ordered” and “disordered” crystals. It is not 
surprising that no difference can be found between 
“ordered” and “disordered” crystals since the largest 


Loo 


differences may be expected to be manifested in the 
quadrupolar interaction which is difficult to observe in 
powder ferrimagnetic samples. The magnitude of the 
field obtained by Méssbauer effect is in good agreement 
with that deduced from the hyperfine interaction pa 
rameter obtained from the electron paramagnetic res 

nance spectrum the Mn 

impurity in isomorphous crystals for both sets of sites. 


of isoelectronic divalent 
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Che diffusio zinc and tin in single-crystal and 
tracer tec 1¢ [he temperature dependence of 
D(Zn) =1.4X 1077 exp( —0.86/kT) cm?/sec and D(Sn 
InSb; and D(Zn) =1.110-* —0.85/kT) cm?/sec 
in electron volts. Fror 


usion while 


a 
nnigq 


exp 
the pene 


the tin 


} 


volume diff 
i d tir 


zinc ar InSb are discussed on the basis of one 


INTRODUCTION 


N recent years, indium antimonide has been a subject 
of intense study. However, little has been reported 
on the solute diffusion in it. This is not without reason 


Unless specially prepared, an InSb crystal used to 
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¢t Present Address: Department of Electrical Engineering, 
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t Present Address of Electrical 
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W ité rloo 


| 
Wa 


polycrystalline InSb has beet 


the diffusion coefficients can be re] 
=5.5X10~§ exp(—0.75/kT) cm? 


sec in single-crysta 


in polycrystalline InSb, the activation energies bei 
ration curves, it appears that in polycrystalline InSb the zinc diffusion i 
diffusion is mainly a grain boundary diffusion. The different 
} 


behavi 


type and two-type vacancy mechanisn 


contain undesired impurities of no less than 10'/ce, 
For diffusion studies in this kind of crystal, the p-1 
junction method, which relies on conductivity measure 
ments, would be less reliable. The radio-tracer techni 
que, on the other hand, could produce dependabl 
results if the half-life of the tracer as a diffusant is not 
too short compared with the diffusion time. Unfor- 
tunately, the time required for diffusion in InSb is 
relatively long (from several days to a few weeks). This 
would render experiment rather difficult if and when the 





DIFFUSION Ol] 
short-lived tracers were used. Volatilization of the 
constituents and the diffusant from the surface during 
annealing further complicates the problem. From the 
above discussion, it is easy to understand why so little 
work has been done on the solute diffusion in InSb, the 
best known among III-V compounds. 

In the present work, Zn®® and Sn" have been diffused 
in InSb. These tracers were chosen because of their long 
half-lives (more than 100 days). Our purpose is to 
measure and the activation 
energy for diffusion and also to investigate the specifi 
mechanism involved in the diffusion. Since Zn is an 
acceptor and Sn may be either an acceptor or a donor 
in InSb, it would be interesting to see how they would 
behave in the InSb lattice. Both single-crystal and 
polycrystalline specimens were used so that the struc- 
ture effect on diffusion could be examined. 


the diffusion coefficient 


EXPERIMENTAL 


2918 


Single-crystal and polycrystalline InSb were obtained 
from Ohio Semiconductors, Inc. The single crystal has 
compensated impurities while polycrystals of both » 
and p types have impurity concentrations of 10'§/cc. 
Samples were cut to about 3 mm thickness with cross- 
sectional area 1.5 cm’. They were first lapped and then 
ground in a precision grinding machine to be optically 
flat. The two faces of the specimen were parallel within 
0.1 micron, 

Radiotracers Sn'!® (115 days half-life) and Zn® (245 
days) were procured from the Oak Ridge National 
Laboratory. The plating solutions were made as follows: 
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Penetration curves of Sn diffusion 
in single-crystal InSb. 
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Fic. 2. Penetration curves of Zn 
in single-crystal InSb 


(1) Tin: SnCl. in HCI+50 ml H,0+-0.1 ml NaHC4HyO,; 
(2) Zinc: ZnCl. in HCI+50 ml H.O+ a few drops of 
concentrated HCl. After electroplating, the sample 
together with a quartz flat was put in a Pyrex tube. The 
tube was then evacuated to 10-* mm Hg and thereafter 
filled with argon of 30 cm Hg. The pressure in the tube 
is to reduce the evaporation of the tracer from the 
surface of the specimen. 

The samples were annealed for appropriate times 
ranging from 60 hr to 10 days, depending on tempera- 
ture. A vertical-type furnace was used and the tem- 
perature was kept within 1°C over the annealing period. 
After cooling, the sample was taken out of the tube. 
rhe edges around the specimen were ground off to a 
depth of several diffusion lengths to remove the penetra- 
tion by side diffusion. This was followed by sectioning, 
weighing, and counting. Each cut an average 
thickness of 2-3 microns. The activity of the ground- 
off (TGC-3 


Tracerlab tube) Geiger counter-scaler. We estimated 


had 


material was counted with end-window 


the counting efficiency to be 20%. 


RESULTS 


1. Diffusion of Zinc and Tin in 
Single-Crystal InSb 


Figures 1 and 2 show the penetration curves for the 
diffusion of Zn® and Sn"* in single-crystal InSb. They 
fit very well the Gaussian function solution of Fick’s 
law: 


V (x,t) = S/(rDt)' exp(—2x*/4Dz1). (1) 
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Fic, 3. Diffusivities of Sn and Zn vs the inverse temperature 
in single-crystal InSb. 


This solution holds for the “limited source” condition 
at the surface. In Fig. 3 are shown the plots of the 
D vs (1/T), They can be represented by: 


DiSn 
D(Zn 


=5.5X 10° exp(—0.75/k7) cm? 


=14x10 “exp —.S6 



































Penetration curves of Sn diffusion 
in polycrystalline InSb. 
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TABLE I. Comparison of volume diffusion coefficients of tin 
in single-crystal and polycrystalline InSb. 
D (cm?/sec) 
poly ry stalline 


Sample D (cm?/sec) 


No. Tr ¢'e) t (sec) single crystal 
29 10° 


2 8.5 1078 
5.18 105 


6.0X 107-8 
2.9X 10 
1.3 1073 


7.9XK10 13 
4.510 
2.0X%10 
1.110 


177X105 
20 105 


where activation energies are in electron-volts. In the 
temperature range (400-512°C), D(Sn) is about twice 
D(Zn). The activation energies for diffusion are less 
than one electron volt. 
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Fic. 5. Penetration curves of Sn diffusion (7 = 390°C 


in polycrystalline InSb (n-type 


2. Diffusion of Tin in Polycrystalline InSb 


As shown in Fig. 4, the logarithm of tin concentration 
in polycrystalline InSb varies linearly with the distance, 
characteristic of the grain boundary diffusion. Near the 
surface, volume diffusion may have comparable contri- 
bution to the solute concentration, thus making the 
curve nonlinear. 

To separate the concentrations arising from the two 
different processes, we resorted to the method of analysis 
based on Fisher’s paper.' The straight-line section of the 
curve is extended to the y axis. Let y:(«) and yo(x) 
represent the curved part and the extended straight 
line, respectively. Then the difference Ay= yi—y2 
be taken as the activity resulting from the volume 


may 


1. C. Fisher, J. Appl. Phys. 22, 74 (1951) 
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diffusion. In other words, they represented the tin atoms 
coming directly from the surface through the bulk. The 
corrected activities were then plotted against the square 
of the penetration. Such a plot gives a straight line as 
shown in Fig. 5 (curve 2). The diffusion coefficient 
calculated from this curve is very close to that of tin in 
single-crystal InSb, as shown in Table I. 

The next step is to calculate the coefficient of grain 
boundary diffusion. Fisher’s equation is used,! ie., 


—-(2D)?x 
(6D’)*4(rD1)? 


Ina= (2D)}x/4(6D’ Dt)'+const, 
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At T=512%C t= 2.48%/0%sec 
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2. Velume Diffusion 




















ic. 7. Penetration curves of Zn diffusion 
in polycrystalline InSb (p-type 


polyhedral shape, the calculation based on Fisher's 
simple model is good only to give the order of magnitude 
of D’ but not the activation energy. 

A specimen of p-type polycrystalline InSb was 
annealed at 512°C for three days. As shown in Fig. 6, 
the penetration curve is similar to the curves shown in 
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Fic. 6. Penetration curves of Sn diffusion (7 =512°C 
in polycrystalline InSb (p-type). Peel 
where a= the specific activity, D=the volume diffusion 


1 
coefficient, D’= the grain boundary diffusion coefficient, — 
and 6=the grain boundary thickness and is assumed to 
be about two atom layers (5X10-* cm). With the aid — 


of Eq. (5) and the values of volume diffusivity (D), it is y PJ 


possible to obtain D’. These are given in Table II. 
Since the polycrystal we used has many grains of 














D=14x167 exp Obbar 
Pasie IT. Apparent grain boundary diffusivity 
of Sn'8 in polycrystalline InSb (n-type). 
Sample 


No FP Ct) D’ (cm?/sec) D (cm?/sec) D’'/D 


1.271077 7.9% 10713 1.6X 105 
7.2X%1078 4.5X 1078 1.6 10° 
1.9K 10-8 2X10-" 1.0X 10° +, 4 L -L - 
4.31075 1.1X 10-8 3.9X 108 . 

— — Fic. 8. Diffusivities of Zn vs the inverse temperature in InSb. 
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Fic. 9. Penetration curve of Zn diffusion 
1 polycrystalline InSb (p-type 


Fig. 4. By the same procedure we found 


D=7X10-" 
D’=1.5X10 


cm?/sec, 


7 cm?/sec, 


which were very close to the values of the diffusivities 
of tin in n-type polycrystalline InSb (see Table I). 


3. Diffusion of Zinc in Polycrystalline InSb 


As shown in Fig. 7, the concentration of Zn® in 
poly« rystalline InSb fits very well the erfe function 


solution of the Fick’s law: 


V (xt Vo erfe [x 2(Dt i], 6 


where .Vo is the concentration at the surface. The condi- 


tion of “constant surface concentration” was believed 
to hold in this experiment because we deposited a very 
thick layer on the surface of the specimen. The tem- 
perature dependence of D is shown in Fig. 8, curve 1, 


whi h can be represented by 


D=1.110-* exp(—0.85/47 7 


From Eqs. (3) and (7), we found that the activation 
energies for the diffusion of zinc in both single-crystal 
and polycrystalline InSb are essentially the same. The 
diffusion coefficient is increased by a factor of eight for 
diffusion in polycrystalline n-type InSb. 

A spec imen of p-type poly rystalline InSb was 
annealed at 512°C. Figure 9 shows the penetration 
curve of log vs x?. The diffusion coefficient calculated 
is D=3.8X10-" cm?/sec, which is very close to that 
found in n-type polycrystalline InSb. (see Fig. 3). 


WEI 


The gross errors caused by sectioning, weighing, and 
counting may be estimated from the scatter of experi 
mental points in the penetration curves. Based on Figs. 
1 and 2, we estimated the errors in C(x) to be no greater 
than 15%. 

Since the diffusion time was rather long (3-10 days), 
no corrections were made for the warm-up and cooling 
times (less than 10 min). The flatness and parallelism 
of the two faces of the specimen were checked and found 
to be within 0.1 micron. The maximum error in 2° (from 
the second experimental point on) was estimated less 
than 1% and the maximum inclination of the finished 
face after 15 cuts with the original 
than 10-2°. 

The D value would be very different had « vaporation 
of diffusant from the surface taken place. To prevent 
this, we filled the tube with argon at a pressure of 30 cm 
mercury. As a check, the surface activity was measured 
before and after diffusion and found to have no notice- 
able change. Thus we were assured that the diffusivity 
as obtained from this experiment was not complicated 
by the evaporation process. 

From the above discussion, we estimated the error 
in D to be not over +20%. The uncertainties in Do and 
a] (activation energy) may be estimated from the curves 
of D vs 1/T. Based on Fig. 3, we get 


uncut) face, less 


AD 


+ 5()6 
t ( 


AO= +5%, 


DISCUSSION 


Self-diffusion in InSb had been studied by a number 
of workers.?* Their results are disagree- 
ment. Hulme and Kemp* investigated Zn diffusion in 
InSb, and by the p-n junction method 
Do=1.6X10* cm?/sec and Q=2.3+0.3 ev. 
discrepancy in Dy and Q obtained by various workers 
make 


in substantial 


obtained 
Che wide 
is perhaps due to the variance in th of crystal 
and the technique of measurement used in the experi 
ment. We might mention in passing that in Hulme and 
Kemp’s experiment, the of uncertainty of D 
measured was shown to be as high as 1: 100. This is two 
orders of magnitude greater than usually 
tracer measurements. 

Figure 8 shows that the diffusivity of Zn in a poly 
crystal is about eight times that in a single crystal. This 
indicates the structure effect. have 
already found that the diffusivity in a deformed crystal 
(bent, strained, or twisted) is higher (by 10 to 1000 
crystal. ; \p- 


range 


found in 


Some workers 


times) than that in an undeformed 


Acta Met. 5, 265 (1957 
Tekh. Fiz. 27, 82 (1957 


s 10, 335 


? F. H. Eisen and C. E 
> B. J. Boltaks and G. S. Kulilov, Zhur 


sirchaena 


K. F 
1959 

>C. S. Fuller an 

1957 

6 Ja. S. Umanski ef al., P 
Press, U.S.S.R., 1955) 

7C. H. Lee, American Institute of Mir 
Engineers Meeting, February, 1958, New York (ur 
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10. Penetration curves of Zn and Sn diffusion 
in polycrystalline InAs. 


ERRORS 


grain 
boundaries, etc.) act as internal sources of vacancies 
which would enhance diffusion by the vacancy me- 
chanism. The structure effect 
Zener’s theory in which 


parently, the structure defects (dislocations, 


is also implied by the 


D=-ya"v exp(AS/k) exp(—Q/RT). 

In a more highly deformed crystal, the entropy AS 
could be larger and the activation energy (including the 
energy of vacancy formation) lower, and therefore the 
diffusivity (by a vacancy mechanism) would be higher 
than that in an undeformed crystal. 

We shall now discuss the diffusion mechanism. From 
the previous work?’ it is generally believed that the 
self-diffusion and the group II, IV, and VI 
elements) diffusion in III-V compounds are via vacan- 


solute 


cies within one, but not both, of the constituent sub- 
This may be called the one-type vacancy 
mechanism. One of the main purposes of this work was 
to see whether other mechanisms are also possible. 
From our work, we found that: 


lattices. 


(1) The activation 


§ E. Schillman, Z. Naturforsch Ila, 463 (1956) 
B. Goldstein, Phys. Rev. 118, 1025 (1960 
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energy for diffusion of tin in InSb is smaller than that 
of zinc. (2) The penetration curves (Figs. 4 and 7) 
indicate that the zinc diffusion in polycrystalline InSb 
is a volume diffusion while the tin diffusion is largely a 
grain boundary diffusion. To interpret both these facts, 
we suggested that the zinc diffusion is by a one-type 
(indium) vacancy mechanism but the tin diffusion is 
perhaps by a two-type (indium and antimony) vacancy 
mechanism. This proposition is based on the valency 
and the atomic size effects on diffusion. In valency, zinc 
is closer to indium than to antimony. On the other hand, 
tin falls between indium and antimony in both valency 
and atomic size. Thus, a tin atom would look upon the 
indium and antimony vacancies as alike, while a zinc 
atom would favor taking only an indium vacancy. In 
other words, an InSb crystal appears to be a more open 
structure for the diffusion of tin atoms than for that of 
zinc, and so the activation energy for the former would 
be smaller. This is just what we found in our experiment. 

The different behaviors of Zn and Sn in polycrystal- 
line InSb needs a little more exploration. It has been 
observed by others that during the growing of InSb 
crystal, the antimony atoms vaporize more rapidly than 
the indium atoms. It is not unreasonable to assume that 
the grain boundary in InSb is rich in antimony vacan- 
cies. If this is the case, the grain boundary would serve 
as an open channel to the tin atoms. The Sb-to-Sb jumps 
of tin atoms in the grain boundary would be much more 
frequent than those in the bulk of a single crystal. The 
zinc atoms, indium 
much benefit of the grain 
boundary and would behave in the same way in poly- 
crystalline as in single-crystal InSb. Thus, in poly- 
crystalline InSb, the Zn diffusion would be a volume 
diffusion while the tin would diffuse by a grain boundary 
mechanism 


which could diffuse only via 
vacancies, would not see 


W. S. Chen of our group has investigated Zn and Sn 
diffusion in polycrystal InAs at 736°C. The penetration 
curves are shown in Fig. 10. Here again the curve for the 
Zn diffusion is characteristic of volume diffusion, while 
that for the tin diffusion appears to represent a grain 
boundary diffusion. Schillmann’s work on the diffusion 
in single-crystal InAs seemed to suggest that both Zn 
ind Sn atoms diffuse via indium vacancies as they have 
the same activation energies. On the basis of resistivity 
and Hall measurements,* he believed that group IV 
elements enter the compound InAs with a replacement 
of indium atoms only. Though our work on diffusion in 


8 


polycrystalline InAs was not extensive, the curves 
| 


Snown 


in Fig. 10 should provoke further thinking on 
the mechanisms of the Sn diffusion in InAs. 
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Exciton Diffusion in Naphthalene Crystals 


A. A. Kazzaz* anp A. B. ZAHLAN 
Physics Department, American University of Beirut, Beirut, Lebanon 
(Received April 24, 1961) 


Exciton capture by anthracene in naphthalene crystals is studied as a function of impurity concentration 
(4X 10-8 to 4.8X10-), temperature, annealing, and wavelength of exciting radiation. It is shown that 
surface, incoherent, and possibly coherent free excitons participate in these excitonic processes. A method 
for annealing molecular crystals is described. Some observations on the temperature dependence of these 


processes are reported. 


NUMBER of papers'~’ have appeared in the 

literature demonstrating the diffusional character 
of exciton motion in molecular crystals. McClure’ and 
Ganguley and Chaudhury® have contributed review 
articles. 

The status of the subject can be stated as follows: 
Simpson,’ using microcrystalline films of anthracene and 
a tetracene “detector” film, found that the mean free 
path in such anthracene films (less than 1 y thick) is 
Borisov and Vishnevski? (some details of this 
paper are reproduced because it is not easily accessible) 
assuined that the exciton diffusion process is described 
by 


0.2 wu. 


Dn /dx?+Tyke—**—n  r=0, (1) 


where D= diffusion coefficient, m() is the steady state 
exciton concentration at x, k=extinction coefficient, 
r= lifetime of the excitons, and J» is a constant propor- 
tional to light intensity per unit time. Applying the 
boundary conditions: 


at x=0, dn/dx=qn(0)/D=sn(0), 


(2) 
at xs=0, n= Ddn/dx=0, 
they find the solution: 
n(x)=([Iok/D(R?— p*) |{[ (st+k)/ (s+ p) Je-?7—e—*}, (3) 


where p=1//=(Dr)!. Let 


s=af n(x)dx=Blo(k+pt+s)/Dp(k+p)(pt+s), (4) 


where J is the detection device current and 8 is a 

* Present address: Physics Department, College of Science, 
University of Baghdad, Baghdad, Iraq. 

1F, Lipsett and A. J. Dekker, Can. J. Phys. 30, 165 (1952); 
Nature 173, 736 (1954). 

2M. D. Borisov and V. N. Vishnevski, Ukrain. Fiz. Zhur. 1, 
371 (1956) (translations of references 2, 3, and 5 are available 
from A. Zahlan). 

3V. M. Agranovitch, I. Ya Kucherov, and A. N. 
Ukrain. Fiz. Zhur. 2, 61 (1957) 

‘J. B. Birks and G. T. Wright, Proc. Phys. Soc. (London) 
B67, 657 (1954). 

51. Ya Kucherov and A. N. Faidish, Dopovodi Akad. Nauk 
Ukr. RSR 1, 57 (1956). 

*H. C. Wolf, Z. Physik 145, 116 (1956). 

7Q. Simpson, Proc. Roy. Soc. (London) A238, 402 (1956). 

8D. McClure, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1959), Vol. 9, p. 1. 

*S. C. Ganguley and N. K. Chaudhury, Revs. Modern Phys. 
31, 990 (1959). 


Faidish, 


proportionality constant relating the total emission by 
the crystal to J. If the crystal is irradiated at Aa, As, Ac, 
where the extinction coefficients are a, 6, c, respectively, 
then, setting 


(J a/Ioe)/(Jo/L03)=aeas, (Je/Toe)/ (J -/TLvc)=Qac, 
8 and s can be eliminated from (4): 


(1 "Ge Ee 1—a,,)+b—aa,, 
—(1—aq)[b(1—aa \+¢e— dag 
l= a a (>) 
b(1—agn) (C— dag) —c(1—ag,) (6— daas) 


Borisov and Vishnevski determined the absorption of 
0.5-cm thick naphthalene and anthracene crystals in 
unpolarized light over the range 3000-3300 A and 
3000-4000 A, respectively. J is also reported over the 
range 2500-3400 A for naphthalene and 2500-4000 A 
for anthracene—the (/,A) curve for anthracene is cor- 
rected for reflected light. No correction for reabsorption 
was made. The authors do not report the method 
followed for the determination of the quantities J, 
and J .. 

These workers reported a value of 0.20.3 u for the 
exciton mean free path in naphthalene and 0.1—0.15 u 
in anthracene. These results were obtained with thick 
crystals (0.5 cm). No information is given concerning 
purification and growth of the crystals used. These 
authors treated the surface [ultraviolet radiation in an 
acid or oxygen (?) atmosphere | to stop nonradiative 
surface processes. No information is available on such 
treatments. 

We planned to use this method but found that the 
result hinges on the difference between two terms [see 
Eq. (5) ] which differ by only a few percent; and, as 
will be discussed later, the thin crystals exhibited that 
much variation from crystal to crystal. 

Agranovich and Faidish" solved the diffusion equa- 
tion for the case of two excitons and a homogeneously 
distributed impurity. The solution is unwieldy and 
contains seven unknown parameters. 


EXPERIMENTAL 


Matheson, Coleman, and Bell naphthalene was re- 
fluxed with sodium and recrystallized five times from 


0 V. M. Agranovich and A. N. Faidish, Optika i Spektroskopiya 
1, 983 (1956). ACSIL Trans. No. 995 
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EXCITON DIFFUSION 
alcohol distilled from zinc dust. The naphthalene was 
then sealed under vacuum in small tubes and zone- 
refined for 200 hr. The zone velocity was 0.25 cm/hr. 
Anthracene impurity concentrations of 10-7 up to 
4.810 mole of anthracene per mole of naphthalene 
were prepared. C, is defined as the anthracene concen- 
tration in mole per mole of naphthalene. Single crystals 
of naphthalene were grown from n-hexane (spectroscopic 
grade) on water in 6-15 hr."' Films were prepared by 
rapid sublimation on a cooled (about 120°K) quartz 
disk. The films were uniform, compact, transparent, 
and similar to those used by Simpson. All of the 
crystals and films were used immediately after prepa- 
ration unless otherwise stated. The thickness of the 
sublimed film was determined by assuming it to be 
uniform and weighing the film. This work was limited 
to samples about 5 wu thick. 

A Phillips (type 93110E) 100-w mercury lamp, a 
Carl Leiss double monochromator and an RCA photo- 
multiplier type 6342 were used. The Hg lines at 3020, 
2970, 2890, 2800, and 2650 A were used to excite the 
samples. 

Only a small section (2-mm diameter) of the crystal 
was irradiated. Two readings were taken at every 
wavelength, one with and one without a Kodak No. 50 
filter. The filter completely cut off the naphthalene 
fluorescence and transmitted only 1.60 to 1.77% of the 
anthracene fluorescence depending on C >. 

The photomultiplier currents were reduced to J, 
and J,, which are proportional to the number of quanta 
emitted by the anthracene and naphthalene, respec- 
tively. 

The highest purity obtained is estimated, by extra- 
polating (see Fig. 1) the (Ja/J,,) vs Cp curve to zero 
concentration, as 4X 107° mole of anthracene per mole 
of naphthalene. (All concentrations hereafter are given 
in such mole fractions.) We did not identify this 
impurity but assume from the narrow transmission 
region of the filter used (about 4500+300 A) that 
anthracene is the most likely one. The precise nature 
of this impurity is not essential to this study. [A. F. 
Prikhot’ko and M. P. Sphak, Optika i Spektroskopiya 
6, 119 (1959), found that traces of methylnaphthalene 
in naphthalene lead to delayed emission at low temper- 
ature, the fluorescence beginning at 31062 cm 
naphthalene fluorescence begins at 31462 and 31 476 
cm~!. The naphthalene was purified by zone-refining. 
We did not look for this impurity because at the 
temperatures used in this study this impurity cannot 
be of any importance. H. Sponer, Y. Kanda, and L. A. 
Blackwell, J. Chem. Phys. 29, 721 (1958), found the 
delayed fluorescence lifetime to be greater than 1 msec 
at 4°K but the delayed fluorescence disappeared at 
77°K. | 


UH. C. Wolf, Solid State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, New York, 1960), Vol. 10, p. 1. 
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Fic. 1. The dependence of Jg/J, on Cy, for grown 
crystals, at low concentrations of impurity. 


RESULTS AND DISCUSSIONS 


(1) Temperature Dependence and 
Annealing of Crystals 


Agranovich and Korrobeev™ studied theoretically the 
dependence of the mean free path on temperature. 
They find that (/) for free excitons should vary inversely 
with temperature. They report that Wtree“20u (a 
printing error gives the unlikely value of 20 A). This 
is roughly 100 times the published experimental values. 
These authors attribute this discrepancy either to the 
substantial role played by the localized excitons or to 
the presence of lattice Scattering of free 
excitons by phonons leads to a (D™')sree« 7 depend- 
ence” while Triflaj'® finds D,,.«<exp(U,/kT). Triflaj 
states that if the mean free path of the free exciton is 
determined by the presence of lattice defects, the 
diffusion coefficient must drop exponentially, as the 
temperature increases, in proportion to exp(U/kRT), 
where l’ is the activation energy for the formation of 
defects. 

There is no experimental information on the influence 
of bulk. or surface crystalline defects on electronic 
processes in molecular crystals. High-purity (impurity 
concentration 41075) naphthalene crystals were an- 
nealed and the dependence of J,, /, on temperature, 
time, and wavelength was determined. If a crystal is 
cooled down to 170°K and then warmed up to about 
250°K (in about 1 hr), (/,//,) increases irreversibly. 
If this process is repeated several times, (Ja/Jn) 
increases in such a way as to approach some limit. 
this conducted with the 
crystal under vacuum, with or without continuous 


defects. 


Since whole process was 


excitation, the only possible interpretation is_ that 


2 V. M. Agranovich and Iu. V. Korrobeey, Optics and Spec- 
troscopy 6, 155 (1959). 
3M. Triflaj, J. Czech. Phys. 6, No. 6 (1956); 8, 510 (1958). 








92 A. A. KAZZAZ 
saat RPS APES ST: SO SE Fic. 2. Log(Ja/Jn) vs 
1 ‘cat i 100/T for 4X10-* and 

9X 10-6 crystals. Point 1 

a. is the starting point of 

-_ "7 8 the annealing cycles. 
if 1 — 14 is for the same 

A 4 ‘ crystal. Points 1— 11 

follow in rapid succes- 

20:!4.54 I, $ sion; about 30 min 


elapses between succes- 
sive points except for 
point 12 which is 96 hrs 
after point 1. Data at 
\=2970 A. The 9X 10-° 
y curve is not typical in 


100 Ja! Jn 
4 


> ecard all details for high C>. 
M28. hes anther These curves are usually 
—14 same crysta . ? 
a 8 smoother, otherwise the 

Co ez4x tC a rs 
, P same. Note that J,/J, 
ee ' : = at 9X10~-* is almost in 


dependent of T. 


growth defects are annealed at least partially. The 
total fluorescence of the naphthalene also increases. 
Figure 2 shows the changes in log(J,/J,) at two 
temperatures with number of annealing steps and the 
dependence of (J,//J,) on T after the annealing treat- 
ments. Figure 3 shows the dependence of J., J,, and 
Ja/J, on T for a “fresh” (4X 10-5) crystal—no previous 
annealing. The same crystal exhibited different slopes 
depending on the number of annealing cycles it went 
through. Below 200°K the slope is almost independent 
of temperature and leads to an ¢ of the order of 50 
cal/mole, where In(J,/J,)=«€/RT-+constant. The slope 
of the In(J,/J,) vs 1/T curve above 200°K is very 
sensitive to the past treatment of the crystal (see Figs. 2 
and 3). It is likely that the mean free path between 
300° and 200°K, as suggested by Triflaj, is limited 
by the equilibrium concentration of defects. The slope 
in the range 296°-200°K is 0.84 kcal/mole for a fresh 
crystal, Fig. 3, and increases to about 3 kcal/mole 
after 7 annealing cycles, Fig. 2. The dip at 250°K in 
Fig. 3 is observed in all the “fresh” (4 10~*) crystals 
studied. This dip is annealed out easily, Fig. 2. The 
dip must be associated with capture processes since it 
appears only in the log(J,/J.°) vs 1/T curve. 

When impurities (concentration 10-5, 10-*) were 
introduced and the crystals annealed, no large changes 
were observed ; see Fig. 2 (where only one case is shown). 
This result, in conjunction with the observations on 
crystals with impurity concentration 4X 10~$, indicates 
that the exciton mean free path is several times longer 
than indicated by the studies at high impurity concen- 
tration. The separation between two anthracene im- 
purity molecules for the concentration 4X10~-° is 
roughly 0.4 u. The mean free path is then of the order 
of a few microns which is of the order of the dimensions 
of the crystal. This is why surface effects are very 
important at impurity concentration 4X10-* (see 
Sec. 2 below). At impurity concentrations of 10 and 
10-*, surface effects and annealing are critical despite 
the fact that impurities limit the mean free path. 
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All of the work reported in the literature on naphtha- 
lene is for high impurity concentration, C,>10-°. 


(2) The Participation of Surface Excitons in Energy 
Migration and the Dependence on the 
Extinction Coefficient 


The dependence of J,//,, on the extinction coefficient 
is the simplest deduction of the Agranovich-Faidish 
theory. In this model only (incoherent) free and local- 
ized excitons participate, the function of the surface is 
of a minor importance. Physically, the creation of 
excitons near the surface (high extinction coefficient) 
will lead to a low probability of capture by the impurity 
if it is assumed that the excitons, once they reach the 
surface, fluoresce or are quenched thermally. These 
assumptions are also supported by the studies of 
Faidish and Zima‘ on the variation of (J,/J,)'as a 
function of thickness of the crystal. A reproducible 
dependence of J,/J, on the extinction coefficient is 
essential for the application of the Borisov-Vishnevski 
method. 

To investigate the dependence of exciton trapping 
on surface processes, the ratio 


Ay= (J a/In)r/ (JF a/J n)s020 4 


302 (0) 


a 


is defined. According to the two-bulk-exciton theory of 
Agranovitch and Faidish, A, is a function (1/k) 
(k=extinction coefficient). This functional dependence 
of A, on & is already too complex in the simplified 
Agranovich-Faidish model. For naphthalene A, should 
be less than one at 2970, 2895, 2850, and 2650 A. A, 
could thus be considered as a rough measure of the 
role of the surface as a simple bulk exciton quencher 
or as participating in the energy transfer process 
through a surface exciton. Any participation by surface 
excitons will then tend to increase A). 


= 
5s0-——- - = ~ + 
_ Fic. 3. Log(Ja/ 
20 + +r t T ae ~2- Jn), J./J2, (Jat 
we ae | JIn)/(Je°+J,°) all vs 
P 100/T for a 4X 10-8 
val ft | | | es | fresh crystal. Point 1 
_ 4 — ‘represents the start- 
a —  ingpoint. J,°,J,° are 
e- / > the values of Ja, Jn 
. 1 r | °° €§68©|)6| 6@tpemed. 
« # / j 
9 ¢ Ja! Ja) 
| a : 
2+———+ 7 (as dn)(Ja Jn IT af 
fa 
f? 
63 04 05 06 O07 . 8 
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Fic. 4. Plot of (Je/Jn)x/(Ja/J n)2020 A VS X. The numbers 1 to 12 
on the curves refer to the points in Fig. 2. The curve for point 6 
is similar to points 2, 4, 8 and has been left out. All data on the 
same crystal. The age of the crystal (curves 10, 11, 12) is with 
reference to curve 1. 


The surface to volume ratio in the crystals used is 
too small to permit the direct observation of surface 
excitons in absorption. The extensive surface defects 
must, normally, limit the surface exciton mean free 
path. However, once the surface is annealed the mean 
free path increases and surface impurities begin to trap 
surface excitons. This immediately alters the boundary 
conditions as well as bulk-surface relationship. 

The analysis of the data for the grown crystals shows 
that there is a considerable scatter in the value of A, 
from crystal to crystal; A, varies between 1.1 and 0.84. 
For sublimed films of impurity concentration 4X 10~, 
A, is greater than one. This scatter in the value of A, 
must be due to variations in the surface of the crystals. 

Curve 1 in Fig. 4 shows a plot of A, vs A for a fresh- 
grown crystal of impurity concentration 4X10~%. On 
subsequent annealing, as already explained, A, in- 
creases irreversibly and the remaining curves 2-12 give 
some detail on the “age” (that is annealing) and 
temperature dependence of A. The total fluorescence 
of the crystal in Fig. 4 changes by 0 to 5% (for the 
5 Hg lines) after 3 annealing cycles, while (Jo/J/,) 
increases by 360% and A, changes by some 60%. 

Crystals containing impurity concentrations of the 
order of 10-°—10~ showed also irreversible changes 
but these changes are not as systematic as those 
exhibited in Fig. 4. In these cases (Ja/Jn)x/(Ja/J n)3020 4 
was less than one for most crystals and conditions. 
However there are exceptions. For example, a crystal 
with impurity concentration 2X10~ exhibited a ratio 
(\= 2970 A) of 1.03 at 296°K, 0.98 at 129°K, and 0.84 
when it was returned to 296°K; its total fluorescence 
increased by some 10% while the ratio (Ja/J,) de- 
creased, after this thermal treatment, by 18%. 

The variations in the concentration and type of bulk 
and surface defects lead to the spread of experimental 
results (see Sec. 4) as measured by Jo/J, and as 
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observed in fluorescence and phosphorescence studies 
of molecular crystals.* 

These observations on the dependence of A, on the 
extinction coefficient as a function of annealing can be 
explained only through the introduction of surface 
excitons. Figure 4 shows that at room temperature in 
the annealed crystals (curves 10-12) the surface 
excitons contribute about half of the total impurity 
fluorescence. At about 130°K the role of the surface 
excitons decreases sharply and is of the order of 30%. 
At lower temperature (see Sec. 5) the participation of 
coherent free excitons becomes possible and these have 
a mean free path of the order of 20 u. This increased 
range of bulk excitons diminishes the of the 
surface. 

If a crystal is placed in a tightly sealed quartz “box” 
an increase in naphthalene fluorescence and (Ja/J,) at 
the rate of some 10% per day is observed over a period 
of 4 days and tending to a limit. This aging effect is 
due to the annealing of growth imperfections. Kucherov 
and Faidish® claim that there is a decrease in naphthalene 
fluorescence with age. The only time we noted such a 
decrease is when the crystal was allowed to evaporate. 
Thin microcrystalline films have a vapor pressure 
higher than that of the grown crystals and do evaporate 
very rapidly when they are less than 5 uw thick. 


role 


(3) Dependence of (J./J,,) on Impurity 
Concentration 


Figure 5 shows the value of Ja/(Ja+J,) plotted 
against logC, over the C, range 10’ to 4.8X10"%, 
Kucherov and Faidish® report studies in the concen- 
tration range 10~® to 10-*. The 10-* region is difficult 
as far as crystal growth is concerned. Most of the 
crystals obtained with concentration higher than 107% 
were poor and one has to prepare numerous samples to 
obtain one good crystal. At and above 107, the anthra- 
cene concentration is high enough to require correction® 
for direct anthracene excitation. However J,/J, is so 
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Fic. 5. Plot of Ja/(Jat+Jn) vs logC, for grown crystals. 
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Fic. 6. Test of Eq. (7); see text. 


large that corrections make little difference in Fig. 5. 
100 J,/J, in grown crystals exceeds 100% for all 
C,22X10~°. The results for grown crystals indicate a 
Ja/ Jn, over the whole concentration range, higher than 
data reported until now. The results quoted in the liter- 
ature are closer to the J,/J, ratios observed in micro- 
crystalline films, these are 2 to 3 times lower 
Sec. 4). 

In view of the lack of adequate theoretical models, 
it is not possible to compute mean free paths from our 
data. In the impurity concentration range 10~7 to 4.8 
<10-* with nonannealed crystals, energy transfer is 
due mainly to localized and incoherent free excitons. 

The mean free path of the localized exciton is very 
short and it decays leading to fluorescence or thermal 
quenching unless the distance between two impurities 
is comparable to its mean free path. Experimental evi- 
dence is not clear on this point especially: that at the 
high impurity concentrations required to trap localized 
excitons the density and size of defects interfere strongly 
in these processes. Such defects must also influence the 
relative concentrations of free and localized excitons. 

The J, and J, values are not corrected for reabsorp- 
tion and quantum yields as is often done in the Russian 
literature.® These factors are so sensitive to the history 


(see 


of the crystal that we see no advantage in applying 
them at the moment. Thin crystals were used through- 
out to minimize the need for such corrections. 
Experiments at low temperatures on crystals with 
impurity concentration 10~ to 10~® showed an increase 
in total fluorescence of some 40°. This increase is 
probably due to an increase in quantum yield and a 
decrease in reabsorption. Crystals with 10-7 impurity 
concentration exhibited a behavior totally different 
from the 4X10-* impurity crystal: J./J, increased 
only slightly at low temperature and there were no sig- 
nificant irreversible annealing effects on temperature 
cycling as those shown in Fig. 2. If we forget about the 
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annealing results on crystals of impurity concentration 
410-8, one can determine from Fig. 5 that at concen- 
tration 10~- half, 


Jal (Jat J n)=ND%, 


of the free excitons are trapped. At this concentration 
the distance between impurities is roughly 750 A. The 
effects of annealing indicate either a much longer 
mean free path or the participation of coherent 
free excitons in the energy transfer processes (Sec. 5), 
or both. 

In the limit C, > 0, C,>0 Eqs. (24) of Agranovich 
and Faidish" lead to 


lim (AL p/n Ja)=[(A1+A spo +A> + { 
Cp0 


+[ur( Ai +A 2)po' +A sur IC. (7) 


Figure 6 shows a plot of (C,/,/Ja) vs Cy. The linear 
relation is obeyed up to a concentration of 2.410 
In the limit C,—0, C,~0, (Ja/J,) varies linearly 
with C,. Figure 1 is such a plot. The relationship is 
not linear below 310-7. The dashed line is extrapo- 
lated to C,=0. It is this portion of the curve which 
was used to determine the initial purity of our material. 
The deviation of this plot from a straight line passing 
through the origin is most probably due to defects. 


(4) Results Obtained using Microcrystalline Films 


More than 40 microcrystalline films were studied. 
The general results are the same as for the grown 
crystals with the following exceptions (see also Sec. 2): 


(a) The consistency among films and grown crystals 
prepared in identical manner is poor because of the 
variations in the relative importance of surface to bulk 
processes. At low impurity concentrations these varia- 
tions are of the order of 10-20% but for crystals become 
large at C,210-° when J,/J, varies between 6 and 3, 
depending on wavelength, while, for films, similar large 
variations begin at about C,2 10 

(b) Experiments designed to test the uniformity of 
the impurity distribution at high concentration, C, 
2 10-6, showed that the impurity is not homogeneously 
distributed. 

(c) The values of (J,//,) for the films are consist- 
ently smaller than those for crystals. At impurity con- 
centration 7.2X10-7, (J,/J,) for crystals is 35.541.7 
while for a film it is 7.9+1.3. At 2.410 
are 103+8 and 37+6.7, respectively. This proves that 
the crystalline defect 
mean free path. 


6 these ratios 


interrupt drastically the exciton 


(5) Coherence and Size of Excitons 


Fox and Yatsiv® and Dexter!® discussed coherence 
effects and problems related to the size of the exciton. 


18 TD). Fox and S. Yatsiv, Phys. Rev. 108, 938 (1957 
16 T). L. Dexter, Suppl. Nuovo cimento 7, 262 (1958) 
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There is thus the possibility for the existence of co- 
herent free excitons and incoherent free excitons both 
in the sense of Dexter.'® This distinction has not been 
made by experimentalists because all observations have 
been performed on the incoherent free excitons only. 
Fox and Yatsiv estimated that in anthracene a coherent 
free exciton would be shared by some 10° molecules. 
Dexter'® estimates that the thermal velocity of the 
coherent exciton is 107 cm/sec. The lifetime of naphtha- 
lene fluorescence’? is about 10~* sec. The mean free 
path of a coherent exciton is then about 100 y. 

The importance of the surface relative to the bulk 
decreases sharply at about 250°+25°K (Sec. 2). It 
is difficult to see why the mean free path of incoherent 
bulk excitons should be more sensitive to temperature 
than the mean free path of surface excitons. It is for 
this reason that coherent believed to 
participate in these processes, thus increasing Ja/J», 
due to their longer mean free path. The “size” of the 
impurity as extended by the defect surrounding it must 
be important in the trapping of the diffuse coherent 
>14 
increases above 250°K but decreases below 225°K as 
compared to 10— 11, Fig. 2. This 


excitons are 


excitons since on further annealing J,/J, curve 13 


“size” effect is 


17 A. Schmillen, Z. Naturforsch. 8, 213 (1953), reports the 
mean life of crystalline anthracene fluorescence to be about 10 
sec. Napthalene will probably have a similar lifetime. The problem 
of lifetimes is apparently in a confused state. M. Kasha and R. 
V. Nauman, J. Chem. Phys. 17, 516 (1949), report for naphthalene 
in EPA at 77°K a value of 3.3X10~ sec. 
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probably also important in the trapping of the other 
excitons. 

As indicated in Sec. 3 on increasing the impurity 
concentration from 4X 10~* to 1077 the increase in crys- 
talline defects was sufficient to prevent the appearance 
of coherent excitons and to reverse the importance of 
surface to bulk processes. Apparently this is the critical 
impurity concentration region for the observation of 
crystalline excitations that involve a large number of 
molecules. 


(6) Dependence on Film Thickness 
Faidish and Zima!'® report 
concentration (tetracene/anthracene) of 


that at an impurity 
10-® the 
anthracene fluorescence is almost independent of the 
crystal thickness between 0.2 and 40 yu, but that at 
higher impurity levels, the fluorescence of anthracene 
decreases with increasing thickness. We found that for 
+X 10-8 films the value of J,/J, was almost independent 
of thickness for films below 104. However, at 104 
and above, Ja/J, increases very rapidly with thickness 
due to reabsorption of naphthalene fluorescence. We 
subscribe to the explanation put forth by Faidish and 
Zima. This is the reason why we limited our studies 
to crystals about 5 u thick. 
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The effect of a residual orbital moment on the magnetic form factor of Ni** 


is calculated. It is shown that 


the ordinary form factor is replaced by a tensor, and formulas are given for the slow-neutron magnetic 
scattering cross sections of paramagnetic, ferromagnetic, and antiferromagnetic Ni**. It is found that the 
unquenched orbital moment causes a 4% expansion of the form factor relative to the “spin-only” case, and 
that the anisotropic scattering is reduced by about ten percent. 


1. INTRODUCTION 


N the theory of the magnetic scattering of neutrons 

by transition metal ions, as developed by Halpern 
and Johnson,' it is assumed that the orbital angular 
momentum is completely quenched by the crystalline 
field, and that its associated magnetic moment does not 
contribute to the scattering. An examination of the g 
factors for these ions shows, however, that there may be 
sizeable residual orbital moments present. For a sub- 
stance with a completely quenched orbital moment we 
should expect a g factor of 2.00, and the deviation of the 
g factor from this value gives a measure of the orbital 
contribution to the total magnetic moment of the ion. 
Specifically, (1/g)(g—2) is the fraction of the total 
magnetic moment which is due to orbital motion. For 
the Ni** ion, with a (3d)* configuration, a number of 
measurements’* of the g factor in different salts gives 
g~2.2, so that about 10% of the Ni+* magnetic moment 
is due to orbital motion. 

Recently Alperin' has measured the magnetic form 
factor for Ni** in antiferromagnetic NiO. He found that 
the form factor was « onsiderably expanded compared to 
that calculated for the free ion. In the interpretation of 
this experiment the contribution of the orbital moment 
was neglected. The present calculation was undertaken, 
apart from its general interest, to see to what extent this 
form factor expansion can be understood as due to the 
orbital contribution. We have found, in fact, that about 
4% of the 17% expansion can be accounted for in this 
way. 

Scattering by orbital moments has been considered 
previously by Trammell,’ and in an elaboration of his 
work, by Odiot and Saint-James.* They were concerned 
with rare-earth ions, in which the orbital moments are 
completely unquenched, and the effects of the crystal- 
line field are secondary. In the case of transition meta! 
ions, such as Ni**, where the crystalline field nearly 
quenches the orbital angular momentum, the situation 
is reversed. In the following section the theory is de- 


‘OQ. Halpern and M. H. Johnson, Phys. Rev. 55, 898 
2 J. Owen, Proc. Roy. Soc. (London) A237, 183 (1955 
+ W. Low, Phys. Rev. 109, 247 (1958) 

*H. Alperin, Phys. Rev. Letters 6, 55 (1961). 

5G. T. Trammell, Phys. Rev. 92, 1387 (1953). 

®S. Odiot and D. Saint-James, J. Phys. Chem. Solids 17, 117 
1960) 
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veloped for the Ni** ion. This case is simple, because in 
Nit* the orbital degeneracy is completely lifted by the 
cubic crystalline field (whereas in the Fe+* and Cot* 
ions the orbital degeneracy is not completely lifted,’ and 
the discussion of the neutron scattering is more compli- 
cated). In Ni** the crystalline field quenching is par- 
tially lifted by the spin-orbit coupling, which causes the 
admixture of a higher state into the ground state, giving 
rise to an orbital moment which influences the form 
factor in a way we wish to discuss. 


2. THEORY 


The differential cross section for the elastic magnetic 
scattering of unpolarized neutrons into solid angle dQ’ is' 


de 


SE polX expiK-n)q'|T. 


dQ’ 


where |q) and |g’) are the initial and final states of the 
crystal (assumed to have the same energy), K=k—k’ is 
the difference between the initial and final wave vectors, 
k and k’, respectively, of the neutron (|k k’|), nis 
a lattice vector, y= —1.91 is the gyromagnetic ratio of 
the neutron, and p, is the probability that the state | q 
is occupied, usually given by the Boltzmann factor 
e~ Fal kT (>, e~2a'/*T)—, The operator T, represents the 
interaction of the neutron with 
at site n, and is given by' 


the elec trons of the ion 


Ta=Le'® KX (s,XK KXpj), 


where s; and p; are 
electron, r; is the position of the electron relative to the 
lattice point n, K is a unit vector in the direction of K, 
and the summation is over all electrons of the ion at 
lattice site n. The angular momentum operators will be 
taken to be in units of # throughout the paper. 


the spin and momentum of the jth 


The second term in Eq. (2), 
orbital contribution to the interaction, can be put in a 
simpler form, first derived by Trammell.* He showed 
that by expanding e‘**' in a power series and using the 
relation p;= (im/h)(5C,r; |, 5C being the Hamiltonian 


which represents the 


7 J. Kanamori, Progr. Theoret. Phys. (Kyoto) 17, 177 (1957 
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without spin-orbit coupling for the scattering system, 
this term could be written as 


-(i/hK) >; e*® tip; 
(m/h®K) >; (3, r;(tK- rj)“ (e** *i—1) | 
+4 Ds C/K ri) +h f(K-1)]XK, (3) 


where the function f(K-r,;)= f; is given by 


" n!(n+2) x =iK-rj 
Some of the properties of this function will be discussed 
later. 

If we neglect a small term arising from spin-orbit 
coupling (which is of the order of the ratio of spin-orbit 
coupling energy to electronic kinetic energy) the matrix 
elements of the first term in (3) between states of equal 
energy vanish, for 


q’ |; C8, 1; (GK-r;)(e'® ti-1) ]\¢ 
~ (Ey —E,\q'\ dj 7) (iK- tr; (e® t#-1) |g) =0. (5) 


lrammell also gives an argument indicating that this 
term can be neglected for inelastic scattering. Using (3), 
the cross section becomes 


hh K-n 
ae § 


x p, Kx¥(e* tis, XK 
qq’ n 7 


+ f(I;XA) }}l¢ 
(69K?) 


Om? Y). 


(6 
where Q, - iz K-rig ‘(1 cre 1) ], O,* and K * are 
the @ components of the vectors Q, and K, and the 
summation convention=has been employed for Greek 
letter indices. 


ca 


3. DERIVATION OF THE FORM FACTOR 


igure 1 shows the spectrum of Ni** (3d)§ in a cubic 
field, neglecting spin-orbit coupling. This spectrum has 
been determined by optical absorption experiments for 
Ni in MgO by Low’ and for NiO by Newman and 
Chrenko.* A complete theoretical calculation (including 
spin-orbit coupling) has also been done for this con 
figuration by Liehr and Ballhausen.® All of the informa 
tion about the wave functions which we need, however, 
can be obtained by simple symmetry arguments. 

The ground state neglecting spin-orbit coupling *I’, is 
an orbital singlet with S=1 and therefore has no orbital 
moment. The spin-orbit coupling will, however, mix into 
this *I’> state small amounts of higher states and the 
cross terms of the admixture will give nonzero matrix 
elements of orbital angular momentum. The calculation 


* R. Newman and R. M. Chrenko, Phys. Rev. 114, 1507 
* A.D. Liehr and C. J. Ballhausen, Ann. Phys. 6, 134 (1959 
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lic. 1. Energy levels of Nit* ina 
cubic field. Bethe’s notation for the 
representations of the cubic group 
is used 


of this admixture is simplified in the case of Nit by a 
fortunate set of circumstances. 

If we restrict ourselves to the configuration (3d)8, 
there is no state other than the ground state which has 
the symmetry *I.. This means that the cubic field can- 
not cause any mixing into this state of spectroscopic 
states with different Z or S, and it remains pure *F: 

(1/v2)(|?F M,=2)— |*F M,=-—2)), 


(7) 
where |*F M,;=2), etc., are the wave functions of the °F 
state. The same argument holds for the first-excited 
state *I’s which also arises purely from the *F state. This 
is mixed with the *f, ground state by spin-orbit cou- 
pling. Hence the calculations will all be done within the 
F manifold of state vectors. In these circumstances the 
spin-orbit coupling, which in general must be written 
> ¢.1,-s,, can be expressed as \L-S, and the ground- 
state wave function (including spin-orbit coupling) can 
be written as 


+-O(\?/ A"). (8) 
Here A is the energy of the ‘I’; state relative to that of 
I). Spin-orbit coupling can also cause an admixture of 
the '[5(:D) states, but this cannot contribute to the 
orbital scattering and it makes only a small anisotropic 
contribution to the spin scattering, so we neglect it in 
the following discussion. 

lo evaluate the matrix elements in Ey. (6), we now 
assulme can be written as a 
product of state vectors referring to the individual ions 
Heitler-London model). 


that the state vectors g 


Using the ground-state func- 
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tion (8) for Nit*+ we must calculate 


GP2M s| (1—(A/A)L,-S,) 
XVn% 1—(A A)L,-S,) | TM 3’). (9) 


In, the absence of spin-orbit coupling (where the orbital 
moment is quenched) these matrix elements can be split 
into two parts, one referring to the space coordinates 
and the other to the spin coordinates, the spatial part 
being the magnetic form factor. We will now show that 
such a separation can still be accomplished, but the form 
factor now becomes a tensor. Writing Q,% in full in (9), 
this becomes 


TM s| Oj e® tis 2 )3P2M 5! 
— (X/A)CPM g| Ln®So? ¥ ; e'® tis, 
+> -e K-ric ay PS n° r.M a 


— (A/A)CT AM 5! Le°Sa"t > (1° fj; + f55*) 
C2M s’)+O(A2/A?). (10) 


1 ow 

1 af / x BY ¢ 
ae + l as ; ae l Bd Ja” 
The term @P2M 5\} > \(1j*f;+/)1;*) |\°T2M 5’) vanishes 
because the orbital moment is quenched in the unper- 
turbed state *I:Ms). The first term in (10), which is 
the only one occurring in the absence of spin-orbit 


coupling, is equal to 
SM | s;*|SM 5’). (11) 


Using the algebra of vector coupling,” the spin matrix 
element can be written as 


(SM s|s;¢|SM s’)=(SM s|8;-Sn/S(S+1)|SM s) 


XK SM s San SM .’ . 


(12) 


where S, is the total spin of the ion at lattice site n. 
Equation (11) then becomes 

Y AP2|e®-*8| PSM 5|8;-Sa/S(S+1)|SM 

X(SM 5! Sa%| SM 5’ K)(SM 5'S,*|SM 5’), (13) 
f(K) is the usual form factor obtained in the 


the orbital moment.! with 
paired spins, s;-S, will have opposite signs, and the 


where 
absence of For electrons 
contribution of these electrons will cancel, provided 
they have the same orbital wave function (this amounts 
to neglecting spin polarization effects). For the two 
unpaired electrons in Ni**, 


(SM s|8;-S,/S(S+1)|SM s (14) 


becomes 


and f(K 


*(K) =3(T; pik rit ik r2|T’.) 


(15) 


where rm, and r, are the coordinates of the unpaired 
electrons. ’ 


Let us now consider the second term in (10). Sepa 


H. Shortley, The Theory of 
Press, New York, 1935). 


1lomic 


niversity 
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rating the spin and orbital terms this is 


— (vr, A) Lille L,Fe meg rl, (SM s S,?s ;* SM s’) 
+(P2| e®-111,,8| PSM 5! 5j%Sq8|SM s’)}. (16) 


But 


(TP. Lfe™ “ ls (TP. (La%e sal Lr, 


=(P2|e~® 51,8 |P2)*= —(P2|e® 11,8 | 1, 


since L,8*=—L,°, and |T.), being nondegenerate, can 
be chosen to be real. Equation (16) then becomes 
— (A/A) } (Pe! e'® 11,8 | Ts) 

X(SM g|sj*Sn®—Sa®s;*|SM 5’). (17) 
In the commutator on the right we follow the procedure 
used in deriving (15) and replace s;* by 3.8,%, obtaining 
SM ;' 
SM 5s | ie%®1S,7| SM s' 


= (/a)(Paje™149 
= —(/A)(T2| e118 |\T 
= og@(SM g|Sq7| SM’), 


SM s|[Sa%,S2° 


where 
gstt=— (d/A)ier®(To| cE 18/1 


and e*87 is the unit antisymmetric tensor of third rank. 
The orbital term in 
and we find 


10) can be transformed similarly, 


—(A/A)CAFTM g| La? Sn9h > (176+ 4,152 
th > (Lj °F; + fj) Ln? Sn8|*T 2M 5’ 


where 
y= —(A/AMT 2/3 © 


Using the results of (15), 
element (10) becomes 


GIoM s| (1—(X/A)La-Sa)On2(1—(A/A)L,-S, 
FevSM s\Sq) 


where 


The tensor F27 thus replaces the form factor of the 
“spin-only” case. It is easy to see that /'*7 is real if there 
is a center of inversion in the crystal. This follows from 
the facts that the state |I’.) is real and that e*’'’ and 
{(K-r;), although both complex, have nonvanishing 
matrix elements only for their real parts, the imaginary 
parts changing sign under inversion of the coordinates. 

The scattering cross section, Eq. (6), 
written as 


can now be 


do dQ’ — 


where |M) and | M’) are magnetic state vectors for the 
entire crystal, assumed to be products of the state 


vectors for the individual ions, 
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4. CROSS SECTIONS FOR PARAMAGNETIC, 
FERROMAGNETIC, AND ANTIFERRO- 
MAGNETIC CRYSTALS 


From Eq. (24) we can derive expressions for the 
elastic scattering cross sections for paramagnetic, ferro- 
magnetic, and antiferromagnetic crystals." For a para- 
magnetic substance in the absence of a magnetic field, 
the energy is independent of the quantum number M’ 
and we can sum over these states by closure: 


S pu(M|S_"|M’(M"| Sa"|M 
VM’ 


>» pu(M Se Oak M). 
Vf 


But this is simply the thermal average of Sp’Sm* at 
temperature T: 


» M pu(M Be M (Sn’Sm") 7. (26) 


Because different spins are uncorrelated in a_para- 
magnet this can be expressed as 

ES( SL 1)6 6*? 

39 OT m,n . 
Substituting these relations in Eq. (22) we get the cross 
section for paramagnetic elastic scattering: 


9 


(28) 


(do dD) pace iv( ) ss +1)}2¢? ’(K) as 
mc 


where .V is the number of unit cells in the crystal, and 
§9°|-6(K) |° 
— Fa8fas_ Kak Bpraupe su 
— 2 f?+ 2 ¢ geet Yor ) 
—K«K 8 ¢ a8 g s+ b+ ¢ s®*)+0(A2/ A?) 
? f?7+2 fp ,%*— Kk A( o,%8 4 pF ), (29) 
making use of the antisymmetry of gs [see Eq. (19) ]. 
Taking the square root of Eq. (29), we get for #(K) 
(apart from an unimportant phase factor) 


P( K) = | 2 g EF ( K ) oa 3 o""— , KK 8( oot oP” ) | 


+0(A?/A?) 


(30) 


The factor 2/g has been inserted to make &(0)=1, so 
that &(K) is a conventionally normalized form factor. 
In the case of a ferromagnetic substance the energy 
Ew depends very strongly on M. If 7 is a unit vector in 
the direction of the magnetization and if we choose 9 to 
be the axis of quantization of the states | M), the ground 
state will be the state of maximum spin in the direction 
of ». Restricting ourselves to temperatures well below 
the Curie point, so that the magnetization is saturated, 


' In this section we follow the derivations given by W. Marshall, 
Harvard University, 1959 (unpublished notes). 


FACTOR OF Ni? 


we have 


; pu(M a M’ 


MM’ 


M"| Sm"| M 


NV Syq| Sa’| NSn)(N S| Sm"| NS), (31) 
where |.\.S») is the spin state of the entire crystal with 
component of spin in the direction 9 having the value 
NS, S being the spin of a single ion. But 


(NS9| Sa’| NSn)=1’S. 


Substituting this in Eq. (24), we get 
(6°—KK*) 
XK Fav Bp Ay) > eiK-(m—n 


da ye" 
dQ’ ferro mc? 
mo 
yey? (Zn) N __ ; 
( > 6(K—+*) 
mc? Vo ¢ 


X (FF 8 Hn’ — Kok n*K P89"), (33) 
where Vo is the volume of the unit cell and ¢ is 27 times 
a vector of the reciprocal lattice. For a multi-domain 
crystal we must average over all possible directions 9 of 
the magnetization. For spherical or cubic symmetry we 
have 

(n*n” )av= 30", 


so that (33) becomes 


do 
= - 


x ¥ 6(K—+)|6(K)|2, (34) 
4 ¢ 

where ®(K) is the same form factor [Eq. (30) ] that was 

found for paramagnetic scattering. 

For a simple antiferromagnetic substance in which 
there are two sublattices with spins in opposite direc- 
tions, the arguments for the ferromagnet can be taken 
over if we make allowances for the fact that the mag- 
netic unit cell may differ from the chemical unit cell. 
The cross section for a multi-domain antiferromagnet is 


found to be 


do 2 ye" . (27)*.\ 
dQ’ antiferro 3\mec AN. 


go 
XS 


x 
1 


5(K—+)\@(K) 2, F,,(K)/?, (35) 


> 


where Vo’ and A are the volume and number of 

magnetic unit cells, respectively, and F,,(K) is the 

structure factor for the magnetic unit cell, given by 
F(R) =>- 


t )exp(iK-o ). (36) 





100 M. 


Tae I, The matrix elements (dm | e(K-r)|dm’ = SRY (r)am(?) 
K o(K-r)R(r) Vom: e's, ak r)=4e Diu i*hi(Kr)V um*(R) 
X¥im(f). For o(K-r)=e* hx(Kr) is the spherical Bessel 
function jz(Kr), while for o(K- r)= /(K-r) Eq. (4)], 4x (Kr) 
=gr(Kr). The ovens (hz) is defined by (ii) thats r. 


dm e(K- “t) dm’ (Y um=Y um(K)] 
2(n)Khe) V po + (4/7) (Sx) hte) V20+ (2/7) (4)? ¥ a0 
(2/7) (30x )*(h2) Vs (2/ 7) (Sa) ha) ¥4_ 1 
(4/7) (Sw)¥ he) V 22+ (2/7) (159) Kha) Va_2 
(2/ '7)(35xr)X hy) ca 
2/7)(70r) Mh) V 4 


tN hh te be 


_ (2/7) (30r)+ h2)¥u— (2 7 )(Sa)Mhd) Va 
2 (a) ho) ¥ 00 — (2, 7) (Sx )*h2) ¥20— (8/7) (9) ha) ¥ 4 
(2/7) (Sw) hz) Fe. $1 (2/ / 7) (30x )Khs) ¥ G3 
(2/ 7) (30x (he) ¥ — (4/7) (10x) ha) Va_2 
— (2/7 7)(35")Mhy) A : 


4/7) (Sar) he) Veo (2/7) (15a) hed Fa 

—(2 7)(5x)* he Fat (2 7) (30m) Hh) Van 
2(x)*ho) Yoo (4 7 i Sr )*( te) Y zot (12/7) \r hig Yy 
— (2/7)(5ar)*he) Y, at (2 2/7)(30r) hs) Vs 1 

4/7) (Sa) he) ¥ 22+ (2/7) (159) ha) Vue 


— (2/7) (35x) hs) ¥ 4s 
(2 7 (30x)! he Yx2- (4 7)( 10x his V4 
(2/7)(Sa)% he) Ya ae (2 ‘7 )(30x)* ity) Var 
2 (x )8ho) ¥ oo — (2/7) (Sar) hz) ¥ 20— (8/7 
~ (2/7)(308)Xh. Fs 


)(w)iity Y 40 
2/7) (Sx)*ha) Van 


(70x yi hy) Fas 

) (35x) Ay) Vas 

/7)(Sw)Kh2) ¥ 22 of 7) (15x) he) Vee 
/7) 


)1 
+ (2/7) (5x)Kha) Yar 
x the) Voor (2 7) (x)? hs) ¥ «0 


| 


NM NM by le be 


) (30x )*(h2) 
wr)Xho) VY oot | (4/ 


(2 
+ ( 
(S 





o; is the vector from the origin to the jth ion in the 
magnetic unit cell, and the plus or minus sign is to be 
taken according to the direction of the spin of the ion 
at 0;. 

Except for the difference in the form factor, these 
formulas are the same as those derived by Halpern and 
Johnson for the case where the orbital moment is com- 
pletely quenched, and require no further discussion. 
Because of this difference in the form factor, however, it 
is no longer possible to interpret this quantity as the 
Fourier transform of the charge density. 


5. CALCULATION OF THE FORM FACTOR FOR Ni** 


For the simple case of Ni*+*, where there are two holes 
in the d shell, it is easiest to follow the straightforward 
procedure of writing the state |T,) in terms of one- 
electron wave functions |dymj) |dym), where |dymy, 
is an eigenfunction referring to electron 1. Using tables 
of Clebsch-Gordan coefficients,” we find 


F M,=2)=(1/v2)(|d2 
F M = —2)= (1/N2)(/d,0) 


d0)— d,0 dy2)) 
| do—2)— |d,—2)|d.0)). (37) 


We want to calculate f(K) and ¢.*? 
\ 7 ) for r. ,, 
Consider f(K) first. Substituting (7) and (37) in (15), 


and remembering that e‘**" refers only to electron 1, we 


using the expression 


BLUME 


obtain 


f(K) = }3(d0| e'®-* | d0)+-3(d2 | e*®-*| d2) 
+3(d—2| e*®-*!d—2)4+3(d—2| e'® "| d2 


+4(d2\e*®-"|d —2). (38) 


The problem is then reduced to the evaluation of the 
one-electron matrix elements 


dm’ 


fror m* (Pye'* *R(r) Vo, (¥)d®*r, (39) 


where R(r) is the radial wave function for the d electron 
and Ye, is a spherical harmonic. To calculate these 
integrals we follow Weiss and Freeman” and expand 
e‘Xt in spherical harmonics: 


(dm| e'®* 


eK r=de > i487, (Kr)¥ (40) 


LM 


where 


are the spherical Bessel functions. This gives for (47 


cdm | e*® ©! dm’ 


XC#(2,m; 2,m’)¥ 7, rts. ). 


(41) 


where (j1)=/fo* R*(r)j.(Ar)r°dr, and the coefficients 
C¥(L,m: I'm’) are tabulated by Condon and Shortley."° 
A complete table of the matrix elements (41) is given in 
Table I. Using these we obtain 

f(K)=( jo + (ja r)¥ o(K) 


(10% 7)ALV as K)+ V5 4 RK) }} (42 


the formula derived by Weiss and Freeman. 

To illustrate the calculation of ¢,°* we derive ¢, 
explicitly, but we simply quote the results for the other 
vo. We want 

— (A/A)T2| di? fit fal) L? 

- aa (L;? tAratghd 

+(F—2| (it fit fal) L? 3 

—(F—2) (hi? fit fils?) L*| F2 

—(F2\ (it fit fils) L?| PF —2 

— (¥/A){(F2| (li? fat fils) | F2 

—(F—2| (tft fils’) | F—-2 

(F—2| (hit fit fils*) | F2 
t(F 2) (it fit fil‘) | -—2)} 13 


2 R. J. Weiss and A. J. Freeman, J 
1959), 


Phys. Chem. Solids 


10, 147 
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Pasre LI. Elements of the tensor v.79 as defined by Eq. (21). Only the symmetric combinations yo? + yo8” 
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> fiven, as these are all 


that is required for the form factor. The argument of the spherical harmonics is R 





[2 4 3 
anne {eK Yoo ae (Sa)#(g0) Yoot+— (x) *g4) Yo 
4 7 14 


‘ 


g—2 ( 4 : 
¢o¥4 =-— 7 4 (3) *(g0) ¥ p90 —— (5x) g2) Foo + -(r )¥¢4) ; 
4 | 7 


] 14 


2 8 
- 4 4 (x )*(g0) Voo+-—(Sar)¥(g2) F20-+-—(ar) a4) Fao $ 
4 7 7 


> 


(ga) (Vas + Vo_4) + -(302) Mg) (Yoo+ Vo 2 


‘ 


) 


(24) (Yaa Va_4) ——(30r) (20) (20+ Vo_2)+ 


5 (2r)* 
"92)— =\> (¥s42— Va_2) > 
14i| 5 


2 5 (x\3 ; 
~ (302) go) (Vor+ Voi)——] —] (ga) (Yar t Yan) +— 
° 5 . 


| 


281 | 5) 


5 
(Yo1—¥a)+— 
28 


Substituting the expressions for |#2) and |#—2) and 
operating on the one-electron functions with /;7, we 
obtain 
— (2d A){(d2 f(K-r) d2 
+(d—2 {(K-r) d—2 }. (44) 
The orbital calculation therefore leads to one-electron 
matrix elements of the form 


dm! {(K-r)) dm’ 


PROV PAK DROV (A)d*r. (45) 


lo evaluate these we use a procedure analogous to that 
used for Eq. (39). The function {(K-r), which is defined 
by Eq. (4), can be expanded in spherical harmonics, just 
as e'*-* was expanded in Eq. (40): 

fi K-r)=49 z. i’g, (Kr)V, w(K)Via(*), 


LM 


(46) 


where 
+1 


g,(Kr)=31 f f(Arp)P (udp, (47) 
—} 


and yu is the cosine of the angle between K and r. The 
functions gz(Ar) are similar to the spherical Bessel 
functions jz(Ar) which appear in the expansion of 
e'*'. It is the difference between g,(Ar) and j,(Ar) 
which leads to different shapes for the orbital and spin 
form factors. Using Eq. (47) and the properties of the 


| (ga (Vos Vat ; 


5 [m 


4i | 35 


rT 


4/35, 


Legendre polynomials P;(u), we find 


go(x) = 2(1—cosx)/ x" 


’ 


go(x) = (2/x*) cosx— (6, x") sinx+ (4/%°), 


170 2 70 20 16 
guca)=( aie + +) sinx-+—. 


¢ x 3x" 


(48) 


The first two have been given by Trammell. The 
evaluation of the matrix elements (45) now proceeds 


exactly as for Eq. (39) except that (7,) is replaced by 


a 
g,)= [ R°(r)gr(r)r'dr. 
vn 


Using Table I we find 
got? = — (4N/A)[(go)+ (4/7) (Sar) go) V 20(K) 


+ (2 7) (3) Xg4)V 4o(A) J. (49) 


\/A can be expressed in terms of the g factor. For Ni+* 
we have! 

g=2—8\/A; —A/A=(g—2)/8. (50) 
This result has been incorporated in Table 11, where the 
expressions for the components of the tensor ¢,%8 are 
given. We now need only substitute these results in 
Eq. (30) for the form factor (K). If we substitute for 
the spherical harmonics their explicit forms as functions 


13 W. Low, Paramagnetic Resonance (Academic Press, Inc., New 
York, 1960), p. 92. 





I 


.4 
sin 8 A 
d 


for Ni**, calculated from 


Fic. 2. (jo), (go) and (go)—4(g2 
S orbital magnetic form 


d 5 
Watson’s wave function. The factor 


) is greatly expanded relative to the spin form 


\(g0), \g —3\82 


factor (j 


of A., Ay, A., we obtain, after some straightforward 
algebra, 


—(g4)—— (51) 
14 é 

where 

(52) 


C(K)=KA+K/+Ks-3 


is a cubic harmonic. This is to be compared with the 
“spin-only”’ form factor f K ’ 


f(K) =(jo) + (15/4) jC a(R). (53) 


The most important terms in Eqs. (51) and (53) are the 
spherical parts of the form factors, i.e., the parts not 
multiplied by the angular factor C,(A): 


® s(K) = (2/g)[( jo) +L (g—2)/2 }((go)— 
fs K)=(4 


The functions {j;) and (g,) for L=0, 2, 4 have been 
evaluated for Ni** using Watson’s analytic Hartree- 
Fock radial wave function. Since a table of (j,) has 
already been published by Watson and Freeman," we 
give only the (g,) in Table III. In Fig. 2 we show the 
graphs of (jo), (go), and (go)—}3(ge functions of 
(sind)/A. The “orbital” curves (go) and (go)—}(gz) lie 
outside that of (jo), so that if we ignored the presence of 
an unquenched orbital moment and tried to interpret 
this as due to spin scattering, the form factor would 
appear to be expanded. This means that the presence 


as 


4 R. E. Watson, “Iron Series Hartree-Fock Calculations,” Solid- 
State and Molecular Theory Group, Massachusetts Institute of 
Technology, 1959 (unpublished). 

18 R. E. Watson and A. J. Freeman, Acta Cryst. 14, 27 (1961). 
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of an orbital moment simulates a contraction of the 
wave function. That this is true in general can be seen 
by comparing the behavior of j,(x) and g,(x) for 
small x. For 7,(x«) we have'' 


(2E+1)!! 


where (2L+1)!!=1X3X5xX-++ &(2L+1). Similar for- 
mulas can be derived for g,(x«) by using the relations’ 


+1 24413 (n+L)}! 
f u"P (p)du= ———— 
—t [3(n—L) }!(n+L+1)! 


if n—L>O, n—L even, 


=(0 otherwise, 


and Eq. (46); we find 


go(x)~1—zy2", 


" (pL). 


~ L+2 (2L+1)!! 


TABLE III. The functions (go), (gs), and (g4) for Ni**, calculated 
with Watson’s'® restricted Hartree-Fock wave function. 





sind 
—(A) 
x ( 


( (g4) 

0.0000 
0.0000 
0.0025 
0.0093 
0.0202 
0.0329 
0.0451 
0.0555 
0.0636 
0.0692 
0.0727 


0.0000 
0.0157 
0.0540 
0.0968 
0.1311 
0.1528 
0.1629 
0.1644 
0.1599 
0.1518 
0.1418 


1.0000 
0.9599 
0.8560 
0.7229 
0.5901 
0.4729 
0.3760 
0.2987 
0.2380 
0.1909 
0.1545 


16 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York 1953). 

17E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, New York, 1927). 
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where 


t 
(gh) = f R?(r)r"*?dr, 
ih) 


so that for small K, (go)>(jo) and (gr)<(jx) for L¥0. 


6. DISCUSSION 


Figure 3 shows the spherical parts of the form factors 
for Nit*, fs(K) and @s(K), taking g=2.2. The third 
curve is the spherical part of the form factor as de- 
termined experimentally by Alperin.* His results indi- 
cate that the radial 3d functions are greatly contracted 
in the solid as compared to the free ion (by about 17%), 
taking the latter to be given by Watson’s unpolarized 
calculation for Ni." This result is in disagreement with 
the fact that the g-factor measurements? indicate that 
solid © free ion, Where the \’s are the spin-orbit coupling 
constants for Ni+*. This indicates an expansion of the 
Nit+ wave function in the solid, since A is roughly 
determined by (1/r’). 

We have found that the orbital contribution to the 
form factor does not resolve this difficulty since it 
accounts for only about 4% of the 17% expansion of 
the form factor (see Fig. 2). 

It should be emphasized that we have used Watson’s 
“restricted’”’ Hartree-Fock wave functions in this calcu- 
lation. A “spin-polarized” calculation has also been 
carried out for Nit+ by Watson and Freeman.'* The 
“spin-only” form factor for this case is also expanded 
relative to the restricted solution by about 4%. If we 
were to replace our (jo) by this spin-polarized form 
factor the result would still not be sufficiently expanded 
to explain Alperin’s form factor on the basis of an 
expanded charge distribution in the solid but together 
the two effects account for an 8% expansion of the form 
factor. 

One further interesting effect of the orbital contribu- 
tion concerns the anisotropic terms in the form factor. 


16 R. E. Watson and A. J. Freeman, Phys. Rev. 120, 1125 (1960). 
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Fic. 3. The spherical part of the form factor for Nit*. The 
spin-only form factor [f,(A)], spin and orbit form factor [@,(K), 
g=2.2], and Alperin’s experimental form factor are shown. 


Of the terms multiplying C,(A) in Eq. (51), the orbital 
contribution is completely negligible compared to the 
(js) spin contribution. The orbital moment nevertheless 
affects this anisotropy strongly through the normaliza- 
tion factor 2/g. The effect in Nit*+ is to reduce the 
anisotropy by 10%. 

It is clear that the orbital scattering cannot always be 
ignored in an accurate interpretation of the experiments, 
but that it is not sufficient by itself to account for 
Alperin’s results on NiO. 
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The observed frequency response of the AgCl-electrode system 
indicates an equivalent parallel combination of capacitance and 
conductance in series with the bulk photoconductance. The 
voltage dependence of the capacitance suggests an exhaustion 
layer, presumably at the sample-electrode interface, and the 
magnitude of the capacitance indicates that the layer is thick. 
Qualitatively, the dependence of the layer capacitance and current 
on the intensity and wavelength of the exciting illumination, on 
temperature, and on voltage can then be understood in terms of 


I. INTRODUCTION 


HOTOCONDUCTIVITY experiments permit the 
study of such quantities as electron and hole 
densities, lifetimes, mobilities, and trapping character- 
istics. However, in interpreting the results of a photo- 
conduction experiment, it is almost always necessary to 
make assumptions concerning the effects of space 
charges and barriers, internal or at the electrodes, on 
the quantities of interest. It is often possible, however, 
to deduce these effects by measuring the impedance of 
the photoconductive circuit as a function of frequency. 
The results of such a study of photoconducting silver 
chloride are given in this paper. 

In general, it is necessary to make a detailed analysis 
in order to interpret the frequency response and so fully 
understand the photoconducting processes. However, 
in some cases the photoconductor electrode system can 
be represented by a combination of linear circuit 


Fic. 1. Equivalent circuits 


* Research supported by the National Science Foundation and 
the U. S. Atomic Energy Commission. 

t The experimental parts of this work were completed at Cornell 
University, Ithaca, New York 


a potential barrier. Alternatively, the results can be described in 
terms of layers, presumably at the surface, of lower conductivity 
than the bulk. An increase of the capacitance with the bulk 
conductivity, and so with the density of mobile electrons, suggests 
that the positive charge in the exhaustion region is determined at 
least in part by holes generated by illumination. The dependence 
of the bulk photoconductivity on temperature, voltage, intensity, 
and wavelength are discussed 


elements. It is shown that it is useful to describe the 
photoresponse of the silver chloride electrode system 
for the conditions of the experiments reported here by 
such an equivalent circuit. Deviations are discussed in 
terms of space charge and other nonlinear processes. The 
data are also brieily compared with the results of an 
analysis by MacDonald! from which some observations 
can be predicted, although the assumed boundary condi- 
tions are not equivalent to those of this investigation. 

The work reported in this paper was undertaken as 
part of a more general study of the transport, recom- 
bination and trapping processes of electrons and holes 
in an ionic solid.2* In this paper only observations 
pertaining to the understanding of the photoconductive 
processes are considered. 


II. EXPERIMENTAL PROCEDURE 


Most of the experimental conditions have been 
reported elsewhere.?* The samples were mounted in a 
vacuum cryostat and were exposed only to weak red 
light except at low temperatures. The silver chloride 
crystals, which are described elsewhere, were grown at 
Cornell and at the Kodak Research Laboratories.**.° 
After working to the desired dimensions by machining 
or grinding on a ground glass plate with a sodium 
thiosulfate (30%) solution the samples were etched in 
ammonium hydroxide or hydrochloric acid and washed 
in conductivity water. Evaporated gold or painted 
graphite (water solution) electrodes were then applied. 
Samples of two geometries have been used. Some were 
in the form of thin wafers 0.025 cm in thickness and 
1.0 cm in diameter and had electrodes applied to the 
flat surfaces. Irradiation was through one electrode and 
in the direction of the applied field. Other samples were 
in the form of bars 0.20.2X2.0 cm with electrodes on 

? J. R. MacDonald, Phys. Rev. 92, 4 (1953 

*D. A. Wiegand, Phys. Rev. 113, 52 (1959 

5D. A. Wiegand, thesis, Cornell University, Ithaca, New York, 
1956 (unpublished). 

4N. R. Nail, F. Moser, P. E. Goddard, and F 
Sci. Instr. 28, 275 (1957). 

* The author is indebted to Dr. F. Urbach of the Kodak Re 


search Laboratory and Mr. G. Slack of Cornell University for 
making silver chloride crystals availabl 
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Frequency, kilocycies 


;. 2. Calculated frequency response of G,/w of the circuit 
of Fig. 1(b). C=15 puf and Ge=2.4X 1078 ohm™ 


two opposite 0.22.0 faces. Irradiation was normal to 
a third 0.22.0 face and thus perpendicular to the 
applied field. While the nominal wavelengths of exciting 
light were 3650 and 3840 A as determined from mono- 
chromator settings it was generally necessary, for 
reasons of intensity, to use very large slit widths. The 
conductance and capacitance of the sample-electrode 
system were measured by a type 716-C General Radio 
capacitance bridge. All values reported are differences 
between the conductance and capacitance with and 
without illumination. Therefore, lead capacitance and 
losses have been eliminated. In most cases the losses 
without excitation were negligible compared to those 
during excitation. 


lI. PHOTORESPONSE 
General Observations 


A photoconductor-electrode system might be repre- 
sented by the circuit of Fig. 1(a), where G; is the bulk 
photoconductance, Gz and C represent the conductance 
and capacitance at one electrode, and the primed 
quantities the conductance and capacitance at the other 
electrode. In general, these circuit elements will not be 
linear and in general it will be necessary to consider a 
capacitance in parallel with G,. For the special case of 
ohmic contacts only G; must be considered, while in 
the case of blocking electrodes G, and G2’ become zero. 
Since it is also possible that one electrode can be pa 
tially blocking and the other not, the circuit of Fig. 1(b) 
is of interest. The frequency responses of the two 
circuits of Fig. 1 are similar and only case 1(b) is con- 
sidered in detail. Expressions for the equivalent parallel 
conductance G, and capacitance C, are derived in the 
Appendix. The frequency response of G,/w represented 
in Fig. 2, is very sensitive to the ratio G,/G:. For 
G,/G2<8, G,/w decreases monotonically with increasing 
frequency ; for G,/G,>8 the curve contains a minimum 
and a maximum, and for G,/G,=8 a plateau. Since 
curves of this general type are indeed observed it is 
interesting to consider this circuit in some detail. 

In Fig. 3 observed values of C, and G,/w are plotted 
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vs frequency. Also shown are the calculated values 
based on the circuit of Fig. 1(b), where the parameters 
have been chosen to match the frequencies of the 
maximum and minimum and to give approximately the 
same low-frequency capacitance as the measurement. 
The degree of similarity of the observed and calculated 
curves indicates in a rough fashion the degree to which 
the sample-electrode system can be represented by the 
equivalent circuit of Fig. 1(b). (Other data are pre- 
sented in Fig. 7.) Deviations are of course to be expected 
since the nonlinear sample-electrode is being replaced 
by linear circuit elements. These deviations are dis- 
cussed below. 

Similar frequency responses have been observed in 
many samples of both the wafer and bar type, made 
from both the Cornell and the Kodak grown material. 
Graphite and gold electrodes have been used as well as 
direct contacts between the sample and copper supports. 
It therefore seems reasonable to conclude that the 
observed frequency response is characteristic of silver 
chloride for the condition of these experiments, and 
that it is meaningful to discuss the photoresponse in 
terms of the equivalent circuit parameters. While G; is 
to be associated with the bulk photoconductivity of the 
sample, G, and C can be due to potential barriers at the 
electrodes or possibly internal to the sample, such as at 
grain boundaries. However, G2 could also be associated 
with regions of different and generally lower conduc- 
tivity than G,, such as sections where the electron life- 
time or mobility are smaller. The lifetime may be 
decreased higher densities of traps or 
recombination centers, whereas the mobility could be 
reduced by scattering centers, such as ionized im- 
purities, Both of these effects may then be brought 
about by high local densities of imperfections such as 
might be found in surface layers. Since both surfaces 
near the electrodes will be affected the equivalent 
circuit (a) rather than (b) should be used. However it 
is reasonable to assume that both surfaces behave in an 
identical way, in which case model (b) is essentially 
equivalent to model (a). 

G, atid C,, and thus the parameters G), G2, and C 
depend on the intensity and wavelength of the exciting 
radiation, on the applied voltage and on the tempera- 


because of 
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Fic, 3. Comparison of observed and calculated 
frequency response of C, and G,/w 
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Fic. 4. G; and C vs relative intensity. 


ture. Because of these observations it is possible to put 
some limitations on possible interpretations. The meas- 
urements, preliminary in nature, have in general been 
made on only a few samples and the data are presented 
in the following sections. It must, however, be noted 
that some lack of reproducibility has been observed. 
After slight mechanical disturbances, or after warming 
to room temperature and recooling, it was not always 
possible to obtain the same data points, and changes 
of the order of 20 to 30% have been found. The general 
frequency response was, however, unchanged. While no 
attempt was made to cool samples slowly, the warming 
rate was determined by the cryostat and several hours 
were required to warm from liquid nitrogen temperature 
to room temperature. Since these variations have been 
observed in both the bar and wafer samples, they cannot 
be caused by changes in the geometry, but seem related 
to the properties of the material. It is suggested that 
these changes in photoresponses are due to inhomo- 
geneities in the samples. Waldner® observed much 
larger inhomogeneities in measuring photocurrent 
decay times in Cornell grown material. 

The following relationships, derived in the Appendix, 
are needed for a quantitative interpretation of the 
experiments. The frequencies f, and f,, for the maxi- 
mum and minimum in the curve of G,/w vs frequency, 
for the case of G,/G2>>4 are given by 


w,=29fc~Gi/C; Wm=2ma fae (GiG2)?/C, (Na) 


from which 
w,/wm)°~G/Go. 
At w= W,, 
6~Gf2; Crt) 


At low frequencies such that (G;/wC)*>1 


Cee. (3) 


6M. Waldner, thesis, Cornell University, Ithaca, New York, 
1954 (unpublished). 


Because of relationships 1, 2, and 3, the parameters 
G,, Ge, and C are easily determined from the curves of 
G,/w and C, vs frequency whenever there are pro- 
nounced maxima and minima and the appropriate 
portions of the curve lie within the frequency range of 
measurement. Alternatively, a curve fitting process 
outlined in the Appendix may be used. 


Intensity and Wavelength Dependence 


Measurements have been made of the dependence of 
G,/w, and C, on intensity in the frequency region 
around f,. Relative intensities were determined from 
sample to light source distance. From Eq. (2) it is then 
possible to obtain the intensity dependence of G; and C 
and these are given in Fig. 4. While C is relatively 
insensitive to intensity, G; increases linearly indicating 
that the bulk photoconductance increases linearly with 
intensity. The frequencies f, as calculated from Eq. 
1(a) and G, and C, determined from Eq. (2), are within 
15% of the observed values for all intensities. Unfor- 
tunately, G, and C, were not taken over a sufficiently 
wide frequency range to be able to determine f/,,, and 
thus Go. However, by a crude curve-fitting process it 
is possible to obtain an estimate of G2. These calcula- 
tions indicate that G2 increases in approximately the 
same fashion as G; with intensity. 

The photoresponse is a function of wavelength for a 
variety of different experimental conditions and has a 
maximum in the vicinity of 3840 A.7~* The curves of 
G,/w and C, also depend on X. In a particular case an 
increase of wavelength from 3650 to 3840 A increased 
G, by a factor of 6 and increased C by approximately a 
factor of 2 as determined by Eq. (2). f, increased in the 
manner predicted by Eq. (1). These results are con- 
sistent with the intensity dependence of G; and C. An 
increase in G;, brought about presumably by an increase 
in the total number of free carriers either by varying 
the wavelength or the intensity, is associated with a 
smaller increase in C. The wavelength dependence of 
Gs was not determined. It should be noted that the 
absorption constant is approximately 2X10? cm™ at 
3650 A and 10 cm™ at 3840 A.? However, because of 
the wide monochromator slit widths used here the 
difference in the effective absorption coefficients at the 
two wavelengths is considerably smaller. An explanation 
of the maximum at 3840A in terms of bimolecular 
recombination processes has been advanced by Gilleo,’ 
while an explanation in terms of a defective surface 
layer is given by Van Heyningen and Brown,’ and 
Gordon.® 


7W. Caldwell, thesis, Cornell University, Ithaca, New York, 
1948 (unpublished) ; J. Nanda, thesis, Cornell University, Ithaca, 
New York, 1949 (unpublished); M. Gilleo, Phys. Rev. 91, 534 
(1953). 

§R. Van Heyningen and F. C 
(1958). 

* A. Gordon, Phys. Rev. 122, 748 (1961 
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Voltage Dependence 


Although detailed measurements were not taken as 
a function of voltage it was observed that the curves of 
G,/w and C, were sensitive to this parameter. The most 
notable result is that C decreases with increasing 
voltage while G, is insensitive to voltage. f, varies with 
voltages as predicted by Eq. (1a) and the values of G, 
and C obtained by Eq. (2). The sensitivity of C to 
voltage is apparently somewhat dependent on the 
magnitude of the voltage. In one case, an increase of 
the voltage from 0.1 to 0.60 v decreased C by a factor 
of only 0.7, and in another an increase of the voltage 
from 0.5 to 1.0 v decreased the capacitance by 0.8. 
However, when the voltage was increased from 0.5 to 
5.0 v the capacitance decreased by a factor of 0.3. 

Wood” found that C, varied as the inverse square 
root of voltage for values from 0.5 to 100 v at low 
frequency. However, because the relative values of Gi, 
G», and C have not been determined in Wood’s case, 
it is not possible to relate directly this voltage de- 
pendence of C, to a voltage dependence of C. While it 
is not possible with the data available to determine the 
voltage dependence of G, unambiguously, it is possible 
to deduce that for changes in voltage of a factor of 2, 
G» either increased slightly or remained unchanged. 

It is important to note that since these are a 
measurements, the voltage applied to C and Gy» varies 
from zero to the maximum value during each cycle. The 
voltage referred to above is the maximum value. A 
dependence of C and G, on voltage makes the circuit 
nonlinear and thus the values determined from the data 
are time averages. It is also necessary to consider that 
because the applied voltage was maintained constant 
while the frequency was varied the voltage across C 
decreased with increasing frequency, thus tending to 
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Fic. 5. Gp vs temperature for several frequencies 
10 R. Wood, thesis, Cornell University, Ithaca, New York, 1953 
(unpublished). 
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Temoeroture, °K 
Fic. 6. Cp vs temperature for several frequencies. 
cause an apparent increase of C with frequency. Devia- 
tions from the predictions of the circuit of Fig. 1(b) can 
then be expected because of this dependence of C and 
G» on voltage. Further investigations might be best 
carried out with a de bias and a much smaller ac signal 
applied to the sample. However, space-charge effects in 
the bulk of the sample may then 
important. 


become more 


Photoresponse vs Temperature 


The general trend of the temperature dependence of 
reported by 
In Figs. 5 and 6, G, and C, are given as a 


the photoresponse is similar to that 
others.'” 
function of temperature for a few frequencies, and in 


Fig. 7, G,/w is given vs frequency for a few tempera- 


tures. In Fig. 5, data at f=2.0 kc/sec are presented 
over a limited temperature range for the purpose of 
clarity. The data of Fig. 7 can be compared with the 
calculated curves of Fig. 2. C and G; at G,;/G2=40 were 
chosen to match the experimental data at T=75°K 
while G» is somewhat larger than the value obtained 
from Fig. 7, at the same temperature. In comparing 
the curves of Figs. 2 and 7 it must be remembered that 
the curves of Fig. 2 were calculated for constant Gy and 
C, but variable Gi, while all three of the circuit param- 
eters are actually functions of temperature. In general, 
the curves are of the type to be expected from the 
circuit of Fig. 1(b), although there are deviations. 
Because of these deviations, detailed curve fittings 
seem unwarranted at this time. It is, however, possible 
to make a few general statements about the temperature 
dependence of G1, Gs, and C. 

At¥ frequencies such that (Gi+G2)*/(2rC P< f*, G, 
approaches G;. Since this condition is satisfied for 50 
kc/sec, the temperature dependence of G; is given by 


1 W. Lehfeldt, Nachr. Ges 
Fachgruppen ITI. 


Wiss. Gottingen 1, 171 (1935), 
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Taken from the data of Fig. 5. 


the curve of G, at 50 kc/sec in Fig. 5. At low frequencies, 
such that Go(G,;+G:)/(2rC)?>/*, G, and C, are inde- 
pendent of frequency and given by 
G2 cj 
GG. » Ci 


~— (4) 
1+G./G 


(1+G,/G,)" 


so that, at these frequencies, Gz~G2 and C;~C when 
G,/G.>>1. However, the results of curve fitting indicate 
that G,/G2 increases from approximately 1 at 10°K to 
30 at 75°K, therefore indicating that the temperature 
dependence of G, and C, at low frequencies (Figs. 5 
and 6) reflects not only the temperature dependence of 
Gz and C, but also that of G,/G2. The changes of G, and 
C, at 0.20 kc/sec of Figs. 5 and 6 then give upper bounds 
to the changes of G. and C. While the curve fitting data 
indicates that G,; increases by more than two orders of 
magnitude between 10° and 75°K, C increases by 
approximately an order of magnitude. It is to be noted 
that as a function of intensity and wavelength, G; also 
changed by a much larger percentage than C. The 
curve-fitting results can be taken only as suggestive 
because this process is only approximate, and the values 
of the three circuit parameters are such that at the 
lowest highest temperatures the geometrical 
capacitance of the sample should be included in the 
equivalent circuit. 

The increase of the ratio G,/Gz as temperature is 
increased from 10° to 75°K is then evidenced by the 
appearance of a plateau in the curve of G,/w vs fre- 
quency at T=65°K and a pronounced maximum at 
75°K (Fig. 7). The prominence of the maximum de- 
creases with increasing temperature above 75°K 
because of a decrease in G,/G, and a plateau is observed 
in the vicinity of 120°K. 

The maxima in Fig. 5 shift to higher temperatures 
with increasing frequency, while those in Fig. 6 are not 
frequency dependent. In addition, the maxima of Fig. 6 
occur at the same temperature as in the high-frequency 
curve of Fig. 5. All of these observations can be ex- 
plained in terms of the dominance of the temperature 
dependence of G;. It is shown in the Appendix that for 


and 
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constant G, and C and w>G,/C, G, passes through a 
maximum as G; increases, while C, is a monotonic 
function of G;. In addition, the maximum of G, shifts 
to higher values of G, as the frequency is increased, for 
frequencies above approximately 0.5 kc/sec, and is 
outside the G, range in these experiments for />10 
kc/sec. The temperature dependence of G, and C, in 
the vicinity of 75°K can then be explained in terms of 
these relations. 

If G, alone were responsible for the observed tem- 
perature dependence of G,, then a second maximum of 
equal magnitude should be observed when G, decreases 
above 75°K. An indication of this is observed at 2.0 
kce/sec at T=90°K (Fig. 5). That this second maximum 
is not observed at all frequencies suggests that Gs is 
changing more rapidly above 75°K than below it. A 
very shallow minimum between the two maxima would 
not be observable because of the scatter of data points. 

An important result of the temperature dependence 
of G,/w is that f, decreases with increasing tempera- 
tures between 75° and 120°K, thus indicating that a 
time constant which might be associated with /, in- 
creases with increasing temperature. Therefore it seems 
that such a time constant cannot be associated with the 
trapping time of electrons. However, the temperature 
dependence of /, is consistent with the temperature 
dependence of G, and C as determined by Eq. (2). The 
calculated and observed magnitudes of f/f, are 
agreement. 

It is not possible with the data available to describe 
all of the structure of the curves of Figs. 5 and 6. The 
maxima in the vicinity of 23°K, which are discussed 
briefly later, were observed only during this series of 
measurements. Previous measurements of the total 
photocurrent in the same sample did not reveal these 
maxima although a break in the curve was observed at 
about the same temperature. Data taken by Wood 
also exhibited a break in the curve at about T=20°K. 
The sample which showed these peaks received ultra- 
violet irradiation between 80° and 210°K and had 
passed through many cycles of cooling from room to 
liquid nitrogen temperature, uv irradiation, and then 
warming to room temperature between the two sets of 
measurements. Observation on a fresh sample taken 
from the same piece of AgCl did not show this structure. 
The data of Figs. 5 and 6 have not been corrected for 
the temperature dependence of the absorption coeffi- 
cient of AgCl and thus for changes in the density or 
distribution of the absorbed photons. 


also in 


IV. DISCUSSION 
Observations at 80°K 


The data indicate that an explanation of the photo- 
response in terms of the equivalent circuit parameters 
must satisfy the following: (1) G, and C are approxi- 
mately linear circuit elements; (2) C does, however, 
decrease with increasing voltage; (3) Gs increases with 
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light intensity; (4) C changes in the same fashion but 
to a lesser degree than G,, as a function of intensity, 
wavelength, and temperature. In addition, the varia- 
tions of G;, the bulk photoconductance, with the various 
quantities must be considered. A discussion of G, and C 
is followed by a brief discussion of G. 

The dependence of C on voltage suggests that this 
capacitance is associated with an exhaustion region and 
it is interesting to consider the possibility that this 
exhaustion region is due to a potential barrier at the 
sample electrode interface. For the conditions of this 
experiment there will be then a forward biased junction 
at one electrode and a reversed biased junction at the 
other. The impedance of the forward biased junction 
should be negiigible compared to the reversed biased 
junction and the bulk of the sample. If this were not 
true the equivalent circuit would be that of Fig. 1(a) 
rather than Fig. 1(b) with the primed and the unprimed 
quantities not equal. The exhaustion region occurs at 
the reversed biased junction. Potential barriers could 
also occur at internal boundaries. 

For the exhaustion layer the dependence ot the 
capacitance on voltage is related to the distribution of 
positive charge in the layer and to the height of the 
barrier. For a Schottky type layer the differential 
capacitance is given by 


eegK,.V eck, 
c ( —-) a=", 
2(Vat+V p) l, 
where Vy is the portion of the applied voltage across 
the junction, V p is the potential height as seen from the 
AgCl, N is the density of positive charge, A, 
dielectric constant, €) is the permittivity of free space, 
I, is the thickness of the barrier region, and A is the 
area.” By taking (Vg+V>p) of the order of a volt, 
A=0.2 cm®, K,= 12.3, and C= 300 yuf for the conditions 
of Fig. 3, we find V~5X10" cc“ and 1,5 X10 cm. 
Since in some cases C is an order of magnitude smaller, 
the barrier thickness can be proportionally larger. The 
positive charge in the exhaustion region may be 
associated with ionized donors, trapped holes, or valence 
band holes if the mobility is sufficiently small.'*"* While 
it is assumed in obtaining Eq. (5) that V is constant as 
a function of distance from the barrier, the actual 
spacial distribution of V can be determined by detailed 
measurements of C vs voltage. The capacitance C from 
Eq. (5) may increase with light intensity or wavelength 
either because of an increase of V or a decrease of V p. 
Since C varies monotonically with G; and so presumably 
with the density of mobile electrons, it seems reasonable 
to conclude that N is determined, at least in part, by 


is the 


2H. K. Henish, Rectifying Semiconductor Coniacis (Oxford 
University Press, New York, 1957), pp. 202, 214. 

18 F. C, Brown, Phys. Rev. 97, 355 (1955) ; M. Werman, thesis, 
Cornell University, Ithaca, New York, 1956 (unpublished) ; 
M. Werman, Office of Naval Research Technica] Report No. 1, 
NR 014-402, 1956 (unpublished) 

4 A. Michel, Phys. Rev. 121, 968 (1961). 
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holes produced by illumination and that the changes in 
C are due primarily to changes in V. 

It is interesting to consider briefly the current through 
this type of barrier. If the barrier current is determined 
by a reverse-biased junction it is important to note 
that it is related only to electron emission into the silver 
chloride and to diffusion in the barrier region. Therm- 
ionic emission is considered in the diode model but in 
addition diffusion is considered in the diffusion model.” 
While neither the diode nor the diffusion models predict 
current-voltage Henish® has 
that tunneling are 
considered the current-voltage curve can, in some cases, 
be approximately linear. It therefore may be reasonable 
as a first approximation to represent the barrier current 


characteristics, 
when image forces and 


linear 


shown 


by the circuit parameter Ge. It is not clear, however, in 
the present case whether the diffusion model or the 
diode model is appropriate. Estimates of the mean free 
path (see Mott and Gurney’ and Low and Pines!®) 
give values of the order of 10-® cm at 80°K and thus 
much smaller than the barrier thickness, suggesting 
considerable scattering in the barrier region. While it 
is therefore difficult to specify the detailed processes, it 
is at least possible that the current-voltage character- 
istic is determined in this case by a combination of 
electron scattering in the barrier layer region and the 
effective dependence of the potential barrier height on 
image forces and tunneling. 

An increase in barrier current, and thus in Gy», with 
increasing light intensity can be attributed to image 
force effects or tunneling. The increase in C with inten- 
sity (Fig. 4) indicates that .V, the density of positive 
charge in the barrier region, has increased. This increase 
in .V will increase the field at the metal-electrode inter- 
face and so decrease the barrier height in the same 
manner that the work function of a metal is decreased 
by an external field when the image force is considered. 
assumed that hole 
currents are negligible but that holes are produced 
throughout the volume of the photoc onductor. However 
there are observations which indicate that it may be 
necessary to consider hole motion. The bar samples 
have been illuminated such that either the whole region 
between electrodes was excited or such that only a slab 
parallel to the electrodes but isolated from both was in 
the light beam. The wafer samples have always been 
irradiated through one electrode such that electrons 
and holes should be produced throughout the region 


In the above discussion it is 


between the electrodes. Therefore if holes are completely 
immobile, quite different space charge conditions should 
be found for these different conditions of excitation. 
However, the same general frequency response is 
observed for the various conditions and the values of 
G, and C are approximately the same. This will be the 
case only if electrons and holes can diffuse throughout 

18N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 


Crystals (Oxford University Press, New York, 1948), p. 104. 
® F. Low and D. Pines, Phys. Rev. 98, 414 (1955). 





110 Dp. A: VG 


the volume of the crystal in those cases of nonuniform 
illumination. In addition the capacitance increases 
monotonically with the bulk conductivity as a function 
of intensity, wavelength, and temperature. This can be 
attributed to an increase in the density of holes in the 
exhaustion region only if the holes are produced in the 
exhaustion region or can diffuse to this part of the 
crystal. The similarity of the data when all or only a 
portion of the sample is illuminated suggests that the 
exhaustion region is near the surface. Alternatively it 
may be possible to produce electrons and holes outside 
of the region of illumination by radiative transfer of 
energy resulting from electron and hole recombination 
or exciton decay in the region of illumination. 

If holes are mobile it is necessary to consider this 
possible contribution to a barrier current since there 
should not be a potential barrier to hole motion if there 
is a barrier to electron motion. An approximately linear 
current-voltage relationship and a G2 proportional to 
G, as a function of intensity may then be reasonable. 
The dependence of C on voltage and intensity will 
depend on the ratio of mobile to trapped holes. If the 
density of mobile holes is approximately the same as 
the density of mobile electrons in the bulk of the 
insulator, the data indicate that the density of trapped 
holes should be much greater than the density of mobile 
holes. In this case the explanation of the dependence 
of C on voltage and intensity is unaltered. 

The above discussion is given in terms of an exhaus- 
tion layer associated with a potential barrier at the 
sample electrode interface, where the height of the 
barrier is determined either by the appropriate work 
function and electron affinity or by surface trapping. 
The insensitivity of the results to the type of electrode 
suggests that the barrier height is determined by 
trapping.” '? Surface trapping in this context is con- 
sidered to take place in a layer of a few angstroms thick- 
ness rather than in the thick layers of the exhaustion 
region. The negative charge could however be distri- 
buted throughout a layer of the thick type at the surface 
due to a local high density of traps as proposed by 
Van Heyningen and Brown’® and others.*:*'"* The above 
discussion is not altered in a qualitative way for a 
barrier of this sort as there still will be an exhaustion 
region between the thick surface layer of electron traps 
and the bulk of the sample. If the trapping in a thick 
surface layer is important the frequency response should 
be a function of surface preparation. 

It is also possible to associate G, with a region at the 
surface having a lower conductivity than the bulk due 
to lifetime or mobility considerations. If trapping and 
possible space charge in this region are neglected, the 
equivalent circuit will be that of Fig. 1(a) where 
Gs~G,'. If holes are immobile there will be, when a 


17 J. Bardeen, Phys. Rev. 71, 717 (1947). 
178 Evidence for trapping in the surface layers is also given by 


\. M | and G. Warfield, Phys. Rev. 120, 1142 (1960). 
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voltage is applied, an exhaustion region between the 
bulk and the surface layer at the negative electrode. 
This case is attractive because of the possibility of 
obtaining a linear barrier conductance which increases 
with intensity in the same fashion as G,. Of course it 
may be necessary to consider a low-conductivity region 
near the surface in addition to a potential barrier at the 
sample electrode interface. 

It is necessary to discuss briefly a third and com- 
pletely different interpretation of the frequency re- 
sponse of the AgCl-electrode system. In all cases at 
80°K in which a maximum in the curves of G,/w vs f 
has been observed, the photocurrent decay time has 
been of the order of milliseconds or larger, while when 
the maximum was not observed the decay time was 
generally of the order of microseconds.** In particular, 
the decay time of silver chloride as grown at Cornell 
has been in many cases short and a maximum in the 
curve of G,/w vs f was not observed. However, after 
annealing in vacuum at 400°C for eight hours and slow 
cooling the decay time was increased appreciably and a 
maximum appeared. In one case an annealed wafer-type 
sample contained regions of slow decay and at least one 
region of fast decay. The regions of slow decay showed 
a maximum while the other did not. The photocurrent 
decay of as-grown silver chloride obtained from Kodak 
was of the slow type at 80°K and a maximum was ob- 
served. Since on the basis of the circuit of Fig. 1(b) a 
maximum is observed only if G,/G.>8, annealing must 
increase this ratio. If it is assumed that the photocurrent 
decay time is a measure of the electron lifetime, a slow 
decay indicates a long lifetime and thus a large value of 
G,. Therefore the relationship can be explained qualita- 
tively in terms of this circuit. 

It is also possible, however, to explain this relation- 
ship between the decay time and the frequency response 
by another model, a kinetic analysis of which has been 
given by MacDonald.' He has found a relaxation 


process, observable as a maximum in the curve of 
the 
carriers which is analogous to that found for the circuit 
of Fig. 1(b). However, in addition he 
relaxation associated with the lifetime of the 
which is observed only when the lifetime is above a 


G,/w vs f, associated with the transit time of 


has found a 
carriers 


minimum value. The latter result is similar to the 
behavior observed here. MacDonald has made several 
assumptions, including the following: blocking elec- 
trodes, bimolecular recombination, and no trapping. A 
lifetime-dependent relaxation is then found whenever 
the lifetime is sufficiently greater than the transit time 
through the sample. This medel predicts the correct 
direction for the changes of f, for most of the observa- 
tions. However, the above assumptions make it difficult 
to apply this model to silver chloride under the experi- 
mental used in this investigation. The 
frequency responses clearly indicate that the electrodes 
are not completely blocking, the photocurrent char- 
acteristics have never been observed to be strongly 


conditions 
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bimolecular, and trapping is certainly important.? In 
addition, a second relaxation process, predicted by 
MacDonald’s analysis, has never been observed. On 
the other hand, the relaxation frequency f, behaves as 
predicted by the circuit of Fig. 1(b) on the basis of the 
observed dependence of G; and C on intensity, voltage, 
wavelength, and temperature. In addition, there is 
evidence that the photocurrent decay is dependent on 
trapping characteristics and not directly on the electron 
lifetime.?* It therefore seems reasonable to conclude at 
this time that the structure of the curve of G,/w vs f is 
rot directly associated with the electron lifetime as 
predicted by the model analyzed by MacDonald. The 
electron lifetime and trapping may be altered by 
annealing so that an increase in the photocurrent decay 
times could indicate a change in both, while an increase 
in G; indicates an increase in lifetime. In addition, 
surface states, and thus the potential barrier, may be 
altered by annealing. For these reasons it is not surpris- 
ing that the ratio G,/G, can be increased by the anneal- 
ing procedure. 

G, is assumed to be the bulk conductivity of the 
sample and therefore is the quantity generally of interest 
in photoconduction experiments. In the absence of 
space charge outside of the barrier region we have 


Gi= N ep A /, (0) 


where .\V, is the steady-state density of conduction elec- 
trons, w the microscopic mobility, and A and / are the 
appropriate dimensions. Since the circuit is approxi- 
mately linear we might suspect that space charge is not 
important outside of the exhaustion region. This is 
reasonable if the forward biased barrier does not offer 
high impedance to charge motion. An estimate of the 
possible importance of space charge can be made by 
comparing the carrier transit time to the period of the 
applied field. Of course space charge effects will be most 
important at low frequencies. The rise of the observed 
C, above the calculated value as shown in Fig. 3 at low 
frequencies might be due to such effects. However, 
since similar frequency responses have been found for 
both the bar and wafer samples in which the transit 
times are quite different, it is suggested that space 
charge is not important and that the forward biased 
barrier does not impede charge motion. If G2 is associ- 
ated with a region of low conductivity rather than a 
potential barrier, space charge may be important if elec- 
trons become trapped in this region and the holes are 
not sufficiently mobile to neutralize the electron charge. 

From the data of Fig. 4, if space charge is assumed 
negligible, the average density of electrons in the con- 
duction band is found from Eq. (6) to increase from 10"° 
to 3X10" per cc as the intensity is increased. The 
mobility is obtained from the work of Brown." A linear 
increase of .V, with intensity deduced from the data of 
Fig. 4 indicates that the recombination processes are 
monomolecular. 
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Fic. 8. G,/u and 1/r vs 1/T. Gp is taken at 50 kc/sec. 7 is the 
time constant of an exponential portion of the photocurrent decay 


curve (see text). 


Temperature Dependence 


It is instructive to consider briefly the temperature 
dependence of the three circuit parameters. A discussion 
of G, is followed by a few remarks about C and Gy». In 
the absence of space charge the bulk photoconductance, 
G, is given by Eq. (6) where only .V, and y are functions 
of temperature. The mobility as determined from Hall 
measurements!’ decreases monotonically with increasing 
temperature. Between 75° and 180°K, G, decreases 
slightly faster than wu, indicating only a small decrease 
in .V,, perhaps by a factor of 2. Below 75°, G; increases 
rapidly with temperature; thus V, must also increase. 
This can come about by a decrease of the time electrons 
spend in traps. It could also be caused by a decrease in 
efficiency of recombination, or by thermal excitation of 
electrons from excited states in the forbidden band into 
the conduction band. However, according to Van 
Heyningen and Brown’ the quantum yield of photo- 
excitation does not increase appreciably between 6.5 
and 80°K. In addition the luminescence is temperature 
independent in this temperature range, but appears to 
be associated with the same trapping levels as the 
photo onductivity.?? 

In comparing the present results with the mobility 
measurements mentioned above, one has to bear in mind 
that the Hall measurements were made by a pulse 
method with very low total light intensity, while the 


18K, Kobayashi and F. C. Brown, Phys. Rev. 113, 507 (1959) 
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measurements here were made under steady illumina- 
tion. It is known that the photoresponses under these 
two conditions are very different and it is possible that 
the values of the mobility will be different and that the 
temperature coefficient may even change its sign. Also 
differences in the purity and perfection of the crystal 
may give rise to differences in the temperature depend- 
ence of the mobility. 

In the trapping will be assumed as an 
important factor in the temperature dependence of G. 
A’ comparison photocurrent decay after 
removal! of illumination, where trapping is also impor- 
tant, is indicated. This decay shows an exponential tail 
between 28° and 52°, whose time constant 7 decreases 
exponentially with increasing temperature. A plot of 
In (1/7) vs 1/T yields a straight line (see Fig. 8) whose 
slope corresponds to an activation energy of 0.026 ev. 


following, 


with the 


If we assume that the measured decay is a measure of 
next section), then this data 
suggests a trapping level with this thermal activation 
energy. G,, as determined from G, at high frequencies 
also increases exponentially with increasing temperature 
between 30° and 65°K with an activation energy of 
about 0.01 ev. If a quantity proportional to .V, is calcu- 
lated by dividing G; by the Hall mobility referred to 
above, an activation energy of 0.027 results, about equal 
to that of the decay time, as shown in Fig. 8. This sug- 
gests strongly that the temperature dependence of 7 and 
\, are related to the same trapping process. Data of the 
type of Fig. 8 are unfortunately available for only one 
sample. However, the general behavior of G; and r in 
other samples is very similar. 

The meaning of the slopes obtained from Fig. 8 is, 
however, dependent on the kinetics of trapping and 
recombination. As an example, consider that the total 
density of excited electrons is V’ but that the fraction 
of time in the conduction band is determined by the 
trapping time rr and the time for escape from traps r,. 
The density of electrons in the conduction band is then 


y= [N'rq \TT T Te 


the decay of G; (see 


LEN'r2 Te=N'rrbpe-F!*T, (7) 


7 


where the approximation is valid when 7.>>rr; 7, is 
assumed to vary exponentially with temperature. Since 
rr will be fairly insensitive to temperature, .V, will 
increase exponentially with temperature if the kinetics 
are such as to give a constant .V’. A similar argument is 
used by Brown and Kobayashi" to explain the tempera- 
ture dependence of the drift mobility between 40° and 
80°K and they deduce an energy of 0.03 ev. Since the 
time constant of the tail of the conductivity dec ay can 
be interpreted as the escape time from traps, the slopes 
in Fig. 8 give the activation energy for this trap.’ 
Alternatively it can be shown that in special cases of 
second order kinetics the slope of Fig. 8 will be equal to 
one half of the thermal activation energy associated 
with the trapping states.’ It may be mentioned that a 

19 F.C. Brown and K. Kobayashi, J. Phys. Chem. Solids 8, 300 
(1958). 
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slope of 0.05 ev, or approximately twice that of Fig. 8, 
was obtained from the temperature dependence of the 
luminescence.’ However, it seems that a much more 
detailed study of the kinetics must be made before a 
valid comparison between luminescence and photo- 
conductivity can be made in this way. 

It is possible to associate the maxima of Fig. 5 at 
about 23°K with the same trapping level discussed 
above. An extrapolation to 23°K indicates a lifetime of 
the trapping states of 17 sec. It is therefore possible that 
this maximum is due to a thermal glow type response 
superimposed on the steady-state conductivity vs 
temperature curve. The heating rate in this temperature 
range was 0.4 degree per minute. The energy associated 
with a thermal glow process can be estimated from the 
relationship 

E=kT x \nbo, 8 


where 7,, is the temperature of the maximum and @y is 
the attempt frequency.” From this relationship we find 
E=0.054 ev for T,,=23°K and b)= 10" sec. However, 
from the 1/7 curve of Fig. 8 an attempt frequency of 
approximately 10° sec! is obtained. While 
exceptionally low value, substitution into Eq. (8) yields 
an energy of 0.03 ev in satisfactory agreement with the 
slope of Fig. 8. Nevertheless because of the approximate 
nature of Eq. (8) the difference between 0.023 and 0.054 
may not be significant. More precise methods of obtain- 
ing E have been developed for cases where the shape of 
the glow-curve and a kinetics Van 
Heyningen and Brown* have reported electrical glow 
peaks in this same temperature range. 

The temperature dependence of the capacitance C, as 
deduced from C, at f=0.2 kc/sec, Fig. 6 and from curve 
fitting, follows the temperature variations of Gi, as 
deduced from G, at f=50 kc/sec, Fig. 5. The fractional 
change in C is much less than that of Gi, as is also the 
case in the variation with intensity and wavelength 
discussed earlier. V,, the density of electrons in the con- 
duction band, is found to have the same general tempera- 


this Is an 


are known.*! 


ture dependence as G; when the mobility is considered 
[Eq. (6) ]. These data then further indicate the possi- 
bility that V, the net density 
the exhaustion region [see Eq. (5) ], is a 
function of V,, thus suggesting further that at least a 
portion of NV arises from holes produced by the illumi- 
nation. Of course, Vp in Eq. (5), the barrier height, 
may also be a function of temperature, especially if Vp 
is determined by surface trapping, since the density of 
stable traps can be very sensitive to temperature. 
However, variations of Vp are expected to have a much 
larger effect on the barrier current, i.e., on G2, than on C. 

If Gz is associated with a potential barrier, it can be 
expected to increase exponentially with temperature. 
However, as noted above, the activation energy associ- 


20 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc 
A184, 366 (1945). 

21 See, for example, A. Halperin and A. A 
117, 408 (1960). 
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ated with the barrier may itself be temperature de 
pendent. If the height of the barrier is determined pri- 
marily by surface trapping as suggested by the insensi 
tivity of the results to the type of electrode, large 
changes in the barrier height as a function of tempera- 
ture might be expected. In addition, the temperature 
variation of .V will affect the height of the barrier due to 
image force or tunneling considerations. It is therefore 
not unreasonable that Gy, i.e., the barrier current, should 
increase between 10° and 78°K but less rapidly than G,, 
as observed. While it is not possible from the data avail- 
able to determine whether G» increases or decreases be- 
tween 75° and 120°K, there is certainly no large change 
in this parameter. Above 120°K a meaningful measure 
of G» could not be obtained. If Gs were associated with a 
region of lower conductivity rather than a potential 
barrier the increase of Gs between 10° and 75°K would 
indicate that the density of carriers in this region is not 
determined by the same kinetics and/or trapping levels 
as in the bulk. 


V. PHOTOCURRENT MEASUREMENTS 

It is apparent from the frequency response of the 
equivalent circuit that the dependence of the total 
photocurrent on temperature, intensity, wavelength, 
and voltage does not give directly the dependence of 
the bulk photoconductance G; on these same variables. 
Instead it is necessary to consider that G2 and C are also 
functions of the same variables so that, in general, all 
three circuit parameters must be considered simul- 
taneously. Most often, however, photocurrent exper! 
ments are performed to obtain G, and thus quantities 
such as the density of carriers or the mobility. In this 
case, it is sufficient to make the measurements at high 
frequencies where the barrier is effectively shorted by 
the capacitance C. However, there arises a difficulty 
because of the stray capacitance in parallel with the 
sample. The photocurrent is then the difference between 
the total currents during and without excitation. In the 
present experiments this difference was small in most 
cases at high frequencies and thus difficult to obtain 
accurately. In some experiments a bridge circuit could 
be used to circumvent this difficulty. If G,/G.>>4 it is of 
course possible to obtain all three parameters from Eqs. 
1) and (2) if the frequency range is appropriate. 

\lternately a curve-fitting procedure can be used. 
Because deductions about electron trapping have 
been made from the decay of the photocurrent it is 
necessary to consider briefly the degree to which this 
decay follows that of G;. While a detailed study was 
not made, observations on one crystal indicate that the 
time of decay to 1/e of the initial value is insensitive to 
frequency between 0.2 and 200 ke/sec, though some 
minor changes with frequency in the shape of the decay 
curve were observed. This insensitivity of the decay to 
frequency can be at least partially understood in terms 
of the observed intensity dependence of Gi, G2, and C 
at 80°K. Gs is found to increase approximately in the 
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same fashion as G; with increasing intensity, while C is 
fairly insensitive to this variable. Since the same condi 
tions can prevail during the decay, it is not unrealistic 
to assume as a first approximation that G2 is propor- 
tional to G; and that C is constant. The decay time at 
very high and low frequencies should then be the same 
as observed, while the initial current decay at inter- 
mediate frequencies should differ because in this 
approximation C does not decay. The actual conditions 
must be such that the change in the decay time at 
intermediate frequencies is small. It is also important 
to note that, within the above approximation the 
current will be proportional to G, at all frequencies after 
G, has decreased sufficiently so that Gi<<wC. It then 
seems possible to conclude that the tails of the photo- 
current decay curve represent the decay of G; and of the 
density of carriers. 


VI. SUMMARY 


It has been demonstrated that the silver chloride 
electrode system can be described by the circuit of 
Fig. 1(b). The dependence of the capacitance C on 
voltage indicates an exhaustion layer and possibly a 
potential barrier, presumably at the sample-electrode 
interface. From the magnitude of the capacitance, it is 
deduced that the exhaustion region is thick and the 
variation of C with intensity, wavelength, and tempera- 
ture suggests that at least a component of the positive 
charge in the exhaustion region is due to holes generated 
by the illumination. An insensitivity of the results to 
the type of metal electrode or the type of contact, plus 
the temperature dependence of the barrier current, indi- 


cates that the barriers may be determined primarily by 
surface trapping. Further studies of the barrier can then 
yield information about the surfaces or surface layers 


of ionic crystals. The observations can also be described 
in terms of surface regions of lower conductivity than 
the bulk. Detailed function of 
intensity and voltage should permit a choice between 
these two explanations of the data. The observations 


measurements as a 


clearly indicate the necessity of considering the effects 
of potential barriers and surface layers in the inter- 
pretation of photoconduction experiments. The tem- 
perature dependence of the bulk conductivity and the 
photocurrent decay between 10° and 75°K indicate the 
importance of electron trapping in this temperature 
range. 
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Vil. APPENDIX 


The equivalent parallel conductance and capacitance 
of the circuit of Fig. 1(b) are: 


Gf 1 + (G» wl )*( 1 +G, G2) | 
G,= 


1+ (G2/wC)?(1+G),/G2)" 


GY? w°C 
Cp= ie i 
1+ (G2/wC)?(1+G,/G2)" 


At low frequencies such that G2(G,+G:2)/ (wC)*>1, 


G» ¢ 
Gy : Cs 


14+6./6, (1+-G./G,)* 


And at high frequencies such that [(G)+G2)/oC | 


Gy~Gi; Cy~G2/wC. 


G,/w vs Frequency 


By equating d(G,/w)/dw to zero the following 


relationship is obtained: 


G, > G; Gy; 
EMODCD 
Cc Gy Ge 


G2\4 
i. 1+ 
C 
Real and positive roots are obtained when: 


(2—G, G,)* 
——-31, 
4 1+G, Gp) 
which is satisfied if G,/G.> 8. If G,/G.>>4, the solutions 
of Eq. (4) are: 
(6) 


Wm (G1G> WwW ™~(G, G 
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By substitution of (6) in (1), we obtain: 
for W=Wmn: 


for w=wu;: 


» vs G, 
By setting dG,/dG,=0 the following relationship is 
obtained : 

GPLG2— (wC)?J+G,(2G2)[G2+ (wC) 

- [G2 ‘a wC . ly 


The possible positive root of this equation is 
[wl ‘ G |, 


so that G, contains a maximum, minimum, or inflection 
It can be shown that it is a 


G,,=[G2+ (eC) (10) 


point only when wl>Gp». 
maximum. For frequencies just above w=G2/C, G, 
frequency. However, by 
increases with 


decreases with increasing 
differentiation of (10) it is found that Gy, 
increasing frequencies when w> 2.41G2/C. 


Curve Fitting 


The equivalent series conductance and capacitance e 
of the circuit of Fig. 1(b) are 


We then find that 


G2o=wl (C,/C (12a) 


G ; : (12b) 
1— (G,/wC arte ) 


It is then possible to obtain G; and G by ( hoosing gc 


to obtain the best fit to Eqs. 12). 
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Selection Rules Connecting Different Points in the Brillouin Zone 
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Selection rules for indirect radiative transitions and for intervalley scattering are investigated for Ge and 


Si. Comparison with experimental results of Haynes and of Benoit a la Guillaume supports 


1) the present 


picture of the band structure of Ge with a conduction band minimum at the zone boundary, (2) the assign 
ment of Ly as the symmetry of the LA phonon at the zone boundary in the [111] direction. The absence 
of the LA phonon in the Haynes radiative emission experiment still requires explanation. To obtain the 
required selection rules we take the product of two irreducible representations i and j that belong to different 
wave vectors k and k’. The resulting character product is expressed in a form appropriate to a third group 
Gy at k” =k-+k’. If the elements of Gy. are applied to k to generate a star and V(C) is the number of points 
of the star invariant (or equivalent) under any element R in the class C (of Gy) then the character product 
is V(C)(x*(R)x?(R)) i.e., N(C) times the product of the characters averaged over those R in C which belong 
to Gy and Gy (i.e., those whose characters can be found in the tables at k’ and k” 


THE PROBLEM 


NTERVALLEY scattering of electrons and indirect 

transitions of electrons from the top of the valence 
band to the bottom of the conduction band, as seen in 
Ge and Si, are examples of processes in which different 
points of the Brillouin zone are connected by a per- 
turbation—in this case due to phonons. Selection rules 
concern the vanishing or nonvanishing of an integral 
of the form 


[vitove(kny.(k nar, (1) 


where y¥,'(k,r) is a “Bloch wave” which belongs to the 
Ath row of the ith irreducible representation of the 
group G, of the wave vector k, etc. 

In Eq. (1) we can choose y'(k,r) to represent an 
initial electron state, ¥,"(k’’.r) a final electron state 
and y,/(k’,r) as that portion of the perturbation 
Hamiltonian due to light, phonons, etc., which trans- 
forms according to the uth portion of irreducible 
representation j with propagation constant k’. 

In an experiment we are not concerned with an 
individual matrix element (1), but with transition 
probabilities which involve the absolute square of 
matrix element (1) summed over all final states of the 
same energy (i.e., over v and over the star of k’’) and 
averaged with equal weight over the initial state (i.e., 
aside from a constant factor, one also sums over \ and 
the star of k). This complete sum can be shown to be 
independent of u and of which point of the star of k’ 
is used. In other words, the experimentally observable 
results involve selection rules connecting complete 
representations, and not the more stringent rules which 
connect particular members of representations. 

Character tables are available for the factor groups 
Gy/Ty, Ge/Te, and Gyr /Ty. [Here Ty is that in- 
variant subgroup of the pure translations (et) such 
that exp(ik-t)=1.] Conventional methods for deter- 
mining selection rules by taking products of characters 
depend on the three wave functions transforming 


according to irreducible representations of the same 
group. Since it is inconvenient to work with the com- 
plete space group, Elliott and Loudon! have suggested 
that one consider the group of elements G, common to 
Gy, Gy, and Gy. If T, is the corresponding intersection 
of Ty, Tx, Tx, Elliott and Loudon suggest that 
conventional group theory may then be applied using 
the irreducible representations of the (generally) new 
factor group G,/7’,. This procedure, while correct, may 
require the construction of a new group and a new 
character table. Indeed, Elliott in constructing such 
character tables indicates that it is convenient for these 
computations to construct a complete character table 
including those in which the character of an element 
(e t’), say, of Gy, is the dimension of the representation 
times exp(ivk-t’) with integers ” other than unity. 

The purpose of this note is to show that the selection 
rules may be derived using only existing character 
tables, and only the representations already found in 
those tables. 


THE NEW METHOD 
We take for granted the selection rule 
k+k’=k”, (2) 


which follows from the translations, where = implies 
that the two sides of the equation are equal, or equiva- 
lent (differ by a reciprocal lattice vector). 

The conventional method of obtaining selection rules 
for (1) .is to use any two factors say yy'(k,r)y,/(k’,r’) 
as a basis for constructing a product representation 
Pr), One then decomposes the product representation 
to see if it contains I. This procedure is predicted on 
the assumption that 7, 7, and m constitute represen- 
tations of the same group, whereas we prefer to regard 
them as belonging to three groups, 


Gx Pe Gy Ty and Gy. Ty te 


The inadequacy of the usual procedure, in our 


1R, J. Elliott and R. 
(1960) 


Loudon, J. Phys. Chem. Solids 15, 146 
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present situation, may be summarized by the statement 
that the set of wave functions ya'(k,ny,?(k’,r’) for all 
A and gw may not span a complete representation of 
Ty in the sense that an element S of the latter 
group may take one outside our starting set of wave 
functions. We must therefore augment our original 
product functions by using as a basis, the set 


Gy 


SW! (kr)y,?(k’,r’), 


(3) 


where A and uw run over their usual values, and S runs 
over the factor group Gy Ty 

or re 

| The above statement may seem mysterious if we 
happen to remember that the elements S of a factor 
group Gy Ty, are cosets. However, these cosets have 
the form (@ *)7,- and for any elements of the trans- 
lation group 7, we have 


(kr 


Ted ¥(k’’,r), 
as essentially the definition of the group 7. Hence, 
all members of any one coset produce the same action 
in ¥(k’’,r). For calculational purposes, we then do what 
we would have done without thinking, namely use for 
S not a coset, but any “representative element” of that 
coset. Since ¥(k,r)y(k’.r’) has the same translational 
properties as ¥(k’’,r), it is legitimate to regard S in 
Eq. (3) as such a representative element. | 

Of course, not all the elements S in Eq. (3 
produce new wave functions. 


will 
Bearing in mind this 
possible redundancy, we may calculate the character 
of an element R in the class C of the factor group 
; Ty in the form 


by f ftsercneaey 


K RSYy ‘(kyr y7( kr’ )drdr’, | 


Cry 


4) 


where r is an integer we divide by to eliminate the 
redundancy. However, a matrix element of the form 


fv (k.r)*S“RSY'(kyr)dr 


vanishes unless S~'RS leaves k invariant or changes it 
by a reciprocal lattice vector, i.e., unless S-'RS belongs 
to the group at k. If the sums over \ and yu in (4) are 
performed we obtain 

(1/7) Sis xi(SORS)y(S“RS)I(S“RS), 


x'*7(¢ (6) 


where J(’)=1, if U’ is common to the groups at k, k’, 
and k” (i.e., belongs to G,/T,) and zero otherwise. 
Note that S-'RS automatically belongs to k’” since 
each fac tor does, 1.€., 


SoARSK” =k’. 
If therefore, 


S“RSk=k, 


J. 


HOPFIELD 

then the same relation is obeyed for k’ by subtraction. 
Thus in practice, we need only use J(l’) to “project” 
into the groups at k or k’ but not both. 

Since the sum over S takes SRS through the class 
C (an integral number of times), Eq. (6) automatically 
yields a result that is independent of which element R 
of C is chosen. We can rewrite (6) in the more useful 
form: 

VX (C)=lx' (C)x7(C))K, (9) 
where 


(x'(C)x7(C) 


=P xi(SRS)x4(SRS)I (SRS) /Y I(S RS 


S 


x(R)x(R)J(R) XS ICR 10) 


vin ¢ R 


is the character product averaged over the elements 

R in the class C of k” which belong to the common 

group and 
K=(1/r)>- 


I hu® 


J(S“RS) (11) 


has a simple geometric interpretation. If we let |k 
denote the point |k) in the Brillouin zone, then the set 
Sk) constitutes a set of noneguivalent points |k 

repeated with a redundancy r. We may refer to the 
nonequivalent set of points |k;) as the k” star of k (or 
substar since it is generated from k) using the elements 
of the group at k” rather than the group at k”=0). 
We can now write 


J(S“RS)=(k! SRS | k), 


(12) 


which is one 
or not. Thus, 


or zero according as S-'RS belongs to k 


we can rewrite Eq. (11 


K=(1/r) 3s (Sk R Sk)=>0 (k; Rk (13) 
in the form of the trace or character of R in this substar 
representation which is no longer redundant. Equation 
(9) can then be written more mnemonically as 

x'%(C) =X (C)X7(C)) NV x star e(O), (14 
where A= \V xq star x(C) is the number of points |k; 
of the substar which are unchanged by (invariant or 
equivalent under) any element R of the class C. This 
substar simplifies in several cases. If k’’=0 the substar 
is identical to the usual star. If k or k’=0, the substar 
has only one prong, and A=1 or 0, so that the last 
factor in (14) can be omitted providing the average 
over the nonvanishing contributions to the character 
product is taken to be zero when there are no such 
contributions. 


DISCUSSION OF GROUP THEORETICAL RESULTS 


If those elements R of the class C in the group at 
k” which contribute (i.e., belong to the groups at k 
and k’) belong to a single class in k, and to a single 
class in k’, then a typical character product agrees with 
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the average character product and the averaging process 
indicated in (14) may be omitted. This may occur in a 
trivial way when only one element R in C contributes. 
It will often occur by accident. A nontrivial case, in 
which these conditions are automatically satisfied, 
occurs when k’=0 since the group at k”=k is then a 
subgroup of that at k’=0 and the classes at kK are 
contained within those at k’=0. For the case k’=0 
then one merely takes x‘*/(C)=x'(R)x?(R) where R 
is any element in C. 

The final formula (14), that we use in our applications, 
is independent of the redundancy r. However, this 
redundancy is known. If S|k)=R/k), then S?R=U 
is a member of the common group G,/7, of order hy. 
Thus the 4, members of the coset SU (where U runs 
over the common group) produce the same point S| k 
of the star, and the redundancy factor is 


v=h,. (15) 


the order of the common group. In order to keep the 
number of translational elements the same, let us use 
the factor groups G:/7., Ge /T., Ger /T,, and G,/Ts. 
The distinct elements of the k” star of k are then pro- 
duced by the elements of the factor group 

(Gye /T,)/(G,/7T.)= (Gy /G;), (16) 
if G, is an invariant subgroup of Gy. In any case, the 
use of the left cosets SU tells us that the number of 
clements in the star is: 


Vier’ star e((e|0))= My /hs, 17) 


where Ay and Ay are the orders of the factor groups at 
k” and k with the same number of translational ele- 
ments removed from each and (#0) is the identity 
element. Since k”=0 yields the complete star of k, 
we have the inequality 


Nye / Ne <ho/ Ny, 


—_ hy Jt ho, 18) 


where /io is the order of the factor group at k”=0. This 
inequality is useful in checking whether one has found 
all of the h, elements of the ‘common group.” 

We have chosen to express our results (13) in terms 
of a geometric representation, the k” star of k whose 
properties are readily visualized, and whose characters 
can be calculated mentally. This is just a device, 
however, to avoid using the common group G,/7,. If 
we have this group available, then we could evaluate 
(11) in a different way using the class rearrangement 
theorem: 

hye 


> J(S7RS)=—. 


ny (C) RinC 


J(R), (19) 


ds J (SARS) = hyn (C)/nye(C) 


’ 
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where 7,(C) is the number of elements in the class C 
of (Gy/T.) and 2,(C) is the number of these elements 
which belong to the common group (G,/7,). They 
need not all fall in the same class in the latter group. 
Combining (11), (14), and (20), we obtain 


Vier star k(C)= (dye /he)[ne(C)/ner(C)]. (21) 


n,(C) is most readily determined by taking the char- 
acter table at k and counting the number of elements 
which are also in k”’. Equation (21), which provides a 
check on direct calculations in the star representation, 
requires a knowledge of the elements of the common 
group, but not their arrangement into classes or their 
character table. 


REDUNDANCY AND RELATION TO 
ELLIOTT AND LOUDON 

An assumption has been tacitly made in the analysis 
of this paper: The redundancy which enters the set of 
wave functions (3) is identical to the redundancy in 
producing the star representation (13). If this were not 
the case, our characters would be incorrect by a con- 
stant factor, which would not affect selection rules: 
but we might not know how many times ¢;;,,, the rep- 
resentation x” is repeated in the product representation : 


54 es 


x*(C)= Lon Cojmx™(C (22) 


This final result of our analysis: 


im= (1/heer) Se x(C)nge (C)x™(C)* (23) 
can also be computed using the nonredundant set of 
functions 


Wai(Kr (kr yy (kh ’’)* (24) 


as a basis for a representation of the common group 
G,/T,. No operators S need be applied since the 
elements U’ of the common group do not change k, k’, 
or k’’. We then need to know how many times this 
triple product representation contains the identity 
representation. Standard group theory takes the 
product of the characters and leads to the result 


x'(U)x7(U)x(U)* 


which is also a fairly convenient formula in practice. 
The equivalence of this procedure with our previous 
result (14) may be obtained by extending the sum over 
all the elements R of k” but inserting the projection 
J(R) that selects the U among the R: 

Cijim= (A/hs) Sir x'(R)xX(R)I(R)x™(R)*. (26) 
Perform first sum over elements in a class, and then the 
sum over classes: 


Nye ] 
= > 


- x'(R)x?(R)J(R) 
h, nye (C) Rin 


Kner (C)x™(C). (27) 





M. LAX 





0.5 
0.4 
0.3 
0.2 


0.1 iad 


A3 


pe 


L3/ 


E IN RYDBERGS 


° 


4 


~. 
-0.1 Ay ‘s-. X4 








-0.2 
k= 7 a7*(111) 








k= (000) 277 a~'(100) 


Fic. 1. The band structure of germanium near the energy gap, 
as computed by J. C. Phillips, Phys. Rev. 112, 685 (1958). 


Comparison with (23) suggests that we interpret the 
quantity in brackets as the character in the iXj 
representation. 


x'(R)x?(R)J(R) hy > J(R) 


SS J(R) 


h, ye (C) 


In view of (10) and 


» 


— 


(29) 


n,(C), / 


J(R)= 


R in ¢ 


we see that (28) is identical 
(14) combined with (21). 


with our previous result 


AND J. 
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INDIRECT OPTICAL TRANSITIONS IN Ge 


The band structure of Ge near the energy gap is 
shown in Fig. 1. The minimum in the conduction band 
occurs at the point L= (/a)(1,1,1) on the zone bound- 
ary with symmetry /,;* whereas the maximum in 
valence band occurs at ['=(0,0,0), with symmetry 
I'25*. Thus, a direct optical transition which preserves 
k vector, (vertical on the diagram) does not connect 
the desired states. An electron could drop radiatively 
from L,+ to Ls and then be scattered by a phonon 
from L;~ to I's;+ or it could be scattered first from Lyt 
to => and thence drop radiatively to I'y5*. 

In both cases, the radiative part of the transition is 
allowed. Light has the symmetry I';;~ [which trans- 


forms like an ordinary vector (x,y,z) ]. Thus 


Post XP is =P tlie +l es +P is (30) 


contains I's~, and 


L3-XV is Lyt+L2++2L; 31) 


contains L,*. These character products were computed 
directly from Tables II and III. The symme‘ry opera- 
tions are given for reference in Table I. 

We must, therefore, discuss the phonon part of the 
transition. In the conduction band, we have 


Ly Xx<rs=Lr=LA, 


Symmetry operations of factor group of space group O;’ (diamond).* 


Sim] le 
operation Class 


J 
3IC2 


Na Nees Pte ON NENG NS 


ot = 
es S 8 
su ™ 


prt TONG mt te NN ey nt ey Ot 


t 
e 
Ne 


mets Ne tN ee NN et tt 


Pas S| 
oo a 2) o o So 
h oN he 


oN Pt NOS 


IN 
ot 


\-1 

1 

Oetyz & 
(Oezg2) 


* Origin at an aton 
in the first octant. 


operation 


ympound operation is (@|%), where @ = 


Compound 


Comments 


XYZ i=inversion 

XYZ 32,=180° rotation about x axis; 
XYZ 
x¥Z 
XZ) 
NXZY 
ZYX 
ZYX 
¥xZ 


0:= ide, = (100) reflection plane 


04,=90° counterclockwise rotation 


about x axis. o4,= 164, 


= 
n 
atl] 
aN 


= 180 
which bisects g and z axes. 


rotations about axis 


aN 


hn ‘ n 
et 
aN Net 


011) reflection plane; 
Oi1 


= 10292> 


Oy2=102y2= flection 


plane 


mt Nt se NE 
ANN NNR SGN > 


N 
nt) 
y 


=120 
about [111] direction 


= 02703 7ry20%2 


counterclockwise rotation 


ety Net et 
1 Pt 


= 103752 


xi 
bo lh = 


a/4,a/4,a/4) connects the atom to its nearest neighbor 
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TABLE II. Group characters at I’ 


Typical 


6C» 

8¢ 3 (O3ry2!0) 
J (i| 2) 
3IC 2 (oz| *) 
OIC, (o4~|0) 
6IC2 (0y2|9) 
8JC3 (O¢zyz| 7) 


® Note: Pit =F, Pet =T2, Tist =F, 


element. 


whereas in the valence band 
L; XT est = Li +L +21; = none+LA+270, (33) 


where LA=longitudinal acoustic phonon, and 
7O=transverse optical phonon. (See Fig. 2 for the 
phonon spectrum and its symmetry classification.) 
Thus only two phonons LA and 70 are allowed. The 
Haynes® experimental data clearly show three peaks, 
which by comparison with the vibration spectrum 
determined by Brockhouse,’ Fig. 2, can definitely 
be assigned to be TA, LA, and 7O. Thus the forbid- 
den TA is observed. Kane* has suggested that the 
reason for this is that the conduction-band minimum 
is not right at the zone boundary. The selection rule 
(33) using Tables II and IV is replaced by 


As Test =Ay+Ao+ 2A3, (34) 


TABLE III. Group characters at L= (w/a) (1,1,1).* 


L3+ 
(e|0) 
(O3zy2,03zy2 |0) 
(B292,0227,022,! T) 
(i| t) (a@} t) 


Lit =Li, Lat =Lo, L3* =Ls, Li 


TABLE IV. Group characters at A= (k,k,). 


(£ 0) 
(Ogry2,03ryz2 "0 


042,027,02y 0) 


2 J. R. Haynes, M. 
Solids 8, 392 (1959). 

3B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 
(1958); 113, 1696 (1959). 

‘FE. Kane (private communication). 


Lax, and W. F. Flood, J. Phys. Chem. 


A is the number of points 


RULES 


0,0,0).* 


Star A 


in the star of A left invariant (or equivalent) by the group 


which seems to have the identical structure. But as 
we can see from Fig. 2 both 7A and 7O phonons have 
symmetry A;. (In other words, they are coupled 
together for finite k but decoupled at the zone bound- 
ary.) Thus both 74 and TO would be allowed. 

A more likely explanation of the data is that the 
minimum is at the zone boundary, but if electrons and 
holes have some kinetic energy they occupy a region 
near the zone boundary of width Ak determined by 
(h?/2m*)(Ak)?~xT. The selection rules would then be 
governed by Eq. (34) but we would be looking at a 





© os 
T25=Thy 














Iis=Ti5 k/ Kaas 100 


Fic. 2. The vibration spectrum of germanium determined by 
B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 (1958). 
The symmetry assignment is slightly ambiguous and is to be made 
as follows: LO> LA, therefore L; or Ly is LO whichever is higher. 
Similarly 7O>T7A, therefore the higher of L;- and L; (and of X,4 
and X,) is to be assigned to TO. On a nearest neighbor model, 
with central and noncentral forces a and 8, the frequency (or 
rather Mw?) for each symmetry type is given by: X¥,=4a+46, 
Y,=4a, Y;=4a—48; L;=6a+28, L:=2a+48, Lo» =6a—4f, 
L3=2a—28. The above assignment is consistent with 8>43a. The 
Haynes observation of LA phonons when Ly» are allowed by Eqs. 
32) and (33), clinches the assignment Ly =LA. The remaining 
assignments merely require 8>0 which is required to obtain a 
sensible fit to the vibration spectrum even when longer range 
forces are present. See F. Herman, J. Phys. Chem. Solids 8. 405 
(1959), 
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k = 7 a-'(111) 


lic. 3. The band structure of silicon near the energy gap as 
computed by J. C. Phillips, Phys. Rev. 112, 685 (1958 


k= (000) 277 a-(100) 


first-forbidden transition whose matrix element is 
proportional to Ak. The ratio of the integrated intensi- 
ties of the 74 line to either of the allowed lines should 
then be proportional to ((A&)*) or 7. Recent experi- 
ments at the Ecole Normale*® below 20°K show just 
this behavior. These experiments provide a qualitative 
proof that the minimum in Ge is at the zone boundary. 
Previous experimental! results®’ attempted quantitative 
measurements of the density of states to better than 
a factor of two to distinguish between the four minimum 
picture at the zone boundary and the eight minimum 
picture in the interior. 

The results of Macfarlane ef al.’ that the indirect 
optical absorption with 74 was « (AE)! had previ- 
ously established that TA was forbidden. However, the 
above conclusions could only be drawn with the help of the 
group theoretical results thai TA is forbidden at L (and 
allowed at A) whereas at the time a parity argument’? 
seemed to indicate that 7A is allowed. (The error in 
the parity argument seems to be the assumption that 
the parity at L is identical to that at I.) 


INDIRECT OPTICAL TRANSITIONS IN Si 


The band structure of Si is shown in Fig. 3. The 
minimum in the conduction band occurs in the [100] 
direction about 85% of the way to the zone boundary. 
The symmetry is 4;. The corresponding point in the 
valence band is A;. Using Tables IT and V and Eq. 

14) we find, 


AiKAs=Pis*+Pos*4+Tis +P 


(35) 


the radiative transition is 


The presence of [, 
allowed. 


means 


5C. Benoit a la Guillaume and O. Parodi, Proceedings of the 
International Conference on Semiconductor Physics, Prague, 1960 
(Publishing House of the Czechoslovak Academy of Sciences, 
Prague, 1961), p. 426. 

*D. K. Stevens, J. W. Cleland, J. H. Crawford, Jr., and H. C 
Schweinler, Phys. Rev. 100, 1084 (1955). E. M. Conwell, ibid. 
99, 1195 (1955). M. Pollak, ibid. 111, 798 (1958). 

7G. G. Macfarlane, T. P. McLean, J. E. Quarrington, and 
V. Roberts, Phys. Rev. 108, 1377 (1957). 

®R. J. Elliott, Phys. Rev. 108, 1384 (1957). 

* J. R. Haynes, M. Lax, and W. F. Flood, Proceedings of the 
Prague Conference on Semiconductors (op. cit.), pp. 423-425. 
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Taste V. Group characters at A = (4,0,0).* 


Ai Ae A»: Ay As A star A 
4 
0 


(e|0) 1 
1 
N 0 
N 
1 


1 
(8o,|0) 1 
(842,047 T) é -X 
0 
1 ? 


(Oy,02| T) 
(Oy2,092 0) 
(&| try) (@|t) 


wmwnNwhee 


dx (a! t 


* Notes: tzy =(a/2,a/2,0), where \ =exp(—tkza/4). At X, A=- 
A star A=number of points of the star of A formed using elements of 
that are invariant under the group element. 


The maximum in the valence band occurs at k=0 
with symmetry [I,;*. Equation (30) shows that the 
transition to the conduction band state ['\;~ via a T45 
photon is allowed. 

The silicon phonon spectrum is shown in Fig. 4. 

The phonon transition in the valence band from 
['o;* to As 


Tost KX As= (As) + (A, +Ao)+Ayp+A>2 
(TO+TA)+(LA+L0), 


(36) 


i.e., all phonons are permitted. These transitions may 
be weak, however, since the energy denominator in 
the intermediate state is fairly large in this case, where 
the radiative transition occurs first. 

The more important phonon transition in the con- 
duction band from A, to Ty; 


lis X A,:= A, + 4A;= LA+(7T04+TA), 


= 
(3/) 


so that via the conduction band, only LO is forbidden 
by group theory. On the other hand, the Haynes 
experimental results exhibit peaks associated only 
with the two transverse phonons. The LA phonon 
contribution is weak for reasons that do not seem to be 
group theoretical. The possible influence of time re 
versal will be discussed in a subsequent paper. 


POSSIBLE PITFALLS: INTERVALLEY 
SCATTERING IN Ge 


In order to illustrate the possible pitfalls which can 
occur in both intuitive and formal arguments, we shall 
discuss intervalley scattering in Ge. Here the minimum 
in the conduction band kp occurs at the zone boundary 
in the [111] direction and at three other nonequivalent 
points: ko=(1,1,1); (1,-—-1,-—1); (—1,1,—1) and 

—1, —1, 1). The points —kp are equivalent to ko. 

The conduction band state at ko is L1;= L;", i.e., the 
state is even under inversion, arid belongs to the non- 
degenerate identity representation whose characters 
are all plus one. 

We now make the following intuitive argument: To 
scatter an electron from an even L, state at (1,1,1) to 
an even L; state at (1,-—1, —1), we need an even 
(2,0,0) phonon. However, an examination of the 
character table at Y shows four irreducible represen- 
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tations, X,, Xe, X3, and X, all of which are two- 
dimensional, and all of which have character zero for 
inversion. Thus these representations can be taken to 
be half-even and half-odd. This might be interpreted 
to mean that one of the two X;(7.A) phonons is allowed, 
one of the two X,4(TO) phonons is allowed, and one of 
the two X,(LO+L4A) phonons is allowed and the other 
is forbidden. This conclusion, however, contradicts our 
statement following Eq. (1), that selection rules must 
involve entire representations. Perhaps, then, Y\, Ys, 
and YX, are all allowed—or all forbidden. 

Elliott and Loudon, using Eq. (25), have found that 
YX, and X, are allowed, whereas our calculation leads to 


LyiXLy= X,4 X3, (38) 


where Ly is the Ly representation transformed from 
the (1,1,1) point to the (1, —1, —1) point. Since we 
have established that our group theoretical procedure 
is equivalent to the Elliott-Loudon one,! the discrepancy 
must lie in how they were applied. A conversation with 
Elliott has revealed the source of the discrepancy. He 
has taken Ly, to be the identity representation at 
(1, —1, —1) with characters all plus one, whereas we 
have used the characters shown in Table VI. These 
characters have been obtained using the relation 


W7(r) Oo,V,(r) (39) 


between corresponding wave functions at the two 
symmetry points. Thus the character at Li may be 
expressed in terms of characters at L by 


Li[ (@ t) }= LE (82,!0)(@ t) (Se, 0) | 
L{ (82,062, 5.,t) | 


when we abbreviate Xz/[(@'t)] by Lif (q@ t) }. 
The relations 


So,t-,=0; S0,2=00,(e+t.,)=ett+try (41) 


facilitate evaluating the desired characters, and lead to 
the relationship 


Li(a t+t.,)= Lila, t), (42 
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Fic. 4. The vibration spectrum of silicon, 
B. N. Brockhouse, Phys. Rev. Letters 2, 
for Fig. 2. 


is determined by 
256 (1959). See legend 


whereas the corresponding relations at 1 and X are 


L(a|\t+t,,)=—L(a|t), (43) 


X (a|\t+t.,)= —X(q\t). (44) 
The fact that ZL; is ever’ under (e't.,) ensures that 
LX lL; is odd, so that only the odd representations at 
NX are used. These are the four physically allowed 
representations, X,, Xo, V3, and X4, since their trans- 
lational properties are determined by exp(7k-r) for 
k= (27/a)(1,0,0), whereas the remaining 10 repre- 
sentations (discussed by Elliott) which are even under 
(e!t,,,) are forbidden. 


TABLE VI. Characters for intervalley scattering in Ge 


X star L L;* Lit’ 
1 


4 
0 
) 
2 
$ 


1 
1 
1 
1 


VY (a\t+t,,,) = 
L(a|t+try) L(a@!t) 
i falt+t,)=Lilalt 
do tr =0 
LyX Lit =Xi+X3 


X(q@\t) 


rn On 

L((8o,!0) (at) (6 

L (8o,002,| 50,1 
de, de, 


ett e+t 


X forbidden by time reversal 
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TABLE VII. Characters at X = (2r/a)(1,0,0).* 


w 
i) 


Classes 


| 

| wd 
_ 
< 
= 
- 


NNN] & 
| 
a) 


Nm NM 


| 
a 


a ad 
Nm hm bh 


mw SP &e SPN we NR = NN 
ecocoocon co 
nnnenaaa 

Coc ON WN WN 


1 to its nea 


The above Eqs. (42)—(44) in fact exhaust the 
information provided by the translational element 
(e t.,). All additional information on selection rules 
can be obtained from elements without translation. 
We have therefore in Table VI rearranged Herring’s"’ 
character Table VII at X, so that the first four classes 
will provide all of the remaining symmetry information. 
If a typical element in one of these classes contains 
(aw t) then another class contains (a t+t,,) and has 
the opposite character, and so adds no new information. 
We have so far accounted for eight classes. The re- 
maining six classes contain element pairs (@/t) and 
(a|\t+t.,) which have the same character, yet by Eq. 
(44) must have opposite character. Hence all such 
characters vanish for the physically allowed repre- 
sentations X,, Xo, X3, V4. 

We shall show that these classes provide no new 
symmetry information by discussing in detail the class 


TaBLe VIII. Characters at W = (2x/a)(1,0,3). 


Classes 
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TABLE IX. Characters at Z= (2x/a) (1,0,q). 


Classes 


| oo 


NNN = 


(ie), (i e+t.,). Equations (42) and (43) guarantee 
that the character product LX L; have opposite sign for 
these elements. Hence the character product averaged 
as in Eq. (10) over the elements of the class vanishes. 
This agrees with the character of all four translationally 
allowed states X,, No, Xs, and Ny. Hence inversion 
provides no selection rules. And neither will any of the 
other five classes that contain such paired elements. 

It is no accident then, that the four p/ysically 
admissible representations have properties determined 
by the four relevant classes. Our abbreviated Table VI 
then provides all the necessary information to yield 
the selection rule: 


LyX Ly7=X14+-X3. (45) 


One of us (M.L.) will show later that Y, is in fact 
forbidden by time reversal. 

For completeness, Tables VIII and IX show the 
characters at W= (2r/a)(1,0,5) and Z= (2m/a)(1,0,q). 
In the former, only the top two lines contain information 
other than translational. In the latter, only the top 
line, the identity element is significant. Hence there are 
two permissible representations at W and one at Z. 
The table at W is based on Herring’s correction" of an 
error in his earlier work.’ The table at Z is taken from 
Herring. The existence of a two-dimensional repre- 
sentation at Z was known to Hund.” 


INTERVALLEY SCATTERING IN SILICON 


There are two types of intervalley scattering in 
silicon. The first carries an electron from momentum 
k to —k using a phonon of momentum —2k. This 
involves the matrix element 


fe V(—2kvadr= vas" 2bddr (46) 


Thus we can take k= (£,0,0), k’=k and k”= 2k. Since 
k and k” are in the same direction, k” star k is simply 
the one vector k. Thus no factor is added by the star, 
and we may simply use the group G, taking character 
products in the usual way! The important selection 
rule is 

Aix A= Ai, (47 


"(C. Herring (private communicatior 


 F. Hund, Z. Physik 99, 119 (1936) 
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TABLE X. Characters at > = (k,k,0).* 


22 oF > ZstarA AixXKA, 
(2 Q) 2 
(Oz, |9) 0 
(o2| t) 
dor,| 7 ? 


® \? =exp(—ik-) =exp(—tka/2), where k =(k,k,0). 


i.e., the longitudinal acoustic phonon is the only one 
which carries a Si band edge electron from one valley 
to an opposite valley. (The same statement would be 
true if the electronic wave function at the band edge 
were Av, Ay, or Ay’, 1.e., any nondegenerate state.) 

The second type of intervalley scattering carries an 
electron to a nearby valley. Let us take k= (%,0,0); 
k’= (0,2,0) ; k’’= (k,k,0). The point (&,k,0) is the point 
> whose character table is given in Table X. 

The wave functions at the transformed A point 
At= (0,k,0) are obtained from those at the original 
point by means of 


y*! 0:,y> 


(48) 


the character 


(a t) can be written: 


Thus at Af of an arbitrary operator 


AM (@|t)]=Xy Cons3, (a! to s4) 


= Al oz,(@ thor, | 


Al (0:,a05, Oz,t) ik (49) 


Only the operations (e|0) and (@,| +), however, leave 
points of the = star of A invariant, and for these 
particular operators, we find that the character at A 
is identical to its value at A. The decomposition of the 
character product, according to Table X yields 
AixAu ~iths, (50) 


y 


where XY, is a transverse acoustic (7.4) mode polarized 
perpendicular to the z axis, i.e., 7'4,., and 2, is a phonon 
which is a mixture LA+T70,,., i.e., longitudinal acoustic 
plus a transverse optical part polarized in the z di- 
rection. The forbidden phonons are 22= TO,, and 23=a 
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TABLE XI. Summary of results: (Representations not appearing 
on the right-hand side are forbidden. Some which do appear may 
be forbidden by time reversal.) 


Ai XAy* =A2XK Ao* =Ay KX Ay * =A KX Ag * =F 14 
A1X (Aor)* =AeX (Ay) *¥ =Pe +P ie +P 25" 

Ai XAo*=Ay X (Ag: *=To+ T'\2 4 T'25 
A1X (Ay)* =AoX (Av) *¥ =Py +P iy +P is’ 

Ai XA5* =A2KA5* =Ay KA5*=Ay XA5* =P 15 


‘tT 15 


Aoe=Av KA = Av KAgy 


Y 5 =f > 


ViXX)=NoX Xo=PytPiet Posy tle +P ie t+Tis 
YiXN3=NiXNX4=NXoXKN3=NXoXX4=l 59 tT 25" 
V3X X3=N4gXNX4=FitTiotloy tly tlie +P 25 
NyXXo=PotPietl is tly t+liy +P 25 
N3XX4g=Pot Toe +Piotl ie t+Pistlis 

Cross checks: 

Po57X Ay=Ap5t+Av =P yp XK Ay =P ip XK A2=P 25K Av 

Po5¢ X Ag = Apt+A1 =P 25 X A2=P 5X AL =P 15 XA 

P25 XA5=Apst+Ai+Ao+Ayg +Ap =Po5XA5=PisXAs5 

=Ty5/XA5 
To57 KX Ay =Apt+Ao=l25&K Ait 15 KX Ag =F 5 XK Ag 
To5-X Ao=AptAy =Po5 & Ag =P 15’ XA =P 15 X Av 


mixture of LO and TA,,. In a succeeding paper we 
shall find that 24 is destroyed by time reversal. 
ADDITIONAL RESULTS 


A summary of some of the more important selection 
rules for the diamond structure, obtained with the help 
of Eq. (14), are given in Table XI. 
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rhe three 


“spin” 


states of a maser are treated as individual chemical species. It is assumed that these 


three species are in thermal equilibrium with the lattice at temperature 7 but that they are not necessarily 
in chemical equilibrium with one another. The principle of minimum entropy production is used to derive 
an equation of reaction equilibrium from which the steady-state behavior of the system with a microwave 
pump may be completely described. In addition to the population distribution, which is in agreement in 
first order with the results obtained by solving the rate equations, explicit expressions are obtained for the 
internal energy, heat capacity, and entropy. The calculations are extended to include spontaneous emission 
and cross-relaxation as well as the usual thermal relaxation mechanisms. 


I. INTRODUCTION 


C UONSIDER \ paramagnetic impurity ions in a 
diamagnetic crystal placed in an external magnetic 
field. Let us suppose that the interaction between the 
spin magnetic moment of each ion and the combined 
magnetic and crystal field gives rise to three unequally 
spaced levels: -, (/=1,2,3). Spin lattice relaxation 
mechanisms are “‘thermalizers.” That is, they tend to 
bring the system to a Boltzmann distribution at the 
lattice temperature 7. These are denoted in the 
customary way by the thermal transition probabilities 
w; expl (E,— Fj) kT). Time- 
varying magnetic fields of the proper frequencies are 
“equalizers.” That is, they induce transitions between 
pairs of levels which tend to equalize (or saturate) the 
population distribution. The radiative induced transi- 
tion probabilities are specified in the usual way by 
W,; (i,j=1,2,3) where W,;=W;;. Competition between 
the thermal and radiative transition probabilities leads 
to a steady-state population distribution, denoted by 
n;. The power output, gain-bandwidth product, noise- 
temperature, and other performan e features of a 


- ,. ov 2 .or 
i's; (1,7= 1,2,3) where u 


three-level maser may be calculated once the ; are 
known. The conventional method used to calculate the 
n; is by solution of the rate equations and normalization 


condition: 


s (a 


> 


i 


It is the purpose of this paper to analyze the proble m 
of a three-level maser from the point of view of statisti- 
cal mechanics and irreversible thermodynamics. This 
approach yields results which are consistent with those 
obtained by a solution of the rate equations. In addition 
it enables calculate 


one to related thermodynami: 


* Based on work perl 
\tomic Energy ¢ 
tf On leave from St. | 

ing the summer of 1960 


OOLMISSION 


quantities such as the internal energy, heat capacity, 
and entropy, and to describe in detail what happens to 
the “pump” power. The theory may be readily extended 
to include spontaneous emission and cross-relaxation. 


II. STATISTICAL MECHANICS AND IRREVERSIBLE 
THERMODYNAMICS OF A THREE- 
LEVEL MASER 


A. Statistical Mechanics 


into three 
three energy 
values, /;. We assume that these three chemical species 
are in thermal equilibrium with the lattice at temper- 
ature JT but they are not necessarily in chemical 
equilibrium with one another. The total partition 
function for a single ion with spin energy /; may be 
written as the product of z where 2 

exp—F,/kT and 2 is a factor associated with all 
other contributions to the of the ion. We 
assume 2, is the same for all three chemical species 
and focus our attention on the partial partition function 
>;. The corresponding partition function! for ; identical 
ions of energy £; is 


1oOns 


We divide the .V paramagnetic 
chemical species corresponding to the 


and 


energy 


Z; L exp —/ kl iN 


The free energy F, associated with the 
given by 


F;=—kn,T \nZ 


ith spec ies is 


—kn,T \nz,+kT inn,! 
n:E,+kT \nn;!. (4 
The internal energy, entropy, and chemical potential 
for the ith species may be found from F; as follows: 
l -7°7(0/0T)(F,/1 nf 


— (dF, oT) 


i 
—k \nn;! 


Lj (OF, On,)T E; t kT |nn 


The expression for Lu is obtained wit 
Stirling’s approximation, 


i ' 


" 
hiv At, ita / 


1L. D. Landau and E. M. Lifschitz, Statistical Phys 


Wesley 
p. 120. 
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STATISTICAL MECHANICS 


KB. Irreversible Thermodynamics 


Let B; denote the ith chemical species and consider 
the following ‘“‘chemical” reactions among these species. 


By=B, 
Box B;, 
BiB, 
Bythi 


(1) 


1B. 


The first three reactions are thermal relaxation processes 
in which the lattice supplies or receives energy from 
the paramagnetic spin system. The last 
represents a radiative transition induced 
presence of a time varying electromagnetic 
frequency vyi= (43—F))/h. 

We define the chemical affinities 4; (7=1,2,3) and 
the differential degrees of advancement d& (k= 1,2,3,4) 
as follows: 


reaction 
by the 
field of 


A,=pe— 1, 
l,>="s—po, 


A3= M31, 


d£=dyn\= —dyno, 
— dons, 


_ d I > 


—d qn. 


d&s=dong 
d£3;=dan, 


d&s=dyny 


In Eq. (11), d.27; means the change in 7; due to the &th 
reaction. 
4 


dn Yd N,. 12 


We assume the validity of the Gibbs relation when the 
system is not necessarily in thermodynamic equilibrium : 


TdS=dl-> 


— 


udn;+dVW. (13) 


We set dl’=0 on the assumption that the sample 


volume and static magnetic field are held constant. 
With the aid of Eqs. (10)-(12), Eq. (13) may be 
rewritten as follows: 


TdS=dU+D, Ajd§;+Acdéy. 14 


—~ 


The internal entropy production associated with the 
irreversible relaxation processes Is 


d,S/dt= (1/T)A;(dé; dt). (15 
Che dt;/dt and the A 
dé,/dt 
dto/dt 
dé3/dl= 


dé, ‘dt 


are related as follows: 

dyn, /dt= nwwes— Nywy™ (V /3RT) we, 
dons/dt= o— Now3™ (V/3RT)wyeA 9, 
d3yny/dt= nyw3,— NW 3 (N/3RT )w1A 3, 


= dyn, /dt=(n3—1)W yg N/3RT)W 13(A 3— Ava). 


Naw’ 
(16) 


Ol rHREE-LEVEI MASER 
Two approximations are made in obtaining the right 


hand side of Eq. (16) from Eq. (10) 


1<<kT and hyj<kT. 


(17) 
Combining Eqs. (15) and (16), we have 


d:S/dt™(N 3kT*)[ wa A P+ Wed oe +warly 
~(N 3kT*)[ wy A 2 + 2039 { P—2A,. | 3+ Ax ) 


“TT W31 { ,” 1, (18) 


The second. form for Eq. (18) follows from the fact 
that the A; are not independent: 


13—.1). (19) 


In thermodynamic equilibrium d,S/dt=0. It follows 
from Eqs. (18), (10) and (7) that A,;=A.=A;=0, 
i=me=us, and n,/nj=exp[ (L;—F;)/kT ], 
normal Boltzmann distribution. 

In the presence of a radiative “pumping” field, ; is 
held fixed at a nonzero value: 


which is the 


A3=shp, 


135 4K s< 1. 


(20) 


Equation (20) may be used as the defining equation 
for s, the saturation parameter. It may be readily 
interpreted with the help of Eqs. (7) and (10). 


ny/n3=exp[hvs(1—s)/RT] (21) 


When s=0, there is no “pumping” field and we have 
the Boltzmann distribution. When s= 1, the “pumping” 
field completely saturates levels 1 and 3 for which 
ny=n3. If Eq. (21) is expanded and only the linear 
term is retained, s is seen to be the same as the parame- 
ter defined by Overhauser?: 


§ ly —H : , (2?) 


where the .\,’s represent the normalized Boltzmann 
population distribution. In the presence of the con- 
straint on the system represented by A;#0, the 


principle of minimum entropy production requires that 


0/0A,)(di)S/dt)=0. (23) 


Carrying out the indicated differentiation on the 


second form of Eq. (18) leads to the condition 
Io. (24) 


Phis is equivalent equation of reaction 
equilibrium 

(25) 
where 
i’39 (w@ey+ W390) (26) 


fp=Wei/(Watws) and 


rhis is one of the principal results of this paper. In 
conjunction with the normalization condition >>; 2;=.V, 
it enables one to calculate the normalized population 
distribution of the three-level maser in terms of the 
saturation parameter, the relaxation rates, the energy 

2A. W 


Overhauser, Phys. Rev. 92, 411 (1953). 
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level separations, and the lattice temperature. From 


Eqs. (7) and (24), it follows, for example that 


n;/N2=expl (fishvsi—hvy2)/kT . (27) 


If we take the linear term in the expansion of Eq. (27), 
the population difference is 


N3— No (28) 


3RT Woy tu 


In the limit of complete saturation, s=1, Eq. (28) 
vields a well-known consequence’ of the rate equations. 
C. Internal Energy, Heat Capacity, 
and Entropy 


It is now a simple matter to compute the internal 


energy, heat capacity, and entropy of a three-level 
maser. 
U=> l > nt (29 
C; au’ aT He. (30) 
$=), kn, A—Inn)=NR-RkDY in; inn; (31) 
Thus 
\ 
U(s=1 —| - 
3 
Vi Vo1W21— V32W32 
— Yo (32) 
OkT Wott 
\ 2Nh 
U(s () ( +} — (y + Voy +] ) (33) 
3 ORT 
Vir Vo{Wo1— Vaart 
Cu(s=1)=——(92—- ( +(T), (34) 
ORT? ioy+ 
2Ni? 
Cu(s=0)= (y2:2-4 1 (35) 
OkT- 


In Eq. (34), (7) is added to take into account the 
temperature dependence of the thermal relaxation rates. 


Vi 


a; 
) (36) 
oT 


If the thermal relaxation rates increase linearly with 
temperature, a not 
$(T)=0. 

From Eqs we find that 
the internal energy of a fully saturated maser exceeds 
that of an unsaturated maser by §.V(hv3:)*/kT. 


(7 _ ( 
OkT 


unreasonable assumption, then 


(32) and (33), if we= we, 


3 see, for example J. We be r’s review article on masers, Re 


Modern Phys. 31, 681 (1959 


VS 


x: 


find that 


From Eqs. (34) and (35), if w we 
the heat capacity of a saturated maser is Jess than that 
of an unsaturated maser by §.VA(/ivy,/kT)’. 


lor the special case of s= 1 and w» 


>! 29, 


—N shy l 
( ) : (37) 
3 \ RT 


It is not surprising that the entropy of the para- 
magnetic spin system in thermodynamic equilibrium 
is less than that of the saturated system. The entropy 
is a maximum for the equilibrium state provided the 
energy is held constant, a condition which is clearly 
not met when a radiation field is pumping energy into 


S(s=1)—S(s=0O)~2 Nk In 


the system. 


D. Power Absorption 


} 


It is instructive to inquire what happens to the 


power Pj;, absorbed by the maser system: 


\ ‘li 
( ) 1—s)Il 
s\er 


A fraction s of this power increases th 
of the maser without an increase in temperature. This 
is represented by the last term on the right-hand side 


of Eq. (14): 


internal energy 


dé \ Ali 
_ 5(y— ng )hvygW yy ( Jedi 39 
dt NRT 


The balance, (1—s)P1;, increases the temperature of 
the sample without an increase in the internal energy 
of the spin system. If the maser material is kept at 
constant temperature T, this power boils off some of the 
liquid helium or liquid nitrogen coolant. In the steady 
state the rate of increase in internal energy is exactly 
compensated by the power lost due to thermal 
relaxation. This latter is represented by 

) (40) 


dS v 
7 Pra | 


By equating Eqs. (39) and (40) for the steady state, 


we find an explicit expression for the saturation 
parameter: 
iW, 
§ (41 
W3(ws2+wa)4t 


This result may also be obtained by using Eq. (22) as 
the definition for s and solving the rate equations with 
the linear approximation to the Boltzmann factor.’ As 
the saturation is increased to higher levels, less of the 
power absorbed is used to increase the sample temper- 
ature (or boil the coolant) and more is used to increase 


*W. A. Barker, Argonne 
June, 1961 (unpublished 


National Laboratory Report 6390, 
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the internal energy of the maser system. In the limit 
of s=1, when W,;>wi;, we see from Eqs. (38)—(41) 


that 
Vy WyoWoy dS 
Girw)*( + )- r(—) ‘ (42) 
3kT Waotwoy GF win 


E. Spontaneous Emission and Cross Relaxation 


P, 


In maser systems spontaneous emission® and cross- 
relaxation® processes may be important. The foregoing 
theory may be extended to take these mechanisms 
into account. In addition to the thermal relaxation 
probabilities w,; let us consider a spontaneous emission 
probability 42; and a cross-relaxation probability we19;. 
A»; tends to deplete the population of level 2 and 
increase the population of level 1 by emission of a 
photon. It is important to note that the relation 


Wo+A = W112 exp(/v2, /RT) (43) 


is now required to produce a Boltzmann distribution 
among the energy levels of the maser system in the 
absence of external constraints. w123 tends to bring 
the populations of levels 1 and 2 into equilibrium with 
the populations of levels 2 and 3. It is important to 
bear in mind that we23 is appreciable only if va1—v32 
is small. 

Spontaneous emission as well as nonradiative thermal 
relaxation is now understood to be included in the reaction 


Cross-relaxation may be taken into account by adding 
a fifth “‘chemical” reaction to Eqs. (9): 


(5) Boe?B,+B3. (45) 
And to Eqs. (10) and (11), we must therefore add 
another chemical affinity and differential degree of 
advancement : 


(46) 
(47) 
The relationship between the dé;/dt and the A; is now 
more complicated than that specified by Eqs. (16). 


The first of Eqs. (16) now has an added term due to 
spontaneous emission : 


A5= (us—p2)+ (ui— pe), 


di;= d5Ne= —dsn a d5i3. 


dé,/dt oA 91 


~(N 3RT) (wat. { 01) AA 1. 


dyny/ dt= NoW21— NyWy2+N2 
(48) 
An additional equation is required to describe the 
spec ified cross-relaxation effect. 
dé5/dt= (we123/ N)(nyn3—n2") 
> (Nwoie3 ORT) A st+h(vai— v2) | 

~Nwo93A 5 ORT. (49) 


T. Maiman, Nature 187, 493 (1960) and Phys. Rev. Letters 
4, 564 (1960). 
® N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 
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The right-hand sides of Eqs. (48) and (49) are obtained 
from Eq. (10) and the approximations of Eqs. (17) 
and in addition explicit use is made of Eq. (43) and of 
the fact that ve;—v32 is small. The rate of internal 
entropy production now has two additional terms: 
dS N 
_ % 


| (wa tAn)Artw 12+ 


| = 


dt = 3kT? 


re (wo) +An)AP TE 


T 3aW 2) (A;°—44,4 (350) 


3 


$4?) ] 


The second form of Eq. (50) makes use of the inter- 
relationship among the chemical affinities: 


(51) 


In thermodynamic equilibrium d,S/d/=0 again leads 
to the Boltzmann distribution. On the other hand if 
A; is held fixed at a nonzero value to represent the 
radiation “pump” field, then the principle of minimum 
entropy production requires that (0/041) (d;S/dt)=0, 
This now leads to a more general condition: 


(Wer tA 214 3W2123) 11= (ws jW2123) I, (52) 
which is equivalent to the equation of reaction 
equilibrium 

ees ae ©72\ 
Me=MiJ1 TH3J2, (99) 
where 

P Cae Lan 2. q ley) |_ 4-,, 
fi = (Wa FA a+ 3We103)/ (Wart A ort Wet 3Wr123), (53) 
a4 

et ee ne —— 2 
fo = (Ws2t+ 3Wa123) W3o+ 3 W123). 





Since Eq. (53) is precisely of the same form as Eq. 
(25), all the previous results derived for thermal 
relaxation mechanisms may now be extended to include 
spontaneous emission and cross relaxation by using 
the following simple prescription: 


Wei — Wat 


+t 
“sa 


III. CONCLUSION 


It has been shown in this paper that the principle of 
minimum entropy production leads to an equation of 
reaction equilibrium which may be used in a statistical 
mechanical formulation to calculate the population 
distribution of a three-level maser. The mechanisms 
include thermal relaxation effects, spon- 
taneous emission, and cross-relaxation. The approxi- 
mations made are 


considered 


(1) hv<<kT, iXj=1, 2, 3; 
(2) Shiv y3< kT | sg 
; _ + (AK<RT), (30) 
(3) fo’ shvis<<kT | 
(4) voi—vg2~0 = (cross-relaxation). 





WILLIAM 
Inasmuch as s and /,’ are less than or equal to unity, 
approximations (2) and (3) are less restrictive than (1). 
The results for the population distribution agree with 
those obtained from the rate equations in first order 
when approximation (1) is also made. 

The new features of this paper include explicit 
calculations of the internal energy, heat capacity, 
entropy, saturation parameter, and minimum entropy 
production of a three-level maser. The spontaneous 
emission and cross relaxation mechanisms introduced 
tend to reduce the value of the saturation parameter 
from its value given in terms of w,; and W,; alone. 
Since wWei23 is appreciable when v2:—v32 is small, this 
cross relaxation mechanism has an interesting effect 


A. 


BARKER 


on the maser’s internal energy and heat capacity as can 
be seen by an inspection of Eqs. (32)-(35) inclusive. 
As s goes from 0 to 1, the internal energy of a three 
level maser is increased by (2N/*°/9RT)(v2?+-vaivse 
+ 32”) whereas the associated heat capacity is decreased 
from its equilibrium value of (2.V/?,/9&T*)(v2?+ veivse 
+ v9") to zero. 
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Energy Dissipation by Ions in the kev Region 
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At low energies ionic collisions with atoms are largely elastic. Simple theoretical approximations to scattering 
cross sections, ranges and straggling are derived for power potentials, showing that the scattering is peaked 
in the forward direction rather than isotropic. Using an approximate universal potential of Thomas-Fermi 
type a natural measure of range, p, and of energy, ¢€, is obtained for all ions in all substances. The corre 
sponding range-energy curve is computed. 

At higher ion energies the electronic excitation becomes increasingly important. An approximate formula 
is given for the electronic stopping contribution, increasing proportional to ion velocity at low and moderate 
velocities. These results are applied in the interpretation of a few isotope effects, observed in range 


measurements. 


K JR ions with velocity » comparable to or less than 
vo=e/h, an interesting competition appears be- 
tween loss of energy to electrons and loss of energy to 
atomic recoils, corresponding to stopping cross sections 
per atom S, and S,. Quantities of importance to this 
competition are S, and S,, combined with some averages 
over the differential cross section do, for scattering of 
the ion by a recoiling atom. The present discussion of the 
velocity region vv is intended as a step toward a 
quantitative treatment of the processes involved. 

At first we shall disregard energy loss to electrons 
and discuss atomic recoils only. Bohr! introduced the 
assumption that S, is nearly a constant in a considerable 
velocity interval at low velocities, and used arguments 
of the Thomas-Fermi type in order to give a comprehen- 
sive description. In fact, the Thomas-Fermi treatment 
gives an important simplification and a fair accuracy, 
at energies large compared to the Rydberg unit. 





* Deceased. 
1N. Bohr, Kgl. Danske Videnskab. Selskab, Mat. 
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The scattering problem in nearly elastic collisions 
between atoms and ions at low velocities can be treated 
by classical mechanics. It follows from dimensional 
arguments that the potential must behave as r-° if S, 
is independent of velocity. The scattering in this po- 
tential is very closely given by the useful formula 
2T.') (dT/T), 


do,=(S, (1) 


where 7,,= 2M ;°M v?/(M,+-M.,)* is the maximum value 
of the energy transfer 7. The scattering cross section 
(1) has a large probability for small angular deflections, 
and is similar to the Rutherford scattering rather than 
to the isotropic scattering of hard-sphere collisions. 
Assume that the potential is V = £,2,Z.e*a/2r’, with the 
parameter a given by 


a= (h?/me*) X0.8853(Z,'+ Z2!)-}, (2) 


and therefore of similar type to the Thomas-Fermi 
unit of length. We then obtain the formula 





eet a eel 
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So f Tdo,= &,(n*/2)eaZ.Z[Mi/(Mi+M:)]}. (3) 


This expression is similar to that used by Bohr.’ A 
reasonable value of the coefficient in the r~ potential 
is? £,=2/(2.7183X0.8853). 

The average range is proportional to the energy, and 
from (1) the square of the straggling in range is found 
to be? 


((AR)*)av/R?=a[MiM2/(Mit+M,)"], a=3, (4) 


which is half the value obtained by Bohr' assuming 
isotropic scattering. 

The average range measured along the track, R, is 
usually not the quantity observed experimentally. In 
fact, frequently the observed quantities are related to 
the average projected range, R,, which may be defined 
as follows. A particle starts inside a homogeneous 
medium from the origin in the direction of the x axis; 
the value of x for the end point is the projected range, 
and its average is the average projected range R,. From 
(1) we obtain 
ee l+yu 1—yu 
R/R,=-| —1—3u+(5+n) arccos— 

4 +p. 
~1+3u, (5) 


2V/u 


where p= M2/ M,. As regards the straggling it may be 
noted that (AR;)ay~ (AR? )ay. 

The domain of validity of the above formulas can 
be described by the parameter e=a/b, where 
b=2Z,Z.e7/ Mov" is the collision diameter. The formulas 
can be expected to hold when e<1, since all collisions 
must then take place at separations with screened field. 
The formulas (1) to (5) are only first-order approxima- 
tions to the atomic scattering. Still, for many purposes 
they remain preferable to more accurate formulas be- 
cause of their simplicity and comparative accuracy. 

These simple considerations may be extended. We 
consider first the consequences of a power potential, 
proportional to Z,Z,a""'/r". Then, S, behaves as 


a**/"(Z,Z2)" —(M, (M,+M.,) |[MoE (M,+M.) }! 2) 
and the differential cross section is 
do, = (1 —1 ‘n) LS, ge “1 "\dT aia iat 


to a good approximation. It is interesting to observe that 
this do, leads to a square of relative straggling in range 
given by (4), with a=4(m—1)/n(2n—1). Thus, the 
straggling is rather insensitive to the power n, for n~ 2, 
and has a maximum, d@max= 0.69. This result leads us to 
expect that (4) may be quite accurate also in cases 
where (1) and (3) do not apply, and that measurements 
of relative straggling in range normally give little in- 
formation about the potential and the effective value 
of the important quantity . This expectation is con- 
firmed by more accurate computations of straggling. 


? R. B. Leachman and H. Atterling, Arkiv Fysik 13, 101 (1957) 
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4 6 a 1.0 
Fic. 1. The full-drawn curve is computed range as a function 
of energy in a p-e plot, with neglect of energy loss to electrons. 
The increasing reduction in range due to energy loss to electrons 
will be of order of 20% for e=1 


The second extension is introduction of a potential 
energy of the type V=Z,Z.e°¢(r/a)/r, where ¢ is a 
universal function, and a is given by (2). This assump- 
tion of similarity of the potential energy between any 
two atoms implies a natural measure of ion energy, 
e=a/b, and of particle range, p=RNM2X41ra?M,/ 
(M,+M.,)*. It is thus informative to plot range-energy 
measurements in a p-e plot, where a curve common to 
all ions and all substances should obtain to a first 
approximation. Of course, S, must be small, or properly 
corrected for. Due corrections should also be made for 
the type of range measured. For this purpose formulas 
like (1) and (5) may be adequate. 

It turns out that a fair approximation to an adiabatic 
potential energy is achieved by putting ¢(7/a)= ¢go(r/a), 
i.e. the Fermi function belonging to one neutral atom. 
[The Fermi function is superior to an exponential 
screening like exp(—r/a)._] We have computed the cor- 
responding range curve, as shown in Fig. 1. For compari- 
son is shown also the straight line p= 3.06 which would 
follow from (3) with the standard value of &. Range 
measurements?~? are not plotted on the figure, but they 
seem in fair agreement with the computed curve. 

Loss of energy to electrons may now be included. 
Several arguments show that S, is nearly proportional 
to v at low velocities, i.e., for » small compared to v’, 
where v’~Z,!v9. A simple way of showing the propor- 
tionality to v is to note that.at low velocities the energy 
loss becomes proportional to » for an atom moving 
through an electron gas of constant density.§ The varia- 
tion of S, with Z; and Z, may be discussed using a 

3B. G. Harvey, Ann. Rev. Nuclear Sci. 10, 235 (1960); this 
review article contains reference to previous experimental work. 

4L. Bryde, N. O. Lassen and N. O. Roy Poulsen, Kgl. Danske 
Videnskab. Selskab, Mat.—fys. Medd (to be published). 

5 E. W. Valyocsik, University of California Radiation Labora- 
tory Report UCRL-8855, 1959 (unpublished). 

6 J. A. Davies, J. D. McIntyre, and G. A. Sims, Can. J. Chem. 
39, 611 (1961). 

7V. A. J. van Lint, R. A. Schmitt, and C. S. Suffredini, Phys. 
Rev. 121, 1457 (1961). 

8 J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.—fys. 


Medd. 28. No. 8 (1954), J. Lindhard and M. Scharff, ibid. 27, No. 
15 (1953). 
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Chomas-Fermi 


we find 


treatment. To a first approximation 


£.X S82er7ay(Z1Z2/Z) (v/v), (6) 


é 2, 
but may vary with Z, approximately as §.~Z,'. The 
dependence of S, on Z; and Z, in (6) is an expedient to 
get simple estimates. Empirically, the formula (6) is not 
far in error. Of course, for the formula (6) no 
longer holds, and the stopping cross section will reach a 
maximum and decrease at higher velocities. 


with Z=(Z,!+Z,!)!, and where £, is of order of 1-2 


We observe that (6) and (3) become equal at some 
‘nergy E.. If we put Z,;=Z.2 we find E.=Z.!A,(£,/é,)? 
X 750 ev = Z2A2X 500 ev, ie., €¢-~6AZ2-', but already 
somewhat below this energy S, has fallen below (3) and 


) 


ic, approached the Rutherford scattering cross section. 


n many measurements, then, one observes a nearly con- 
S at energies about /.. However, it is composed 
decreasing S, increasing S,. This effect 
as a reduction of relative straggling 

the straggling from with 


and an 


collisions 
is negligible. 

\n instructive application of the above scattering 
formulas for power potentials is the hydrogen-deuterium 
sotope effect. In fact, when a heavy ion moves through 


light substance (M,>M.), S, varies with M», as 


VOLUMI 


AND 


M. SCHARFF 

M,'*!", To S, should be added S, which is independent 
of M2; accordingly, for n= 2 the stopping is independent 
of M,. For n—2 positive, the heavier isotope will give 
the larger stopping, and vice versa. This result leads 
to an interpretation of range differences observed in 
hydrogen and deuterium. For large ¢ the value of » 
is between 1 and 2, and therefore Rp>Ry.* For small 
€ we expect ” to increase beyond 2, so that Rp<Ry.° 

Another interesting isotope effect is observed when 
M, is varied for fixed Z;. Davies® has measured the shift 
in projected range between Na” and Na*™ of energy 24 
kev in Al. Here, we expect a small energy loss to elec- 
trons, so that Eqs. (1), (3), and (5) are approximately 
valid. The results of Davies are in fair accord with 
Eq. (5). 

More extensive publications are forthcoming on these 
and related subjects. Several of the above results were 
obtained five years ago, following discussions with Dr. 
R. B. Leachman on his observations of range distribu- 
tions.2 We are much indebted to Dr. Leachman for 
these discussions. We are grateful to Dr. J. M. Alex- 
ander, Dr. B. G. Harvey, and Dr. N. O. Lassen for com- 
munication of prior to 
publication. 
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has m 


upper bound on the scattering length. The connection between the 
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bound states, the scattering length increases in value only 
illy. Therefore, after one verifies the presence of m increases, the calcul 


recplt 
€ a 


comparison is 1 


A“™) obtained by Hulthén’s original method and Kohn’s method when m | 


I. INTRODUCTION AND SUMMARY 


PRUCH and Rosenberg! have recently proved that 
the Kohn method, which is one of the Hulthén 
variational methods, an upper bound on the 
no bound state in the system. 

Rosenberg, Spruch, and O’Malley* have extended the 


: 
gives 
scattering length if there is 


of Physics, University of Tokyo, Tokyo, 
| L. Rosenberg, Phys. Rev. 116, 1034 (1959). 

ysenberg, L. Spruch, and T. F. O’Malley, Phys. Rev. 

1960); 119, 164 (1960 


zL. R 
118, 184 


theorem to the case where m bound states exist and 
showed that the calculated scattering length also gives 
an upper bound if the trial function is chosen so flexible 
that m approximate orthogonal-wave functions for the 
bound states with negative-energy expectation values 
can be formed by a linear combination of the terms 
involved in the trial function. The upper-bound theorem 
is useful because we can judge which is the better 
calculation and how the result is improved. 

The purpose of the present note is to study the nature 
of convergence in the variational calculation with a 





VARIATIONAL METHOD 

linear trial function. It will be shown that the calculated 
scattering length A‘, with adjustable parameters, 
decreases monotonically as the number » increases, if 
the system has no bound state. This is quite analogous 
to the usual variational calculation of the energy 
eigenvalue. If there are m bound states, it will be shown 
that A‘ increases in value at most, m times, as 
increases from zero to infinity, and that the m positive 
jumps actually occur if the trial function series is 
properly chosen so that wu‘ converges to the true 


solution. Since A‘ decreases monotonically after m. 


increases, this provide a proof of upper boundedness of 
the scattering length. In other words, the existence of 
m positive jumps is the (necessary and_ sufficient) 
condition required for A‘” to give an upper bound. 
This statement can be useful in actual applications. 

In the course of the discussion we shall also see that 
when only one bound state exists, A‘ (n>1) gives 
an upper bound if H1,<0. Rosenberg, Spruch, and 
Q’Malley have used the theorem due to Hylleraas and 
Undheim* in their proof of the minimum principle for 
the cases where m bound states exist. The same theorem 
will be used more critically to get the above result. An 
illustrative example will be given in Sec. III. Inthe 
Appendix it -will be shown that, if a certain condition 
is fulfilled, 4°” obtained by Hulthén’s original method 
is larger than the one obtained by Kohn’s method. 

Vole added in proof. (1) R. Konno (University of 
Tokyo) has recently obtained the conclusion that the 
stationary value for the effective range [see T. Ohmura, 
J. Math. Phys. 1, 35 (1960), Eq. (8) ] is certain to give 
an upper bound after one verifies the presence of one 
positive jump. He follows closely the procedures used 
in the present paper. (2) C. Schwartz (University of 
California) has recently noticed, in the course of his 
variational calculation on the elastic scattering of elec- 
trons (with positive energy) by hydrogen atoms, that 
the “stationary” value for the phase shift does not con- 
verge smoothly, but may on occasion turn out to be 
grossly inaccurate. This fact may be understood as 
follows: For the scattering with positive (nonzero) 
energy E the number of states of the system with smaller 
energy than E is infinite. Therefore, it can be shown 
that the stationary value of the phase shift jumps 
infinite times as the number of adjustable parameters 
increases. One example of this statement can be found 
in footnote 6. The variational method proposed by 
Rosenberg and Spruch requires a “‘cut”’ at some distance 
from the center. As the distance is taken infinitely large 

as in the usual variational methods), M_ becomes 
infinite. 


II. VARIATIONAL METHOD WITH LINEAR 
TRIAL FUNCTION 
Consider the s-wave scattering of a particle by a 
short-range central potential at zero energy. The 


’E. A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930). 
See also J. K. L. MacDonald, Phys. Rev. 43, 830 (1933). 


FOR 


SCATTERING LENGTS 


Schrédinger equation is 
Hu(r)=[— (d*/dr?)+W (r) Ju(r) =0. 
The boundary conditions are taken to be 
u(QO)=0, 


u(r) —> A—r, for r> 2%. 


The normalization of u(r) is usually arbitrary. The 
condition (3) is the same as the one employed by Kohn,* 
and the only condition which always leads to the upper 
boundedness of the scattering length when there is no 
bound state. We shall be interested only in (3) through- 
out the paper. The trial function u,(r) is chosen to 
satisfy the boundary conditions 


u,(0)=0, 


A,-—r, for r—- 2x, 


t 


U(r) — 


where A; is an approximate scattering length. u;(r) is 
assumed to be continuous and to have a continuous 
first derivative. The linear trial function ; is written, 
without loss of generality, as 


U™ = Up t+dyMyt+dotot +++ FapUy, (0) 


where u(r) has the following boundary condition 


(qj=A,): ASr—> ~, 


uo(O)=0, wo(r) ~ —r+O0(r°), (7a) 


u,(0)=0, m(r) ~1+O0(r), (7b) 


u,(O0)=0, u(r) —-O(rs), 7 (7c) 


where «<0. We can take a trial function uw", with xo 
as the first term, but a different order than Eq. (6) in 
the following terms. The conclusions which are obtained 
in the following will not be altered for such a different 
u\"’, All quantities are assumed real. The stationary 
value of the scattering length, 1°", is 


x 


= y +f u” Hu 


Hy + 2H joa, +---+2H, ad, 


| Hy,a; Bs we. % 


+2H dnd 
+ Hn 


where 


H ;;= uHujdr, 
H = — (d*/dr’)+W (r). We have used the equality : 


L x 


. 
f uy(d?u,/dr?)dr= 1-4 | u,(d?uy/dr*)dr 


in the course of deriving Eq. (8). H;(j7<7) will be 
defined by H;,=H,;(i>j) for later convenience. This 
definition is a natural one except for Ho;. From the 


*W. Kohn, Phys. Rev. 74, 1763 (1948) 





TAKASHI 








Fic. 1. The behavior of A“ is schematically shown as a function 
of m when two bound states exist in the system. C, is the maximum 
number of orthogonal states with negative energy expectation 
value which can be constructed by linear combination of m,e~’, 

-, une >” (A>0, A 0). A“ increases in its value only when 
C, increases. After two increases, A‘ converges from above to 
the true value of scattering length. In general C, =m is the neces- 
sary and sufficient condition required for A‘) to give an upper 
be nind. This is true even if some of the adjustable parameters are 

ncluded nonlinearly in the trial function. 


requirement that in Eq. (8) A‘” be stationary, we have 
0A 0a;= 2(H ot A a1+ ote ee +H in@,)=0, 

(i=1, ---,n). 
It is assumed that (9) has a meaningful solution. (If 
not the variational procedure breaks down.) Equations 


(9) determine a;; substituting the solution, a,, into (8) 
gives the final result for 4 in the mth approximation: 


(9) 


{=H ® = Hoo, (10) 


+¥° Hya;, A 


It will be proved in the last section that 


{(+) — 4(mM= — (D,?/B, Bay 
where 


Do= Hy. 


Hin 
H,. 
“<a. 


Hy 
|; Pre 1 


Hao 
ae 


-. 
aitie 


The nonvanishing of B, comes from the existence of 
the solution (9). The sign of A‘**»—4™ thus entirely 
depends on the sign of B,Byj.s;. Let us consider the 
behavior of B,. In order to see the physical meaning 
of B, we shall define H,;(A) and B,,(A) by introducing 
the factor e~*” (A>0) into all u;(r): 


zx 


aso)= f ue” Huje*dr=H;,(d), (i> j>1), 
0 


Ay, (\) Ayn (A) 
B,(A)= : : 


Hys(d) H,..(d) 


OHMURA 


Notice that the elements Hj or Ho; do not appear in 
B,. Hij(\) and B,(A) are continuous! at A\=0 as 
functions of A. After diagonalizing H,;(A) we have the 
eigenvalues H,‘”. The energy expectation values £,‘") 
of these eigenvectors are proportional to H;". B,(A) 
is expressed in terms of £;‘”, 


2m\ " 
B,(\)= HH ---H™ -( ) NE\™---E,™, 


h? 


where NV is a positive constant determined by the 
normalization of ue". The sign of B,(A) is thus 
(—)°*, where C, is the number of negative energy 
eigenvalues (Cyo=0). We shall now make use of the 
following inequalities on the energy eigenvalues’: 

Ey S Ey SEY SEM <--- 


SE," 


SO (12) 


From (12) we see that the number of negative eigen- 
values C,4: in the (v+1)th approximation is either 


Cai=Catl, (13a) 


Cri =Cn. (13b) 
The sign of B,(A)B,s:(A) is negative for (13a) and 
positive for (13b). Since C, cannot be larger than the 
number of actually existing bound states m, the number 
of places where A‘"*?—A‘” in Eq. (11) has a positive 
sign does not exceed m. 

If the trial-function series is properly chosen so that 
it can converge to the true solution, the number of 
negative energy eigenvalues should become m when 
n—» ©, Thus it has been shown (for A\>0) that A“ 
makes m positive jumps* while » increases from zero 
to infinity (see Fig. 1). The result is also valid for \=0 
by virtue of the continuity at A=0. After m positive 
jumps, A‘” decreases monotonically, therefore it 
always gives an upper bound. 

It should be noted that C,=m is equivalent to the 
condition of Rosenberg, Spruch, and O’Malley*® (the 
improved version obtained in the second paper of 
reference 2) and is the necessary and sufficient condition 
required for A‘” to give an upper bound. 

When there is no bound state, 4‘” decreases mono- 
tonically. This is quite natural in view of the upper 
bound theorem of Spruch and Rosenberg. If one bound 
state exists (for example, the singlet system of the 
electron-hydrogen atom scattering), and if Hi,<0, 
A“™(n>1) gives an upper bound, because By= A. 
Another criterion® on the upper boundedness will be 
furnished if one calculates initially several A‘ and 
verifies the m positive jumps. These conclusions may 


5 We assume that D,?>0 for m which satisfies (13a). 

* This criterion is also applicable to the variational method 
proposed by Rosenberg and Spruc h for positive (nonzero) energy 

scattering; namely, a bound on some function of the phase shift 
is obtained if we verify M positive jumps. See Phys. Rev. 120, 
476 (1960). 
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TABLE I. The scattering length obtained by the 
variational method. 
—1 

— 2.00* 

—5.37* 

—5.98;* 

-6.00,* 

— 6.007 





be important from a practical point of view. So far we 
have dealt with the simplest scattering problem 
(1)~ (3), but extensions to more general cases are 
clearly possible and the same conclusions are all valid. 


Ill. ILLUSTRATIVE EXAMPLES 


First example. Let us take the case of an exponential 
potential well, 


H=— (d*/dr*)+e~’, 
and choose the trial function, 


uo=7, ta=—e™r—e™, 


n= 1. 


The values of scattering length calculated by (9) 
and (10) are shown in Table I. The number of bound 
states m is zero for —1.446<A\<+ ©, one for —7.618 
<\<—1.446, two for —18.72<\<—7.618, etc. One 
jump of A“ occurs at A for \= — 1.69, and two jumps 
occur at A® and A® for \= —7.84. Since H1,;<0 for 
both cases, A“ >A, The values with asterisks are 
certain to give upper bounds on the scattering length. 

The second example is given by Hara et al.’ The 
scattering length of the electron-hydrogen atom scat- 
tering is calculated there by assuming a linear trial 
function. The scattering length in the triplet scate 
(where bound states do not exist) decreases mono- 
tonically starting from A;“=5.00 ag, A,“ =2.35 ap, 
to A‘ =2.27 ag. (ag=the Bohr radius). There is one 
increase from A,‘ = —7.00 ag to A, = 10.90 ag in the 
singlet state, where one bound state (namely, the H 
ion ground state) exists. A,‘” decreases monotonically 
from A, to the best value of A,‘ =6.22 ag in their 
paper. 


IV. PROOF OF EQ. (11) 


The difference between A‘? and A ™ can be 
evaluated in a straightforward manner, but it is not 
very simple. We shall first make a linear transformation 
of the basis vectors and diagonalize the nXn matrix 
(H,;). A™ in Eq. (8) now takes the form 


A™ = HotHuce+: +: +H antr’, (14) 


where the same notation H is used as in (8), but this 
should not cause confusion. Similar procedures for (9) 


7Y. Hara, T. Ohmura, and 
Phys. (Kyoto) 25, 467 (1961). 


T. Yamanouchi, Progr. Theoret. 


METHOD. FOR SCATTERING 


LENGTH 


and (10) give us the result 
A™ = Hoo, Gi=Cs=°°° 
In this new system A‘"*» has the form, 


4 1 (atl) x Hoot Aucer+ viata tale 
+ Fi ng t.ngiCng¢ Pr +2(Ao, npi€nt1 
+A ns 1€1€n4 it ais +Hans 1€n€n+1 ). (16) 
The procedure corresponding to (9) is 
A") /O¢;= 2(Aiici t+ Hi, npicny1) =9, 
(t=1,---m) (17a) 


OAD) /O6n41= 2(Ho,n ; it> Aig nse: 


i=l 


+H zt npieny1)=0. (17b) 


From (16), (17a), and (17b), we have 
= |; Fe = 
A(t) = Hoo— Ho, n4 (1. +1, n4 i-> Serine ) . (18) 
i=l Hi; 
B, and B,,, defined in (11) are now, respectively, 
B,= Hy,H22: 7 ‘Han, 
| Ay Hyon 
a Hy 


Brix | 


() a 


| 
| 
\Aneia Anare *** Angin Any 
n H;, 
=Ba( Hesssonr-Z- . 
i=. Hj; 
By combining (18) and (19), we have 
AnsyioB, 


{ (n+ = Ain — ines 


Bry 


(20) 


If we notice that D,/B, is reduced to Hn41,0 in this 
system, we finally get from (20) 


AOD = AM—(D,2/ByBnas). 
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APPENDIX. ORIGINAL HULTHEN METHOD 


It will be shown here that Hulthén’s original vari- 
ational method gives a larger® value for the scattering 


‘ Strictly speaking, a not smaller value 
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length than Kohn’s method does, if the same trial 
function is used and if the Rosenberg, Spruch, and 
O’Malley condition (in the first paper of reference 2) 
is satisfied. This is, however, a sufficient (not necessary) 
condition. The necessary, and at the same time suffi- 
cient, condition is expressed by saying that, for the 
trial function (6) with » parameters, B, and F,, (see 
below) have the same sign. The meaning of this state- 
ment will also be given. 

To simplify the calculation we shall again transform 
the basic vectors. The linear transform will be done 
among (to, M2, +++, #,) only, and #, remains unchanged. 
A‘ now takes the form 


A‘ H +Ayt+ eee +H ,,,+2(H 1a, + H2,a20, 


+--++Hy,1@nd;). (Al) 


The original Hulthén method consists of the following 
equations: 


OA 0A,=2H,,a,+2H.,aq,;=0, (7=2,-+-,) (A2) 


a“ a}. (A3) 


From (A2) and (A1) we have 
H;-a; 
t Hy,aP°+2H yai— 2, 


— HH; 


=H 


On comparing (A3) and (A4 
scattering length Ay‘" 
from the equation 


Ay =H +H Ay” 


we obtain the value of 
in Hulthén’s original method 


2+I2H Ay" 


from the 


, we have 


he Kohn approximation, 
da =(), (7 . ee 7) 


equation 


a ! \dy, i= (A6) 


(A7) 


OHMURA 


The scattering length Ax‘” in Kohn’s method is given 
by [see (10) ] 
- Hoot+A ay 


Ax 


Bu-B (ue-E (A8) 


H;* 
Pe: ) 


If we take the difference of (A5) and (A8), 


a H,- 
Ay M— AR” -(au-E ) 
2 A; 


n Hj? 
x Ay’ +H, Hy,->d ) . A9) 
2H 
Since the second factor is always positive, the sign of 
(A, ) is determined by the first factor which 
is written B,,/F,, 
given by (11) and 


we obtain 


, —Ax " 
in the original system, where B,, is 


Hw» +: Hs; 


Ho -:: A, 

Therefore we 
larger than Ax” if B, and F, have the same sign. The 
sign of both B, and F,, is (—)™ (m is the number of 
bound states in the system), if the condition of 
Rosenberg, Spruch, and ©’Malley is satisfied. Their 
condition is that 
energy expectation value can be 
linear combinations® of (2,- + + ,z Che sign of F,, or 
B, is (—)” or where p or g is the 
maximum number of orthogonal states with negative 
energy value formed 
(1e-A’,* - + ,ne—*”), respectively. (A 


come to the conclusion that Ay‘” is 


tates with negative 
formed by taking 


m orthogonal 


(— 


1, respectively, 


h 


(toe *",+ + + Utne ) 
>0,A>0.) 


by 


ility. If u2,-+-%, are assumed to 
c), these should be multiplied by 


* They assume square integra 
satisfy the weaker condition (7 
pg Ar 
€ ° 
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The total cross section for the scattering of electrons by atomic hydrogen has been measured as a function 
of electron energy from 3.1 to 12.3 ev. The basic measurement compared the number of electrons scattered 
from a region defined by the intersection of an electron beam and a chopped molecular beam with the 
number scattered when the hydrogen beam was partially dissociated. By measuring the degree of dissociation 
with a mass spectrometer, one may obtain the ratio of cross sections of atomic and molecular hydrogen for 
a given energy. The absolute atomic values were calculated from these ratios and molecular hydrogen values 
obtained from the literature. In the experiment most of the scattered electrons were detected (the angular 


resolution was about 25°), 


and Fraser. 


I. INTRODUCTION 


HE development of the modulated molecular beam 

technique has recently stimulated experimental 
and theoretical investigations of the elastic scattering 
of slow electrons by atomic hydrogen. As a_ basic 
three-body interaction this problem has considerable 
interest. In a previous experiment, Brackmann, Fite, 
and Neynaber' (BFN) measured electrons scattered 
by atomic hydrogen into a cone whose axis was normal 
to the initial electron direction. About 10% of the 
total number of scattered were collected. 
The measurements were projected into total collision 
cross sections by the use of a theoretical angular 
distribution obtained by Bransden, Dalgarno, John, 
and Seaton? (BDJS). These total cross _ sections, 
although they did not allow distinction between several 
theoretical estimates, were consistent with theoretical 
predictions. 

Because our experiment was designed to collect most 
of the scattered electrons, total cross sections were 
obtained directly from the measurements. Further, 
the present experiment is sensitive enough, particularly 
at the higher energies, to distinguish between the 
BDJS theoretical results and several more recent 
treatments. 


electrons 


Il. EXPERIMENTAL 


The apparatus, experimental procedure, and calcu- 
lation of results were similar to those of our previous 
investigation of the atomic oxygen® cross section. The 
only experimental changes were in the source. The 
hydrogen (Liquid Carbonic, 99.89% pure) was used 
directly from a cylinder. The rf discharge, characterized 
by a deep red glow, was operated at about 0.8 mm Hg 
pressure. Typically, 30% of the molecules dissociated. 
While the temperature of oxygen remained essentially 


1R. T. Brackmann, W. L. Fite, and R. H. Neynaber, Phys. 
Rev. 112, 1157 (1958) 

2B. H. Bransden, A. Dalgarno, T. L. John, and M. J. Seaton, 
Proc. Phys. Soc. (London) A71, 877 (1958). 

3R. H. Neynaber, L. L. Marino, E. W. 
Trujillo, Phys. Rev. 123, 148 (1961) 


Rothe, and S. M. 


thereby differing from a previous measurement by Brackmann, Fite, and 
Neynaber. Our results are in good agreement with several theoretical estimates, e.g 


, that of McEachran 


constant in the discharge,’ that of hydrogen rose 
about 50°C. A cooling jacket was installed around the 
discharge tube. A flow of cold air through this jacket 
was adiusted to cool the discharge to room temperature. 
The temperature was measured by the krypton additive 
method previously described* and by a thermocouple. 
The temperatures obtained by these two methods 
were in agreement. Some measurements were made 
without cooling. Temperature corrections were made 
to these measurements. The results were within 
experimental error of those obtained by the cooling 
method. 

The atomic cross sections were calculated from the 
data and from the molecular hydrogen cross sections. 
The latter were obtained from an arithmetic average 
of the results of Briiche* and Normand.° In the energy 
range considered, their results do not differ by more 
than 5% from this mean. 

As in the oxygen experiment, a correction was needed 
because the Knudsen condition at the source exit was 
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Fic. 1. Total collision cross sections for electrons scattered by 
atomic hydrogen. The BFN points are shown as originally 
published and were obtained from the p-wave calculations of 
BDJS as well as experimental measurements. In the energy 
range from 3.1 to 7.24 ev, half of the present experimental points 
lie within a +9% range of the curve. From 7.25 to 12.3 ev, half 
of the points are within +6°%. These limits are shown as brackets 
on the experimental curve 


4 FE. Briiche, Ann. Physik 82, 912 (1927 
5C. E. Normand, Phys. Rev. 35, 1217 (1930 
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Fic. 2. Total collision cross sections for electrons scattered by 
atomic hydrogen. The BFN points were obtained from the 
p-wave calculations of McEachran and Fraser and experimental 
measurements. The BFN cross sections now appear to be 
consistent with our results. 


not entirely satisfied. The correction (about minus 4%) 
was determined by an ionization experiment, which 
has been previously described.’ 


III. DISCUSSION OF RESULTS 


A least squares fit of our data is given in Fig. 1. 
Also shown are the results of the BFN experiment and 
several theoretical calculations. Our results are in 
good agreement with the lowest theoretical curve. 
This is best seen at the higher energies. In the energy 
range from 3.1 to 7.24 ev, one-half of the experimental 
points lie within a +9% range of the curve. From 
7.25 to 12.3 ev, one-half of the points are within +6%. 

Bransden, Dalgarno, John, and Seaton? employed 
a variational calculation containing both s- and p-wave 
scattering. Temkin and Lamkin® calculated s-, p-, and 
d-wave scattering by the method of polarized orbitals. 

McEachran and Fraser,’ Smith,’ and John’ employed 
numerical methods with exchange approximations to 


6 A. Temkin and J. C. Lamkin, Phys. Rev. 121, 788 (1961). 


ROTHE, 


AND TRUTIILLO 

obtain the scattering. Geltman™ used a variational 
method in which a trial function allowed for the 
virtual excitation of the 2s and 3s states. 

Only three theoretical curves appear in Fig. 1. The 
lowest one represents the work of McEachran and 
Fraser. The cross sections predicted by John lie on the 
same curve, while those obtained by Geltman are only 
slightly higher (<5%). Smith has calculated 2 points 
(at 11.0 and 13.6 ev) which also are close to the lowest 
curve. 

The BFN total cross sections are shown in Fig. 1 as 
originally published, but it must be remembered that 
they were obtained from the p-wave calculations of 
BDJS as well as experimental measurements. Sub- 
sequently, an angular distribution experiment of 
Gilbody, Stebbings, and Fite" indicated somewhat 
smaller p-wave contributions such as those predicted 
by McEachran and Fraser, John, and Geltman. We 
have recomputed the total cross sections by using the 
BFN measurements, and the McEachran and Fraser 
p-wave results in the formula given by BFN. The 
results are shown in Fig. 2. It is seen that the BFN 
cross sections now appear to be consistent with our 
results. 

The present results, particularly at the higher 
energies, appear to support the lowest theoretical curve. 
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Oscillator Frequency and Vibrational Quanta in the Hydrogen Molecule* 


J. P. AuFFRAY AND J. W. Cooley 
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Theoretical values of the oscillator frequency and vibrational quanta in the electronic ground state of He 
are obtained and compared with the corresponding experimental data. Agreement between the two sets of 
values is found to be of the order of 1 part in 10°. This is somewhat larger than the estimate (2 parts in 10* 


of the experimental error. 


HE oscillator frequency w, in the electronic ground 
state of Hz has been determined experimentally 
by Stoicheff,| and Herzberg and Howe,’ using the 
relation 
T44.1,0— Tr,0=We— were (0+3) +a-ye(v+3)?—-+-, (1) 
where v is the vibrational quantum number, 7,41,0—T»s,0 
are the measured vibrational quanta, and x, and y, are 
small constants arising from the anharmonicity of the 
internuclear potential. The present authors have ob- 
tained theoretical values of the vibrational quanta 
which may be compared directly with the experimental 
data. The vibrational-rotational energies 7,y; were 
determined by solving by an accurate numerical pro- 
cedure’ the radial Schrédinger equation with the po- 
tential (in atomic units) 


V (r)= E(r)4+-1/r4-J (J+1)/2ur’, 


I'\Bte I. Vibrational quanta 7,41,0—7>»,0 in the electronic 
ground state of H2 (in wave numbers). 


Theoretical 


4166 
3930 
3702 
3477 
3253 


Experimental 


4161 
3926 
3695 
3468" 
3242 


* Stoicheff values (see reference 1). _ 
>» Herzberg and Howe values (see reference 2). 


* The work presented in this paper was supported by the U. S. 
\tomic Energy Commission Computing and Applied Mathe- 
matics Center, Institute of Mathematical Sciences, New York 
University. The calculations were performed on the IBM-704 Com- 
puter at the Institute of Mathematical Sciences. 

1B. P. Stoicheff, Can. J. Phys. 35, 730 (1957). 

2G. Herzberg and L. L. Howe, Can. J. Phys. 37, 635 (1959). 

*J. W. Cooley, Math. of Comp. (to be published). See also J 
P. Auffray and J. W. Cooley, Phys. Rev. 122, 1203 (1961). 


where r is the internuclear distance, /(r) is the elec- 
tronic energy,‘ J is the rotational quantum number, and 
pw is the reduced nuclear mass. 

The vibrational quanta so obtained, converted to 
wave numbers’ and corrected for the effects of inter- 
actions between the electronic and nuclear motions,® 
are given in Table I for v=0 to 4, along with the cor- 
responding experimental data for comparison. The 
agreement between the two sets of values is seen to be 
of the order of 1 part in 10° for v small. From the form 
of Eq. (1) this suggests that the experimental and 
theoretical w, must also agree within about 1 part in 10°. 
This discrepancy is somewhat larger than Herzberg’s 
estimate (2 parts in 10*) of the uncertainty in the ex- 
perimental value and is probably due, in part, to small 
errors in the curvature of the theoretical potential (2), 
as well as to an underestimation of the effects of inter- 
actions between the electronic and nuclear motions’ 
and the neglect of relativistic effects. 

It should be noted that in the present treatment no 
corrections for the anharmonicity of the internuclear 
potential were required.® 

‘The best available theoretical E(r), [W. Kolos and C. C. J. 
Roothaan, Revs. Modern Phys. 32, 205 (1960) ], was used in this 
calculation. 

6 Using 1 a.u.=219 474.62 em“. 

The correction was made by multiplying the theoretical 
values by the factor 1+65=0.99929 [see J. H. Van Vleck, J. Chem. 
Phys. 4, 327 (1936)]. This correction really applies to w, but 
T141,0—T'v,0~we for v small [see Eq. (1)]. 

7 See reference 6. 

8 Such a correction would have been required however, if one 
had wanted to compare the experimental w, with the theoretical 
value obtained from the relation w,= (y/u)!, where y is the curva- 
ture of V(r) at the equilibrium internuclear distance r,. This cor- 
rection was considered by Dunham [Phys. Rev. 41, 721 (1932)]. 
See also the discussion of this point in reference 1 
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Formation of Negative Ions in a Gas by Charge Transfer from a Fast 
Atomic Hydrogen Beam* 


T. M. DonanvE AND Farm HusHFrart 
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(Received April 5, 1961; revised manuscript received June 8, 1961) 


Structure has been reported in the electron loss cross section for hydrogen atoms in Hy. Study of various 
gases shows that there is no structure for collisions with argon, but nine peaks of magnitude 107!* cm? 
between 8 and 40 kev in CO. Analysis of these peaks support the idea advanced for hydrogen gas that the 
peaks are caused by formation of negative ions in the target gas by a process in which the electron is captured 
as though it were a free electron. Mass spectroscopic study reveals that negative ions are formed when 
hydrogen atoms pass through CO, Oz, and H20. The formation rate varies in CO as predicted from the ¢ 


structure and the cross section is ~10~'* cm*. The ions formed in CO are CO™ and O-. 


he copi US Dro 


duction of CO~ contradicts the simple model of the capture collision previously proposed 


I. INTRODUCTION 


HE program to measure the cross sections for 

electron capture and loss by hydrogen atoms in 
the range of energy between 5 and 40 kev has been 
extended in this laboratory to argon and carbon mon- 
oxide. The reason for selecting these gases was that the 
cross section for electron loss, oo:,'! for hydrogen atoms 
in hydrogen gas (Hz) had been found to show some 
structure as a function of the particle energy.” The most 
likely explanation for this.structure appeared to be that 
the loss cross section was enhanced at certain energies 


by the processes 


H+H,— H*+H,, (1) 


H+H,— H*+H-+H, (2 


leading to negative ion formation in the target gas. An 
interesting aspect of the collision process was that the 
cross-section peaks occurred at almost the same velocity 
at which free electron capture, 


e+H. — H-+H, 


was most likely to occur. No negative ions should be 
formed in argon while a multitude of states involving 
C-, O- and CO~ are available in CO. Thus, according 
to the hypothesis advanced to explain the structure in 
H., a smoothly varying cross section for electron loss 
was expected for hydrogen atoms in argon and a rich 
structure was expected in carbon monoxide. 

This is just what was found. A mass spectrograph was 
therefore constructed to analyze the ions left behind 
along the path of the atomic beam. The analysis of 
these ions confirms that negative ions are formed in CO 
as a result of collisions between fast hydrogen atoms and 
CO molecules. Furthermore the cross section for nega- 
tive ion formation varies in the same way as oo; for H 


* This paper represents the publication of a thesis submitted 
y Faric shfar to the University of Pittsburgh in partial ful 
by Farid Hushfar t i } 
fillment of the requirements for the Ph.D. degree. _ 
+ Present address: New York University, University Heights, 
Bronx, New York. ; Bs oe 
\ g., is the cross section for charge transfer where 7 is the initial 
charge state of a beam particle and f its final state. 


2R. Curran and T. M. Donahue, Phys. Rev. 118, 1233 (1960). 


in CO and is large enough to account for the structure. 
The details of the process are not understood, however, 
for the predominant negative ion formed is CO~ where 
O~ would have been expected from the analogy with 
free electron capture. 


II. CAPTURE AND LOSS CROSS SECTION 
MEASUREMENTS 


A. Procedure 


The technique used to measure the electron capture 
and loss cross sections has been described in previous 
papers,>~* and will be described here only briefly. A 
beam of neutral atoms is prepared by subjecting a 
monoenergetic beam of protons to charge transfer and 
removing the residual proton beam. The neutral beam 
in the collision chamber passes between a linear array 
of nine identical sets of condenser plate s to a detector. 
The detector is a foil thermocouple mounted inside a 
Faraday chamber. The thermocouple measures the total 
particle current, charged plus neutral. It is calibrated 
with a proton beam sent through the evacuated collision 
chamber so that current recorded in the Faraday cage 


g —— eines ieee RR sei elie ate 
4 
at So ae : | 
. ae 
4 - 


! 
| 


Fic. 1. Electron loss cross section for hydroge n atoms in argon 
3W. Kasner, thesis, University of 

published). 

*R. Curran, T. M. 

114, 490 (1959). 
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is in this case the total current. It is found that the 
thermocouple response is linear for the currents 
strengths used in these experiments and that the de- 
tector reading does not change as gas is admitted to the 
beam preparation chamber or the collision chamber, 
thereby changing the composition of the beam. Thus the 
calibration with protons is valid for hydrogen atoms of 
the same energy. 

The sum of the electron loss and capture cross 
sections, ¢o1+o9-1, is measured by sending the neutral 
beam into the scattering chamber and using high voltage 
on selected condensers to remove the charged compo- 
nent in the beam as quickly as it is formed. After the 
beam has traveled a distance x along which the ionic 
component has been removed in this manner, the re- 
sidual neutral beam current is given by the expression 


I(x) =I expl— (co1t+-o0-1)nx], (4) 


where J is the initial neutral beam current and » is the 
gas density. The distance x is varied by changing the 
number of condensers charged. The quantity (a91+¢0-1) 
is thus readily and accurately measured. Only the ratios 
I(x)/Iy need be evaluated and no detector calibration 
is nec essary. 


TABLE I. Values of o; for hydrogen atoms in argon. 


H atom energy 
(kev) a 1(10~'* cm?) 


H atom energy 
oa (107'§ cm?) 


o 


18.88 
20.39 
23.60 
27.04 
28.84 
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On the other hand, collection of the slow ions left 
along the path of the beam when low voltage is applied 
to the condensers permits the measurement of ooi—@0-1 
and o7, the cross section for production of ion pairs in 
the target gas. The technique is the same used in the 
measurement of a1) when the incident beam contains 
only protons.** It involves the low pressure 

0.2 to 0.8 w) in the collision chamber and is based on 
the small beam absorption approximation that the 
current collected by m negative condenser plates is 


use of 


J =1)(0)n(oo_1 +07) (mx.+ x0), (5) 


where x, is the length of a condenser and xo is an end 


correction. The current to m positive plates is 
J_=1,(0)n(oo, +07) (mx-F+ vo). (6) 


Measurement of J)(0) and the variation of J, and J 
with mx. determines oo-:+o7, ooitor and thence 
oo1— 90-1 and a;.° 


5In this discussion we neglect the effect of impurities. For a 
more detailed treatment we refer to previous papers.” 
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Fic. 2, Electron capture cross section for hydrogen 
atoms in argon. 


B. o and o)_; for H in Argon 


The electron loss and capture sections for 


hydrogen atoms in argon are plotted in Figs. 1 and 2. 
They both vary smoothly. Two other groups have 


cross 


measured these cross sections previously.®? Our values 
of oo; agree with those of Fogel’ ed al. at low energy, and 
those of Stier and Barnett at high energy except, that 
our cross section levels off at 35 kev while that of Stier 
and Barnett continues to rise. This is not consistent 
with the case of Hs where our measurements and those 
of the Fogel’ group were in agreement and far below 
those of Stier and Barnett at all energies. 

All measurements of oo_1 for H in Ar are in agreement 
from 40 kev down to 15 kev. Below that energy the 
cross section as we measure it rises somewhat more 
steeply with decreasing energy than either of the other 
two determinations. 

Values of o7 obtained for hydrogen atoms in argon 
are listed in Table I. This cross section is actually the 
weighted sum of the cross sections for multiple 
1onization 


or (Art)+267(Art++)+3o¢,(Ar*+)+---, (7) 


The measurement of ¢; is not corrected for secondary 
electron emission. 

The uncertainties indicated in the plotted cross 
section measurements of Figs 1 and 2 are the probable 
errors resulting from a least-squares fit of the curves 
representing Eqs. (4)—(6) to the data. The scatter which 
occurs is a consequence of beam instability and pressure 
drifts. The absolute value of the cross section is also 
subject to an uncertainty arising from the measurement 
of the gas density ». This is obtained from the reading 
of a McLeod gauge of large volume. It causes an un- 
certainty of 41% in oo1+e¢o-1 and somewhat more in 
oo1—oo-1. We estimate our accuracy at +2% for the 
measurement of go}. 


61. M. Fogel’, V. A. Ankuninow, PD. V. Philipenko, and N. \ 
Topolia, J. Exptl. Theoret. Phys. (U.S.S.R.) translation: Soviet 
Phys. JETP 7, 400 (1958). 


7P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956). 
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C. a; and o_, for H in CO 


An abundance of structure is evident in both ¢o1+00-1 
and o91:—¢ 9-1 for H in CO as they are plotted in Fig. 3. 
The reality of the effect is attested by the fact that the 
fluctuations occur at the same energies in both the sum 
and the difference of the cross sections and is of the same 
magnitude in both. This is true despite the fact that the 
methods of measuring the two quantities are completely 
different. Since the fluctuations are approximately the 
same for both oo;+oo_; and o9;—o9_; most of the struc- 
ture is in oo; (Fig. 4+). At 9.31 kev there is an exception 
where a sudden increase in o;+¢9-1 has no counterpart 
in ¢o1—oo-1. The result (Fig. 5) is a large peak in oo-1 
at this energy. The structure in oo_; for CO is even more 
pronounced than that found in H».' There are two large 
maxima, one at 9.3 kev, the other at 13.75 kev. 

In oo there are nine peaks between 8 and 40 kev. 
The cross section for electron loss is very large, attaining 
4.7X10-'® cm’, and the fluctuations are of the order 
of 107'® cm*. 


III. MASS SPECTROMETER STUDIES 
A. Purpose of the Studies 


To test the proposition that the structure in go; Is a 
consequence of negative-ion formation in the target 
gas, a mass spectrometer was designed to determine the 
nature of the ions left along the track of the beam par- 
ticles. If negative ions were found, attributable to hy- 
drogen atoms in the beam and varying like oo; with 
energy, this would of course settle the question. A 
failure to detect negative ions would not be definitive. 
For an enhancement of the electron-loss cross section 
could occur even if the negative ions formed were 
molecular ions whose internuclear separation was such 
that autodetachment would cause them to disappear 
long before they could reach the detector of the mass 
spectrometer. In that case the difficult experiment of 
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Fic. 3. Measured sum and difference of electron loss and capture 
cross sections for hydrogen atoms in carbon monoxide. 
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detecting the electrons produced in autodetachment and 
distinguishing them from electrons produced in other 
processes would have to be performed before a clear 
assessment could be made of the role of negative-ion 
production in causing the fluctuations in a9). 


B. The Mass Spectrometer 


Sketches of the collision chamber and mass spec- 
trometer assembly are presented in Figs. 6 and 7. They 
were designed so that they could be joined to the beam 
preparation section of the instrument used for charge 
exchange cross section studies.*~“* The scattering 
chamber is a cylindrical tube 5 cm in diameter and 40 
cm long. At one end this tube was fitted to the beam 
preparation chamber including the beam limiting and 
differential pumping ports. Into the other end was in- 
serted our standard detector assembly consisting of the 
thermal detector enclosed within a Faraday cage. Pro- 
visions were made for evacuating the chamber, for ad- 
mitting gas through cold traps, and for measuring the 
gas pressure with ionization gauge and McLeod gauge. 

To extract the ions formed along the path of the beam 
a pair of parallel plates was used in this preliminary 
survey. To the pusher plate, B in the figures, positive 
or negative voltage could be applied. The grounded 
plate A closed off the arm of the mass spectrometer. 
A slot S;, 0.022 cmX1.3 cm, was milled in this plate 
with the long dimension parallel to the beam axis. 

Ions formed along the beam could be propelled by 
the field between B and A through S; and into the 
evacuated mass spectrometer. S; is the object for an 
analyzing magnet designed to deflect ions through 90° 
on a path of 8 cm radius. The magnetic lens was de- 
signed to provide focusing in the plane of the pole faces 
and also in the plane perpendicular to them. The mag- 
netic field was measured with a flip coil which was in 
turn calibrated against a proton resonance probe. 

Ions are focused 25 cm from the magnet on a slit So, 
2 cm long and 0.41 cm wide. This is the size of the image 
of S,. After passing through S, they fall ona collector P. 
Both P and S» are maintained at +45 volts to prevent 
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Fic. 4. Electron loss cross section for hydrogen atoms 
in carbon monoxide. 
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secondary electron emission. The current to P is meas- 
ured by means of a micro-microammeter. 

The mass spectrometer was calibrated by means of 
the positive helium ions produced through ionization 
of helium by an energetic neutral beam. The alignment 
was such that the beam passed close to plate B and 
almost the full extractor voltage was effective in accel- 
erating ions through the slit S;. 


C. Negative Ions Formed in CO 


It was found that with CO in the scattering chamber 
and a neutral beam incident on it that negative ions 
were indeed formed in the CO. A detailed analysis of 
these ions will be presented in subsequent sections. 
First it is necessary to demonstrate that the ion forma- 
tion can be ascribed to the hydrogen atoms in the beam. 
The H/H?* ratio was varied in the beam and it was 
found that for a fixed CO pressure the negative ion 
production rate increased with the H beam strength in 
the collection region while it remained independent of 
the proton current. It is necessary in checking this fact 
to keep in mind that even if protons are removed from 
the beam initially there is a certain amount of recon- 
version to protons by charge exchange between the 
beam preparation chamber and the mass spectrograph 
slit. The size of the reconverted current can be deduced 
from the reading at the Faraday cage and the known 
distances in the apparatus as well as from the value of 
go. This is not necessarily an unimportant effect since 
negative ions may be produced in dissociative ionization : 


mA SY 
HMT-+ A+)" 


Ht-+-AY 


On the other hand, it may be noted that incident hydro- 
gen atoms may such dissociation. To 
distinguish 


also cause 
H+NXY — H++X-+Y 
from 


H+XY — H+24-+Y* 
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3. 5. Electron capture cross section for hydrogen atoms 
in carbon monoxide. 
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Fic. 6. Side view of mass spectrograph and scattering chamber. 
The beam detector is at the right. 


in the presence of 


H+X+¥t+e 


H+Xt+Y¥+e 
H+XY—- 
H+ (XY)++e 


\H++X¥+e 


etc... 


requires an elaborate analysis. On the other hand, if 
the ions produced are (XY) and the rate of production 
is linear with pressure, there can be no doubt that the 
reaction is 


H+XY — Ht+ (XY) 


At any rate, if the cross section for production of 
(XY)-, X-, and Y~ should be found to follow the fluc- 
tuations in oo; for H in XY, this would have to be taken 
as strong evidence that the negative ions are formed 
by direct transfer from the fast atom to the XY 
molecule. 

In Fig. 8 is plotted the negative ion current obtained 
as a function of the pusher voltage for a fixed value of 
the magnetic field in the mass spectrograph. The inci- 
dent beam was neutralized and the beam energy was 
16.3 kev. The pressure in the collision chamber was 
0.346 uw. The positive ion spectrum measured under the 
same conditions, except for the reversal of the fields in 
the mass spectrograph, is also shown in the same figure. 
The positive ions appear to be predominantly CO+ and 
C+ while the negative ions are CO~ and O~ at this 
energy. The resolution of the mass spectrometer, as 
indicated on the figure where the expected peaks due to 
O., CO, and CN are marked, is not high. It is not pos- 
sible to exclude categorically that the diatomic ion is 
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Fic. 7. Mass spectrograph and scattering chamber viewed 
along the beam axis 
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300 
EXTRACTOR POTENTIAL IN VOLTS” 
as function of draw-out 
1 CO at 16.3 kev and a CO pressure of 0.346 u 
rative-ion results are both plotted. Scale is in 
1p for positive ions and 10~ amp for nee zative ions. 


Mass spectrometer response 


O:- or CN-. However, a careful great 
quantity of data leads us to prefer CO~ very definitely 
with the exception of some special cases which will be 
mentioned in the sequel. 

Another negative ion spectrum for a different energy 
and pressure, 14.34 kev and 0.560 y, is presented in 
Fig. 9. Again there is little doubt that the ions are CO~ 
and O 

\t all energies up to 33.8 kev these two negative ions 
were the ones identified as arising from the H-CO 
At this energy the monatomic peak became 
and exhibited structure. This suggested the 
presence of a third negative ion with a mass slightly less 
than that of O-. An attempt to resolve the two peaks 
in the way illustrated in Fig. 10 indicates that this new 
ion cannot be as light as C~ unless it is formed with con- 
siderable kinetic energy. Eight runs gave for 
three 16.2 my, and 
assumption of zero initial kinetic energy. 
s would indicate CO-, O-, and CH-. However, the 
third peak could be ascribed to C-, formed 
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Fic. 9. Negative-ion spectrum for 14.34-kev hydrogen atoms 
incident on CO at 0.560 yw. Arrows show the expected position of 
O.-, CO-, CN-, and O 
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with about 8 ev of kinetic energy. 
tation favored. 

During this survey there was a certain amount of 
water vapor and air present in the scattering chamber. 
The consequence was that it was always possible to 
detect a strong H»~ signal arising from the reaction 


H+H.0 - >» H++H,-+0. 


This is the interpre- 


This was demonstrated by deliberately introducing 
water vapor at controlled pressures into the system. 
The H;- peak proved to be in one way a boon since it 
gave a useful fiducial mark for mass measurements. The 
Oz present in the air gave rise to O2~ from the reaction 


H+0,.— Ht+-+ 


This peak in fact masked the CO~ at very low CO pres- 
sures; that is for total pressures below 0.1 u.° 


D. Cross Sections for Negative-Ion Formation 


The relative cross section for negative-ion formation 


was measured several energies selected for being 
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. Negative-ion spectrum for 33.82-kev H atoms incident 
on CO compared to the spectrum at 16.3 kev. 


either maxima or minima in the electron loss 
section. The procedure was to hold 
constant and to scan the negative ion spectrum by 
varying the magnetic field in the mass spectrometer. A 
sample spectrum obtained in this way 

Fig. 11 the CO- and O 

curve, normalized for unit beam current, 
and the procedure repeated for several 
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(private communication) ]. The abser 
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Fic. 11. Negative-ion spectrum for hydrogen atoms of 16.29-kev 
energy in CO at 0.115 yw. The extractor voltage is fixed at 37 v 
and the magnetizing current 7 is varied. 


Figs. 12 and 13. The slope of the resulting curves is 
taken to be proportional to the cross section for for- 
mation of the corresponding ion by hydrogen atoms 
incident on CO. The cross sections for negative-ion 
formation measured relative to that at 14.34 kev are 
listed in Table II along with the percentage of the cross 
section due to CO~ formation and the percentage due 
to O~ formation. 

In the curves of Figs. 12 and 13 the large intercept 
in the CO~ curve is caused by the Os~ signal which 
could not be resolved in a clear-cut way from the CO 
peak. Similarly the non vanishing intercept for O~ at 
17.42 kev is to be attributed to the background gas. 
The cross section of the residual gas for O.~ and O 
production clearly varies with energy as the variation 
of the intercept with energy shows. 

The bending of the curve at 16.29 kev is rather 
puzzling. It suggests that some of the CO~ formed at 
this energy are lost, presumably by collisional detach- 
ment, on the path through the mass spectrometer. 
However, the curvature not appear at other 
energies, perhaps because some CO7 is formed at 16.29 
kev in excited vibrational states. Effects of this sort 
must be investigated much more thoroughly in more 
refined experiments than this preliminary survey. 
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In Table II the height of the oo; cross section above 
the arbitrarily drawn smooth curve of Fig. 4 is also 
listed. It is clear that the cross section for production 
of negative ions, o_, tends to follow the fluctuations in 


TABLE II. Cross sections for negative-ion formation measured 
relative to that at 14.34 kev, together with the percentage of the 
cross section due to CO” formation and the percentage due to O 
formation. Also listed is Aon, the height of the ao; cross section 
above the arbitrarily drawn smooth curve of Fig. 4. 
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4 0.6 
1 0.1 
7 0.95 
0.2 
0.0 


—- wr 
Noe UI 


mI 
sift wn 


ee a ee 


NEGATIVE 


IONS IN GAS 





co- 


17,42 kev 


1ON CURRENT (ARBITRARY) 











oO. 0.2 0.3 
PRESSURE IN MICRONS Hg 


Fic. 12. Integrated and normalized negative-ion current plotted 
against CO pressure for hydrogen atoms at 14.34 and 17.42 kev. 
The zero for the latter energy is shifted upward as indicated on 
the right. 


go. It is also noticeable that the predominant ion 
formed is the molecular ion CO-, particularly in the 
largest peak at 16.3 kev. 

The absolute cross section measured also at 
several energies. This was done by comparing the total 
positive ion current (J,) collected by the mass spec- 
trometer to the total negative ion current collected 


was 


(7_) after normalization to the same beam current. 
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Fic. 13. Integrated and normalized negative-ion current 
I_/Io) plotted against CO pressure at hydrogen atom energies 
of 13.75 and 16.29 kev. 
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Fic. 14. Measurement of cross section for negative-ion formation 
in CO by hydrogen atoms at 14.34 kev. J,/Jo is the positive-ion 
current collected by a negatively charged collector plate divided 
by the beam current. For J,/J» the scale is to be multiplied by 
10-*. 7, and J_ are the integrated mass-spectrometer collecter 
currents for positive and negative ion, respectively. For J_/Jo the 
scale is 10-? that for 7,/Jo. 


The ratio of these two nor aalized currents will be 
(oo-1+07)/o_. The cross section op_1+07 is not known 
yet for CO. It had to be obtained relative to the known 
cross section for argon by measuring the current of 
positive ions collected by plate B. This current J, is 
given by a version of Eq. (5 


To(ou-itornx+Al,(U 8) 


where J» is the neutral beam current, » the gas density, 
and x the effective condenser length AJ,(0) is a (pre- 
sumably) constant current from impurities. J, for CO 
was compared to that for argon to give (o9-1+07) for 
CO. At 14.34 kev the value of oo_:+07 obtained turned 
out to be 11X10-'* cm?. 

In Fig. 14 are plotted 74/Jo, J_/Io, and J4/Io as 
functions of the pressure at 14.34 kev. These represent 
the best of several measurements of the cross section 
o_. The value obtained here is 0.12X10~'* cm*. It is 
estimated to be good to no better than 25%. 

Using this value for c at 14.34 kev and the cross 
sections measured relative to it at other energies, the 
values of ¢ which result are also given in Table II. 
These measurements leave little doubt that the struc- 
ture found in ao; for CO is the result of transfer of the 
electron from the hydrogen atom to the carbon mon- 
oxide molecule. However, they clearly lack something 
in precision. 
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IV. DISCUSSION AND CONCLUSIONS 


The fact that CO~ molecular ions are formed in great 
quantities in these electron loss collisions appears to 
offer great difficulties for a simple intepretation of the 
collision process such as was given in previous papers 
discussing the electron loss measurements.?* If it is 
assumed that the electron at the time it is captured is 
simply accompanying the proton at about the same 
speed and that it forms negative ions in accordance 
with the Franck-Condon principle, then a good cor- 
respondence is obtained between the kinetic energy of 
the electron and the energy necessary to form the 
excited states of the molecular CO~ ion. However 
stable negative ions formed in such a process would 
have to be atomic; the molecular ions would quickly 
lose the electron by autodetachment. It is interesting 
that the model predicted the formation of C~ only near 
34 kev and that it was only at this energy that there 
was evidence for its formation. However the evidence 
is against this simple model. On the other hand, it 
seems quite definite that the negative-ion formation 
cross sections for 


j He +X } 
H+AY i 


Ht+X+Y 


can be very large, of the order of 10~'* cm*—and varies 
with energy in such a way as to cause oscillations in the 
cross section for electron loss by hydrogen atoms in 
electronegative gases. The automatic presence of the 
third body makes this an effective way of forming 
molecular negative ions. The process should be im- 
portant in atmospheric, astrophysical, and plasma 
physics problems. In particular it could lead to large 
scale formation of O2- or even of O~ low in the ionos- 
phere during solar proton events leading to polar 
blackouts. 
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JS B;;) Component in the 2.31-Mev 3 Transition of Sb!*+* 
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The 8-y directional correlation of the first-forbidden 2.31-Mev 8 transition of Sb and of the 0.603-Mev 
y ray of Te’ was measured. The integral 8-y directional correlation measured at an average 6 energy, 
W=4.8, is represented by W,(, W =4.8) =1— (0.390+0.011) P2(cos@) + (0.004+0.013)P;(cos@). The 
negligibly small P4(cos@) term provides additional evidence against a second-forbidden 8 transition. The 
energy dependence of the anisotropy coefficient A2(W) in the correlation function W,,(0,W)=1+A2(H 
X P2(cos#) was measured. The experimental values of 4»(W’) exclude the possibility of a pure /“B;; transi 
tion, but give conclusive evidence that the /B;; matrix element contributes very significantly to the 2.31 


Mev B transition of Sb". In fact, the directional correlation data are well represented, if Ca /By;= 


+tCy fr—tCa fio Xr, where §&=Za/2R. 


1. INTRODUCTION 


T has recently become of interest to study the 
relative contributions of the various matrix elements 
to nonunique first-forbidden 8 transitions. The determi- 
nation of individual matrix elements, however, is only 
possible if the 8 transition displays a deviation from the 
€ approximation.'* If the 8 transition is well described 
by the £ approximation, only linear combinations of 
the matrix elements of the same tensor rank can be 
extracted from shape and angular correlation measure- 
ments with limited accuracy (of the order of 1%).3 The 
determination of individual matrix elements would 
require a very high degree of accuracy. This is hardly 
feasible with present day experimental techniques. 

Deviations from the approximation, however, may 
occur if the tensor-type matrix element /©B;;, whose 
contribution is neglected in the £ approximation, can 
no longer be disregarded. Two reasons may be responsi- 
ble for the relative enhancement of the /-B;; contri- 
bution, which corresponds to two units of angular 
momentum carried away by the lepton field. 

Selection rules (e.g., 7 selection rules, A’ selection 
rules) may inhibit the lepton field components which 
carry away one or zero units of angular momentum. 
In other words, the “normal” vector-type (A=1) and 
scalar-type (A=0) matrix elements may be greatly 
reduced, whereas the tensor-type matrix element / 7;, 
may be little or not at all affected by selection rules. 

In fact, the parity change between the initial and 
final nuclear states involved in a first-forbidden 8 
transition leads to an angular momentum difference 
between the nucleon orbitals of A722, if the transition 
involves shell-model configurations whose nucleon 
orbitals belong to the same major shell. This situation 
was pointed out by King and Peaslee.* Consequently 
all matrix elements with tensor rank A<2_ should 
vanish if the 7 selection rules were strictly observed, 


tA preliminary report of this work was published in Phys. 
Rev. Letters 4, 290 (1960). 
* Supported in part by the U. S. Atomic Energy Commission. 
T. Kotani, Phys. Rev. 114, 795 (1959), 
2 R. M. Steffen, Phys. Rev. 123, 1787 (1961). 
3T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959). 
R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
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i.e., if no admixtures from other major shells were 
present. 

A second reason for the predominance of the /B;; 
component may be the mutual cancellation of the lower 
tensor rank (A<2) matrix elements. 

Both the selection rules and cancellation effects lead 
to jt values of the 8 transitions which are considerably 
larger than the regular ft values (logft~7) of first- 
forbidden nonunique transition. 

Several experimental facts indicate that the “normal’’ 
vector-typé matrix elements (fie, fr, fieXr) in- 
volved in the 2.31-Mev @ transition of Sb! (Fig. 1), 
which leads from the 3- level of Sb™ to the first- 
excited 2+ state of Te’, may be reduced, and conse- 
quently the /-B;; component may predominate in the 
transition. The /t value of the 8 transition is larger 
than usual, fi=10"-* sec. The shape of the 8 spectrum 
considerable deviations from the statistical 
shape,° the shape expected if the £ approximation were 
applicable. A preliminary measurement of the f-y 
directional correlation indicated a large 6-y anisotropy.® 

Thus a careful investigation of the 6-energy depend- 


shows 
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Fic. 1. Decay of 60-day Sb™. 


»L. M. Langer and D. R. Smith, Phys. Rev. 119, 1308 (1960). 
* TD. T. Stevenson and M. Deutsch, Phys Rev. 83, 676 (1951). 
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ence of the Sb" 8-y directional correlation seemed to 
provide a means to determine the extent of the /B;; 
contribution, and it was hoped that the individual 
matrix elements contributing to the 2.31-Mev 8 
transition might be determined. The present paper 
describes the directional correlation measurements on 
the 3-(8, 2.31 Mev) — 2*(y, 0.603 Mev) — 0* cascade 
of Sb™**. 


2. THEORY OF 3-y DIRECTIONAL CORRELATIONS 


The directional correlation between a beta particle 
and a successively emitted y ray is given by 
_— 
Ws,(@)=1+ d An Pa 


k=l 


(cos@). (1) 


The coefficients 42, may be written as a product of two 
factors A,°(W) and A, which depend on the pa- 
rameters describing the 8 transition and y transition, 
respec tively’: 

Aop= Any? (W)A 2X7. (2) 


The factor A»? is characteristic of the y transition 
involved in the Jo(8)I;(y)I2 8-7 between 
nuclear levels of angular momentum Jo, J;, and /s. 
If the y-transition is a mixture of multipole components 
of multipole character L and L’, A247 is given by 


cascade 


Poy (LLIo1))+26F x (LL'Tol :) +P F 4 (L'L'Tol) 


1+6 
(3) 


where 6 is the ratio (mixing ratio), 6= (J,|!L’||J2) 
I, L\ Is), of the reduced y-matrix elements. The F 
coefficients, Fo;.(L,Lel,/2), are tabulated in reference 8. 
A pure y transition of multipolarity L is characterized 
by 


Ax.7=F, LLIoI;). (+) 


The factor A2,°(W) is a function of the 8 energy W. 
The maximum value of the index & is equal to the 
degree of forbiddenness of the 8 transition if higher 
order effects [e.g., Gell-Mann terms, cross terms of 
forbidden components] are neglected. 
Consequently, 8-y directional correlations involving 
first-forbidden 8 transitions are of the form: 


and (n+2) 


W gy (0)=14+A09(W)A27P2(cos8). 


The presence of a nonvanishing Ps(cos#) term (| A, 
>0.03) in an experimental 8-y directional correlation 
is a strong indication of a second- or higher-order 
forbidden @ transition. 

A first-forbidden beta transition for which the é 
approximation is valid displays a §-y directional 

7L. C. Biec 
729 (1953) 

8M. Ferentz and N. Rosenzweig, Argonne National Laboratory 
Report No. 5324 (unpublished). 


enharn and M. E. Rose, Revs. Modern Phys. 25, 
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correlation whose A2°(W) coefficient has the following 
8-energy dependence: 


; ee 
AS(W)=2(Z,W)—M (Jol), 
WV 


where p= (IW*—1)! is the momentum of the 8 particles. 
Values of the factor \2(Z,W) are tabulated in reference 
3. \2(Z,W) is of order unity and almost independent 
of the 8 energy for W>2. The factor M (Jo/,) is inde- 
pendent of W and depends on linear combinations of 
the nuclear matrix elements contributing to the 8 
transition and on the angular momentum quantum 
numbers J) and J; of the nuclear states involved? 
Thus, if the £ approximation is valid the experimental 
quantity Ae exp[ A2(Z,W)p?/W ] has a constant value. 

If the ¢ approximation breaks down due to a domi- 
nant contribution of the tensor-type matrix element 
JS B;;, the 8-y anisotropy coefficient A2(W) has a more 
complicated energy dependence than given in Eq. (6). 
If the matrix element /B;; is considerably larger than 
any other matrix element contributing to the first- 
forbidden @ transition, the so-called “modified B;;”’ 
approximation, which was introduced by Matumoto 
et al.» may be used. The 6-y anisotropy factor A2(IV) 
for a 3-(8)2*(y, L=2)0* B-y cascade is, in this appraxi- 
mation, given by 
A,(W) = A.8(W)F (2202) 

= 12\.¥2+2\,W2 
7W 12¥°+Dipe+ (WoW)? Js" 

The parameter ¥ is a linear combination of the nuclear 
matrix elements fie, fr, and fier of tensor rank 


A=1: 
y=—Cy f iatecy fr-2a f ioxr, (8) 


where §£=aZ/2R. (a=e?/hc=1/137; R 
in units A=m=c=1.) The parameter 2 describes the 


JS B;; contribution: 
2= Caf a, ’ 


The coefficient \,(Z,W) is of order unity and is tabu 
lated in reference 3. 

If only the /B;; matrix element contributes to the 
8 transition (“pure /B,; transition”) the anisotropy 
factor for a 3-(8)2+(y)O* B-y directional correlation 
becomes 


nuclear radius 


rip? 
7Dupe+(Wo—- Wy] 


‘Zz. Matum to, M. Morita, and M. Yamada, B 
Inst. Phys. Research 5, 210 (1955 


A.(W)=— 
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The 6-y anisotropy factor for a 4-(8)2*+(y)0* -y- 
directional correlation involving a unique first-forbidden 
transition is 


dip? 


(11) 


7 (Wo—-Wy +p? 


Occasionally, 8-y directional correlation studies 
involve measurements of 8 y correlations with an 
intermediate y-radiation unobserved. Such a 1-3 
directional correlation measurement is designated by 
1o(8)Tif{va}li' (yo) I2, where the curly brackets indicate 
that the y, radiation is not observed in the measure- 
ment. The directional correlation function of a B—> 
{va} — yo cascade is represented by’ 


Wp .a}-,0(6,W) 


ax 


1+ } A,O(W)U% 


l 
k=! 


(11'T) A 247" P 2x (cosd), (12) 


with 
Un (11h) = CQh4+1)(21'+1) 1} 1+6.2) 
K (1) PW TT; 2kL a) 


+ (—1)-NLe’§ 2H (TT 1’; 2kL')}. (13) 


The numbers W (1,/,/1/71'; 2kL) are Racah coefficients. 
Equation (12) will be important in applying corrections 
to measured 6-y directional correlations, if competing 
8-y cascades are included in the measurements (see 
Sec. 4). 


3. EXPERIMENTAL METHODS 


The Sb"! was obtained in hydrochloric solution from 
the Oak Ridge National Laboratory. The sources were 
prepared by slowly evaporating to dryness a small drop 
of the solution on a 0.9-mg/cm? Mylar foil. To prevent 
contamination of the vacuum chamber, the Sb”! 
sources were covered by a thin Zapon film. The thick- 
ness of the sources was approximately 0.1 mg/cm’. 
The Mylar foil was glued to a very thin aluminum ring, 
5 cm in diameter and 0.2 mm thick. Thus scattering 
of the 8 particles near the source was reduced to a 
minimum. 

The vacuum chamber and the detector arrangement 
used for the Sb™ 6-y directional correlation measure- 
ments have been described before.2 The same multi- 
channel coincidence spectrometer electronics was em- 
ployed as in the previously described 8-y directional 
correlation studies on K®, Sb, and Au!®* (see Fig. 2 
of reference 2). The multichannel electronics permitted 
the simultaneous measurement of 8-y directional cor- 
relations between 6 particles of 3 different energies on 
one side and two y rays of different energies on the other 
side. This method of measurement made it possible to 
correct the measured $-y directional correlation data 
rather accurately for the presence of competing 6-7 


cascades. 
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Fic. 2. Integral B-y directional correlation involving the 
2.31-Mev 6 transition of Sb'*. Only 8 particles of energies larger 
than 1.59 Mev were accepted in this measurement. 


4. MEASUREMENTS AND RESULTS 


The angular and energy dependence of the direc- 
tional correlation between the beta particles of the 
2.31-Mev beta group of Sb’ and the 0.603-Mev gamma 
transition leading from the 2* excited to the 0* ground 
state in Te!*! was investigated (Fig. 1). 

The unusually large ft value of the Sb™* 8 transition 
under consideration, and the fact that the nonlinear 
Fermi-Kurie plot is not characteristic of a unique first- 
forbidden transition, invited the suggestion that the 
2.31-Mev @ transition might be interpreted as a second- 
forbidden 6 transition. On the basis of this consideration 
a spin of 4* was suggested for the Sb‘ ground state.!” 

In order to investigate the possibility of a second 
forbidden 8 transition the angular dependence of the 
8-y directional measured. Since the 
0.603-Mev y transition is a pure electric quadrupole, 
A4¥= F (2202) = — 1.069. Thus, an appreciable con- 
tribution from a Ps(cos@) term should, in general, be 
expected if the 8 transition were second forbidden. The 
mere presence of a P4(cos@) term would be a very strong 
indication of a second-forbidden 8 transition. 

Accepting all 8 particles with energies greater than 
1.59 Mev, the maximum energy of the 82 group (refer 
to Fig. 1), the integral 8-y directional correlation was 
determined as a function of the angle @ between the 
beta-particle momentum and the gamma momentum 


correlation was 


vectors. The data were carefully corrected for chance 
coincidences, background, and the presence of a very 
small amount of y-7 The average 8 
energy accepted corresponded to W=4.8. The experi- 
mentally determined integral 8-y directional correla- 
tion" W.x.,’’(@, W=4.8) is shown in Fig. 2 and in Fig. 3. 
No corrections for the finite solid angle subtended by 


coincidences. 


Metzger, Phys. Rev. 90, 328 

The double prime directional correlation data 

which are not normalized to 1 (/pW’(@)dQ#4n, i.e., Ao’ #1), 

and which are not corrected for finite angular resolution. The 

prime indicates directional correlation data which are normalized 

to 1 (Ao’=1), but are not corrected for the finite angular resolution 
of the equipment. 
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Fic. 3. Integral 8-y directional correlation of the 2.31-Mev 
8 transition of Sb plotted versus P2(cos@). 


the detectors were applied to these data. The fact that 
the plot of Wx, (@, W=4.8) versus P2(cos@) results in 
a straight line is an indication that a P,4(cos@) term, if 
present, must be very small compared to the P2(cos@) 
term. 

A least-squares fit of the experimental points of 
Wexp’ (8, W=4.8) to a correlation function of the form: 
Way/"(0, W=4.8) = Ae’ + Ae” (4.8) P2 (cos) 

+ .44'(4.8)P4(cosé), (14) 
yielded the following values for the normalized (Ao’=1), 
but uncorrected, anisotropy coefficients A,’=A,"/Ao": 

1,(W=4.8 
A (W=48 


- —(),.337 40.009, 
+(),003-+0.009. 


Taking into account the corrections for the finite solid 
angles subtended by the 8 and the y detector at the 
source, one obtains: 


A,(W=4.8)= —0.390+0.011, 
A,(W=4.8)=+0.004+0.013. 


Within experimental error the Ps(cos@) term is zero in 
the 8-y directional correlation function. The absence 
of a P,(cos#) term provides evidence against a second 
forbidden §-transition and thus against the decay 
scheme 4*(8;)2*(7,)0*. The 8 transition must be first- 
forbidden and, as the following directional correlation 
results show, nonunique. This rules out an assignment 
of J=4 to the ground state of Sb'*. All experimental 
evidence is in perfect agreement with a spin assignment 
of 3- to the Sb“ ground state. 

In the following, the §8-y directional correlation 
data will be analyzed on the assumption that their 
angular dependence is given by 


W 3,(0,W )=1+A2(W)Pe(cosé). (15) 


Beta-gamma coincidences were measured at 5 dif- 
ferent angles: 2=90°, 135°, 180°, 225°, and 270° for a 
particular 8-energy setting of the four 8 channels. The 
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two y channels were set to accept the 0.603-Mev (7. 
and 0.723-Mev (y.) photopeak, respectively. If the 8 
channels are set to accept 8 particles of energies 
less than the maximum energy of the 82 transition 
(Ee max=1.59 Mev), contributions from the B.— 
{Y¥a, 0.723 Mev} — 7» triple cascade are also included 
in the 8)-y, coincidence measurements. This 6:— 
{va} — Ye contribution can be accurately calculated, 
since from the simultaneous §2-y, directional correla- 
tion measurements, which give 474*(IV’), the B.— 
{Ya} — Yo directional correlation can be calculated from 
Eqs. (5), (12) and (13): 


Wg. —+t42} -(0,W) = 1+ A 26272(T] ) 


X (A 27 Ag)l (1,11')P2(cos@). 


Ag, Ao’, and U(J,/;') are calculated from the known 
spin values of the Te" states involved in the transitions 
(1,=2, 1;'=2, I2=0), and from the known multipole 
character of the y,. and vy, transition. ya is a 
mixed M1+ £2 transition with 6, = (2)! #2)|2)/(2||M1'|2 
= +0.9+0.2.":8 

The 6-y coincidence data were first corrected for 
chance coincidences, including higher order corrections 
for the fast-slow coincidence arrangement," and for the 
presence of a small number of y-y coincidences. A 
least-squares fit of the corrected 3-y coincidence data 
to an expression of the form 


W 3y’’(0) = Ad*4 As W)P2(cos@), 


then yielded the values of Ao’’(W) and A,’’(W) from 
which the normalized anisotropy coefficient A.’(W) 
was computed (uncorrected for the finite angular 
resolution). The data taken at W<Wo(8.)=4.11 were 
also corrected for the presence of 82— {ya} — Yo Co- 
incidences in the manner described above. Corrections 
for backscattering of the 8 particles in the plasti 
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fb Fic. 4. The anisotropy coefficient A2(W) of the B 
directional correlation measured as a function of the 8 energy W. 
The data for W<W (82) are corrected for the presence of the 
Bey cascade. The dashed curve represents the calculated A2(W) 
for a 3-(8)2*(+)0* cascade involving a “pure /B;; 8 transition.” 
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TENSOR-TYPE 
scintillation detector were considered, and found to be 
small. Finally the geometrical corrections for the finite 
solid angles of the detectors and for the finite size of 
the source were applied. 

The experimental anisotropy factor A2(W) for the 
2.31-Mev B-0.603-Mev vy cascade of Sb‘, measured as 
a function of the 8-energy HW’, is shown in Fig. 4. The 
measured 8-y directional correlation agrees very well 
with recently reported measurements by Fischbeck and 
Wiedenbeck,’® and agrees satisfactorily with the results 
recently reported by Wilkinson ef al.® and by De- 
brunner et al.! 

The extrapolated value of the anisotropy factor at 
W=Wo, Ao(W»)= —0.405+0.008, is remarkably large 
for a 8-y directional correlation and indicates a sizeable 
contribution from the tensor-type matrix element /B,;. 
A unique first-forbidden 8 transition from a 4 level 
of Sb!*4 to a 2+ state of Te!*, however, is excluded in 
view of the fact that such a transition would result in a 
positive anisotropy factor A2(Wo)=+0.143 [see Eq. 
(11) ]. Also indicated in Fig. 4 (dotted curve) is the 
calculated value of A2(W) for a “pure /’B,; 8 transition” 
in a 3-(8)2+(y)O+ cascade [Eq. (10)]. In Fig. 5 the 
quantity As(W)(Asp?/W)", ~which would be _ inde- 
pendent of 6 energy if the € approximation were valid 
[cf. Eq. (6)], is plotted. Clearly, the 2.31-Mev 8 
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Fic. 5. The experimental quantity A2(W’)/(Asp?/W) versus W. 
The £& approximation would predict a constant value for 


Ax(W)/(A2p?/W). 
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Fic. 6. Comparison of the experimental values of A2(W) with 
values computed for different values of the parameter s/Y. The 
parameter s designates the contribution of {-B;;; z=CaSBi;. 


transition displays a strong 
approximation. 

Figure 6 represents an attempt to fit the experi- 
mental Ao(W) curve with curves calculated on the basis 
of the “modified B,;” approximation [Eq. (7)]. A 
reasonably good fit is obtained with z= (1.05+0.1)Y. 
This value of z/Y also gives a good fit of the spectrum 
shape factor as measured by Langer and Smith.® 

The 3-y directional correlation as well as the shape 
facter data may also be satisfactorily explained by 
larger values of z/Y, if small contributions of the 
matrix elements fr and /ieXr are accepted. A more 
rigorous analysis of the data requires the additional 
information provided by 8-y circular polarization corre- 
lation measurements, which are discussed in the 
following paper.'’ The significant result obtained from 
the 8-y directional correlation measurements on the 
3-(8, 2.31 Mev) — 2+(y, 0.603 Mev) — 0+ cascade of 
Sb™ is the information that the /B,;; matrix element 
supplies the major contribution to the 2.31-Mev 6 
transition of Sb". 


deviation from the ¢é 


It is interesting to note that the same situation pre- 


vails in the 1.59-Mev 8 transition of Sb", where 
z=0.8Y or s=25Y." 
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The degree of circular polarization (P.) of the 0.603-Mev 
gamma radiation following the first-forbidden 8 transition from 
the 3- ground state of Sb™ to the 2* first excited state of Te! 
was measured. The dependence of P, on the angle 03, between 
the 8 and y momentum vectors was determined. Representative 
values of P.(@3,) at some of the angles 03, measured are P, 
=(0.061+0.071 at 4,,=105°, P.=0.349+0.083 at 6s,=122°, 
P.=0.604+0.054 at 83,=152°, and P-=0.37340.071 at 6s, 
= 168 at W=4.6. The 2.31-Mev 
8 transition of Sb" is known to contain an unusually large 
contribution from the {B;; matrix element (which describes the 


lepton field carrying away two units of angular 


These values were obtained 


component of the 


1. INTRODUCTION 


NUMBER of facts indicate an unusually large 
contribution of the “B,; nuclear matrix element 
to the first-forbidden (AJ=1) 8; spectrum of Sb” with 
maximum energy 2.31 Mev. The shape of this spectrum 
deviates strongly from the statistical shape.' The energy 
dependence of the directional-correlation anisotropy 
factor also requires a large contribution from the /'B,; 
matrix element.? In addition the ft value of this 8 
transition is extraordinarily large (logft=10.6) for a 
nonunique first-forbidden transition. All these experi- 
mental facts indicate either a reduction in, or a mutual 
cancellation of, the “‘normal’’ matrix elements (fia, 
Jr, and fie Xr) of tensor rank \=1. 
Comparison of the energy dependence of the experi- 
mentally determined shape factor and of the directional 
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Decay scheme of Sb™. 

* Supported by the U. S. Atomic Energy Commission. 

+t The work reported in this paper is based on a dissertation 
submitted by P. Alexander to the Graduate School of Purdue 
University in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy 
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momentum). The measured 8-y circular-polarization correlation 
data, the 8-y directional correlation, and spectral shape data were 
analyzed by use of a digital computer on the basis of the Kotani 
parameters ¥, x, u, and z. A somewhat generous summary of the 
final data may be given by Y=0.6+0.3, x=—0.055+0.105, 
u= —0.060+0.140, s=1. Values of the nuclear matrix elements 
are extracted from the ft value of the 2.31-Mev 8 transition and 
the measured Kotani parameters, yielding [B;;/R=+(1.4+0.2 
X10, = fr/R=¥F(9.3417.6)X104, fioXr/R=F(8.1+18.9) 
X10-, fiw=+(1.6+0.8)X10~. R is the nuclear radius of Sb 
in units of 4/mc. The significance of suppression of the matrix 


elements other than [B;; is discussed 


correlation anisotropy factor with the theoretical pre- 
dictions, gives important information as to the relative 
magnitude of the nuclear matrix elements which con- 
tribute to the 8 decay. Nevertheless, the use of these 
experimental data alone is not sufficient to permit an 
unique determination of all the matrix elements in- 
volved in the Sb™ 8, transition. For this determination 
an additional set of data is necessary. In particular, the 
measurement of the angular distribution P.(@) of the 
circularly polarized y radiation respect to the 
momentum direction of the preceding @ particle fur- 
nishes this additional information. Measurement of 
P.(8) also provides a very sensitive tool for the deter- 
mination of the relative contribution of the /~B;; com- 
ponent to the 6 transition. 

The 6-y circular polarization correlation involving a 
first-forbidden 8 transition is of the form’® 


with 


W 2,(0)= Ao(W)+7A,1(W) Py, (cosd 


+ A.(W)P2(cosé +rA (W P cos# , (1) 


where 7 characterizes the circular polarization of the 
y-radiation: r=+1 (—1) for right (left) circularly 
polarized y radiation. The coefficient of the P3(cos@) 
term is different from zero, only if the /B.; contribution 
to the @ transition is nonvanishing. Thus the observa- 
tion of the mere presence of this term indicates a non- 
negligible (B;; matrix element. 

If the degree of circular polarization P,(@) is defined 
as 


P.(0)=(N+—N-)/(N++N-), (2) 


where V+(\-) is the intensity of the right (left) circu- 
larly-polarized y radiation, then the degree of circular 


polarization P.(@), observed at an angle @ with respect 
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to the momentum vector of the preceding £ particle, 
is given by 
A,(W)P,(cos@) +A3(W)P3(cos@) 


Pie se 
Ao(W)+A.2(W)P2(cos6) 

The coefficients A,(W) are given in a convenient form 
by Kotani.® Ao(IW) is identical with the 8-spectrum 
shape correction factor C(I). In a first-forbidden beta 
transition, with maximum energy Wo for which AJ= +1 
and J)>+J,; >2, we may express Ao(IW) as 


Ay(W)=C(W) = (1/12) [(Wo— W)2+-A1(W?2— 1) J2+- ¥? 


2 We 2 4 We 
mw jor ~ -W4—— Jur 
fF 4 3W 3 3 


] 
4WWy 2Wo 4 
— < — . -+ Wf 
9 9W 
5 2Wo 5 
— -WW.+-—+-W? le (4) 
9W 9 


where Y’, «, x, and s are the matrix element parameters? 


—(1 Cv | r, 


(1/s)Ca [ioxr, 
(1 Ca f Bo 


—(1 Cv f fe—e(u +x); €=aZ/2R. 


The parameters introduced above are pure numbers; 
they represent the contributions of the various matrix 
elements as compared to a standard matrix element (s) 
for which we may choose any nonvanishing matrix 
element contributing to the 8 transition. These pa- 
rameters are convenient to use, since the shape factor 
and the angular correlation coefficients depend only on 
the ratios of matrix elements. For the computation of 
the absolute transition probability, |s|* can be taken 
out as a common factor. Thus |s|? is determined by the 
ft value of the transition 


nr In2 
ft 
where 
Wo 


F\(Z,W) pW (Wo—-Wyc(W)dW, (7) 


LEMENTS IN Sb!#? 


151 


and t is the half-life of the 6 transition.” Fo(Z,W) is the 
Fermi function. In the evaluation of the Sb'4 data we 
chose C4 fB,; as the standard matrix element 


S Caf Bs, or equivalently z=1, 


since there is good evidence that C4 f'B,;40, whereas 
any other matrix element might possibly vanish.? In 
is not replaced 
by 1 in order to keep the equations as general as possible 
and also to make apparent the terms which arise from 
the presence of the /-B;; component. 

The directional-correlation anisotropy 
A»(W) for a 3-(8-) — 2+(y,E2) — OF B-y 
given by the following expressions? : 


the following theoretical expressions Z 


coefficient 


cascade is 


[ 6A, Ws: +36A02V 
252C(W) W 


A.(W)= 


— (12\.Wo—12W )xs— (30 —12d.W 9) uz 
+ 24r0xV¥ — 1200 V — (SAW 9 +4W ) a? 
— (4.1 o—7W) we — (12W—12d.W ux}. (8) 


The coefficients 4,(1V) and A;(W) appearing in the 
circular polarization correlation 


) 


of the first-forbidden 3~(8) — 2+(y,£2) — 0+ cascade 


expression for the 6-y 


are rather complex?®: 


1 
[f —60)2—60A4H Y< 
WW 180— 


A, (IW) 


+4(5N'°+617°—SWW 9—6)x2 


2(5W P+24W2—20WW o—9)uz 


+20(5W—2Wo)uY +40(Wo—W)x¥ 
+20(W Pe? —3WWo+2W?)ux 


+5(3—W 


2+6WW —SW2) |, 


(10) 


The coefficients \,, which are of order unity, contain 
the effects of the Coulomb field of the nucleus on the 
electron wave functions. These effects are of order 
aZW/p. For i=1 and i=2 the values of A; are tabu- 


lated.* The expression for \4 is given in Kotani’s paper.® 
Equations (4)—(10) will be used in this work to ex- 


7 Usually ¢ is expressed in seconds, while the function f- is 
computed in units mp=c=1. Consequently, the f.¢ values are 
usually given in the hybrid units mo=c=1, ¢ in seconds. In 
applying Eq. (6), fe is most conveniently expressed in units 
my=c=h=1; thus ¢ must then be expressed in units 4/moc?. In 
this system the unit of time corresponds to 1.3X10™*! sec. 

8 T. Kotani and M. Ross, Phys. Rev. 113, 622 (1959). 
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scattering cross section (¢,) to polarization-insensitive part of the 
Compton cross section (9) for 0.603-Mev gamma rays scattered 
on polarized electrons with spin S 


tract the values of the nuclear matrix elements which 
are consistent (a) with the observed shape factor of the 
Sb 8 spectrum (Langer et? a/.),! (b) with the measured 
8-y directional correlation (Steffen,? preceding paper), 
and (c) with the 8-y circular polarization correlation 
whose determination is described in this paper. 


2. EXPERIMENTAL 
A. Circular Polarization Analyzer 


The degree of circular polarization of the 0.603-Mev 
y radiation of Sb™ (Fig. 1) was determined by the 
method of Compton scattering on polarized electrons.*-” 
This mode of detection is based on the fact that we may 
write the Compton scattering cross section as the sum 
of a polarization-insensitive term (¢9) and a polariza- 
tion-sensitive term (¢,) (see Fig. 2). A magnetized 
hollow iron cylinder which formed part of a large 
electromagnet, provided the ensemble of polarized 
electrons. Figure 3 shows a schematic diagram of the 
circular-polarization analyzer which was used in the 
8-y circular-polarization correlation measurements de- 
scribed in this paper. The circular polarization analyzer 
is similar to arrangements used by Schopper," Boehm 
and Wapstra,” and Steffen.“ The geometry was de- 
signed to give optimum performance with regard to 
maximum circular-polarization efficiency E(/v) and 
minimum angular spread for the 0.603-Mev y radiation 
of Sb’. The circular polarization efficiency E(hv) of 
the analyzer is defined by the relation 


P.E (hv) = (N*+—N-)/(N*+N-)=5, 
where P, is the degree of circular polarization of gamma 


radiation emitted by the (point) source and V~- (V+ 
is the gamma-counting rate observed with the electron 


spins pointing toward (away from) the source. The 


efficiency E(hv) was computed by graphical integration 


°H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 
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12 F. Boehm and A. H. Wapstra, Phys. Rev. 109, 456 (1958). 
3 R. M. Steffen, Phys. Rev. 115, 980 (1959) 
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over the scattering volume exposed to the y radiation 
(inner portion of the hollow iron cylinder) and over the 
Nal(TI) scintillation detector, using the Compton 
scattering cross-section expressions of Franz and 
others.'®: !® The polarization efficiency E(/yv) is directly 
proportional to the fraction (/) of electrons in the iron 
core which are polarized. The method for computing 
has been described previously."* The absorption of the 
¥ radiation in the iron scatterer before and after scatter- 
ing, was considered. Also considered was the effect of 
y-ray depolarization (during the scattering process) on 
absorption in the iron. The variation of the response of 
the scintillation detector for the different energies of 
the y radiation scattered at different angles and in 
different (nonaxial) planes was taken into account. 
Plural scattering effects which give an appreciable 
contribution to the intensity of the scattered radiation, 
but have only a small influence on the polarization 
efficiency, were neglected in this calculation. 

The degree of circular polarization P.(#) depends 
on the angle 6 between the momentum vector of the 
preceding 8 particle and the propagation direction of 
the gamma radiation [cf. Eq. (3) ]. The variation of 
P.(6) with 6 was not taken into account in the computa- 
tion of E(hv), since P.(6) was not known at the be- 
ginning of the experiment. This correction which con- 
cerns the finite angular acceptance angle of the 8 and 
radiation will be considered later in the comparison of 
the theoretical and experimental curves for P..(@). 

It is important to realize that the average angle 63, 
between the momentum vectors of the 8 and y radiation 
differs from the “instrument” angle 6’. The latter is 
defined as the angle between the axes of the 8 detector 
and the analyzer magnet. The difference between 63, and 
# is particularly evident at the @’= 180° position which, 
in one of our geometrical arrangements, corresponds 
to an average §-y angle 63, of approximately 155°. 

It was found necessary to limit the spread in 63, by 
reducing the aperture of the magnet entry port. This 
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Fic. 3. Polarization analyzer magnet and radiation detectors. 
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was accomplished by inserting radial lead baffles whose 
form is shown in the inset of Fig. 4. A rigorous calcula- 
tion of the relative y-ray detection probability Q(63,) 
as a function of 63, was performed for different aper- 
tures by employing a Burroughs electronic digital 
computer. The results of these calculations are shown 
in Fig. 4..The average 6-y angle 43, was then deter- 
mined as a function of the instrument angle 6’ by 
graphical integration. 


B. Detectors and Electronics 


The 8-y circular polarization correlation equipment 
(Fig. 5) was designed to permit simultaneous measure- 
ment of P.(63,) at four different angles 6’. The four 8 
detectors were 0.44-in. thick Pilot B plastic scintillator 
disks mounted via tapered Lucite light pipes on RCA 
6342A photomultipliers. The Pilot B disks were covered 
with aluminum foils of 0.001-in. thickness. The energy 
resolution of the 8 detectors was 21% at 0.62 Mev with 
a 7 in. light pipe. The magnetic shielding of the photo- 
multiplier tubes consisted of several layers of Netic and 
Co-Netic iron foils surrounded by a Mu-metal shield 
and a soft iron tube. The y detector was a Nal(TI!) 
cylinder 3 in. long, and 1.5 in. in diameter mounted on 
an RCA 6342A photomultiplier. The energy resolution 
of the y detector was 16% at 0.66 Mev with an 8 in. 
light pipe. In addition to a magnetic shielding similar 
to the one described above, a compensating coil was 
placed around the y photomultiplier. This compensat- 
ing coil was wired in parallel with the magnet coil. 

The electronics (see Fig. 5) was of the usual fast-slow 
type. The electronic circuits were designed for a high 
degree of stability rather than for extremely short re- 
solving times. The four fast coincidence circuits were 
operated with a resolving time of r=7 musec. 

Figure 6 shows the energy spectrum of the Sb™ 
gamma radiation as it was observed in the y detector 
after having been scattered in the analyzer magnet 
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Fic. 4. Relative probability distribution of angles 03, as a 
function of 8-detector angle 6’ (see inset upper right), for magnet 
baffles 4, B, C. 
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5. Block diagram of electronic system for measurement of 
the beta-gamma circular polarization correlation. 


(solid line). For purposes of comparison the spectrum 
of the Sb gamma radiation observed directly (without 
scattering) is indicated in the same graph (dotted line). 
The broad peak in the ‘‘scattered” spectrum at about 
0.35 Mev corresponds to the 0.603-Mev radiation scat- 
tered at an average angle of 67°. The measured energy 
distribution of the scattered radiation agrees with the 
energy distribution calculated on the basis of the 
geometry of the analyzer-detector arrangement. The 
broad peak at approximately 0.160 Mev is due to radia- 
tion scattered from the Pb shielding surrounding the y 
detector. The peak at 0.08 Mev is caused by the x 
radiation from Pb. 


C. Measurements and Results 


The Sb’ was obtained from Oak Ridge National 
Laboratory in hydrochloric acid solution. The sources 
were prepared by evaporating to dryness a small drop 
of the solution on a 0.001-in. Mylar foil. 

The four 6 single-channel analyzers were carefully 
adjusted by means of a 200-channel analyzer and a 
precision pulser to accept 8 particles in the energy range 
between 1.66 and 2.31 Mev. The 0.624-Mev electron 
conversion peak of the 0.662-Mev gamma radiation 
of Ba!* was used for the energy calibration. The sta- 
bility of the 6-energy selection was frequently checked 
by means of the 200-channel analyzer. 

The single-channel analyzer in the y channel was set 
(in a manner similar to the 6 single-channel analyzers) 
to accept photons in the energy range from 0.260 to 
0.500 Mev, as indicated in Fig. 5. 

By integrating the 8 spectrum of Sb™ between 1.66 
and 2.31 Mev, the average 8 energy accepted in the 8-y 
circular polarization measurement was determined as 
1.84 Mev or W=4.6. 

The coincidence counting rates C3,’(+) and Cz,/(—) 
measured with the magnetic induction in the (+) and 
(—) direction, were accumulated continuously over 
a period of more than six months. The magnetic in- 
duction was reversed every 20 min in order to minimize 
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The data were then corrected for 
true y-7 


possible drift effects. 
the presence of coincidences (~3%) and 
for chance coincidences (~37%). The high single- 
count rate made it necessary to include higher-order 
chance coincidence effects arising from the finite resolv- 
ing time of the slow triple-coincidence circuit.'7 The 
coincidence-counting rate for each measuring interval 
was always divided by the product of the single-counting 
rates observed in the 8 and y detectors over that inter- 


val: V(+)=C3,(+)/[Ss(+)S,(+)], where Cg, is the 
coincidence counting rate corrected for the effects 
mentioned above. 

After applying all the corrections, the quantity 
6=(N+—J\ \*++.\~) was computed from the data 
accumulated at different instrument angles 6’. Measure- 
ments were made at instrument angles @’=90°, 105° 
120°, 130°, 140°, 150°, and 180° with ail bafiles 
see Fig. 4), at angles 6’=127°, 146°, 158°, and 177° 
with lead baffle B, and at angles 6’= 141°, 158°, 208°, 


and 232° with baffle C. From the calculated curves of 

ction probability Q(@3,), similar to 
shown in Fig. 4, the 03, was 
was then 


the relative dete 
the ones 
obtained. It 
to each instrument 


average angle 
possible to assign an angle 634 


angle 6’ at which 6(@3,) was meas- 


ured. The degree of circular polarization P.(83,) was 
computed by employing the relationship P,(43,) 
-6(A3,) E (0.603 Mev 


The experimental points for P.(@3,) shown in Fig. 7 
are not corrected for the finite angular resolution of the 
instrument. Shown with the experimental points are 
horizontal bars which indicate the finite angular resolu- 
tion of the instrument. The vertical-error bars show the 
rms statistical error. Analysis of the daily fluctuations 
data recorded at a given indicates that 
these fluc It may be 


in the angle 


tuations are of a statistical nature. 
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Fic. 6. Part of the gamma ray spectrum of Sb'™, viewed 


directly, and observed by the gamma detector after scattering 
from polarization analyzer magnet. 


7H. Paul, Nuclear Instr. 9, 131_(1960). 
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Fic. 7. Experimental Sb" 8 ation correlation 
(dots). 
Schopper (triangles). Included are curves for P.(@3y) predicted on 
the basis of various combinations of the matrix elements x, u, 
and Y. The arrows indicate the limits acceptable to the computer 


used in the compilation of the data presented in Table I 


circular polariz 
Also shown are the two points measured by Hartwig and 


Hartwig and Schopper'’ in that we do not find a change 
in the sign of P (634) as indicated by their dat 


(see Fig. 7) at 126° and 160°. 


a points 


3. EVALUATION OF EXPERIMENTAL RESULTS 


The spin assignment of the 8)-y cascade of Sb™, 
investigated in this paper, is 3~(8) — 2*(y,E2) — 0" 
The angular distribution P.(@) of circularly polarized 
y radiation following a first-forbidden 8 transition is 
given by Eq. (3). The coefficients A,(W) for a 3-(8>) - 

y,£2) — O* cascade are given by Eqs. (8-10). 

In order to determine the combinations of 
element parameters v, u, Y, and 
fit the experimentally determined 8-y circular-polariza- 
tion correlation, the S-y directional correlation 
shape factor of the 2.31-Mev 8 transition of Sb'*, the 
following procedure was adopted. Cy fB 
as the standard matrix element and was set equal to 
unity (thus s=1). Some 125 000 different 
element parameters x, u, and Y along with the equa- 
tions for C(W), A2(W), and P.(@) were presented to an 
electronic digital computer.’ The computer, using only 
those sets of x, wu, and Y which, within the experimental 
error, fitted the 6-y directional correlation as measured 
by Steffen,? proceeded to compute the shape factor 
C(W) and the circular-polarization distribution P,(6) 
(at W=4.6). The parameters x, u, and Y were chosen 
within the limits —1l1<a<+1, —1i<u<+1, and 
—5<Y<+5. It is that the 6-y 
directional correlation data can be fitted by 
variety u, and JY, though the 


matrix 
s which satisfactorily 


and 
was chosen 


sets of matrix 


interesting to note 
a wide 
of choices for x, even 

8G. Hartwig and H 
1960). 

'® These calculations were performed on the IBM 704 computer 
of MURA. We are grateful to Mr. Paul Marty and the staff of 
the MURA computer for making time available to us 


Schopper, Phys. Rev. Letters 4, 293 
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Fic. 8. Some points of the Sb! 6-y directional correlation 
along with curves predicted on the basis of various combinations 
of x, u, and Y. Also indicated (arrows) are the limits imposed on 

1,(W) during the computer compilation of the data presented 
in Table I. 


directional correlation was determined rather precisely 
over a reasonably large region of W. Inspection of the 
computed curves revealed that A »(W) is rather sensitive 
to small changes in x and uw for a given value of Y. As 
indicated in Fig. 8, very different sets of x, w, and Y 
give quite satisfactory agreement with the experimental 
curve for 42(W). Thus we cannot escape the conclusion 
that 8-y directional correlation data alone are of some- 
what limited value in the determination of all the matrix 
elements which contribute to a first-forbidden 
dec ay. 


beta 


Figure 7 shows a comparison of the experimental 
points for P.(@) with some representative curves for 
P.(@) computed with sets x, «, and Y compatible with 
the experimental directional correlation. The curves for 
P..(@) were corrected for the finite angular resolution of 
the @-y circular-polarization equipment. The matrix 
element sets listed in Table I were selected on the basis 
of the additional requirement that they also fit the 
experimental shape factor! (Fig. 9). These sets now fit 
all data within experimental error. A somewhat generous 
summary of the errors involved in the final data in 
Table I may be given in the following way: 


Y =0.60+0.30, 


x= —0.055-40.105, 
u= —0.060+0.140. 


Actually, for a given value of, e.g., VY, the errors 
in x and # are much smaller than indicated above. 
For example, at Y=0.60, x=—0.045+0.045 and 
u= —0.040-+0.060. 


The ft value of the 2.31-Mev 6 transition corrected, 


ELEMENTS IN 


Sb!24 g DECAY 155 


TABLE I. Limits of the nuclear matrix element parameters x, , 
and Y which are consistent with the experimental curves. 


J Xmin Vinax Umin Umax 


0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 


—().160 
—().130 

0.110 

0.085 
—().060 
~—0.030 
—0.005 


0.080 
0.050 
— 0.030 
0.000 
0.020 
0.050 
0.005 


—().200 
0.150 
0.115 
~0.095 
0.075 
0.045 
—().020 


—0.080 
—().050 
—0,010 
0.020 
0.050 
0.080 
— 0.005 


for the nonstatistical shape of the 8 spectrum, is f.t 

4X10" sec or f.£=3.1X10" in units A=m=c=1. 
From Eq. (6) we obtain for the matrix element pa- 
rameter of the transition |s|=8.0X10-'® in units 
h=m=c=1. With this value of |s| and the parameter 
values given above we obtain for the nuclear matrix 


elements” [cf. Eq. (5) ]: 


fe R 
fr R= (9.34:17.6) X10-4, 


f(oxe) R= (8.1+18.9) «10 


+ (1.4+0.2) «107 


’ 


The values of these matrix elements, which are of the 
moment type, are divided by the nuclear radius of 


-— 
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Fic. 9. Sb'4 shape correction factor curves predicted for various 
combinations of x, #, and Y. The curves are all normalized to 
1.0 at W=4.0. C(W)max and C(W)min represent the maximum 
and minimum values of the normalized shape correction factor 
as measured by Langer and Smith. 


20 For this computation the following values of the coupling 
constants were used; Cy=g=(1.41+0.01)X10~-" erg cm‘, or 
Cv=g=2.97X10-" in units hn=m=c=1, and Ca=—1.20Cr. 





156 P. ALEXANDER 
Sb™ (R=6.2X10°" cm, R=0.016h/mc) in order to 
represent them in a manner independent of the units 
employed. 

It is apparent that /r/R and /(ieXr)/R are small 
compared to {B,;/R. If we assume fr and fieXr 
to be zero, we find 


fie- + (1.6+0.8) x 10-*. 


It may be noted that our data indicate that Y #0 and 
therefore for x=u=0, fie#0. All the experimental 
data may be satisfactorily represented by 


| B;;/R=+ (1.4+0.2)X10~, 


fo, 
| (oxem0, 


fie- + (1.6+0.8) «10 


In order to extract a more accurate value of fie it will 
be necessary to make measurements of considerably 
greater accuracy. The preceding considerations indi- 
cate that the significant measureable parameter is Y, 
a linear combination of the \=1 type matrix elements, 
and not the individual matrix elements fie, Jr, 


and fieXr. 
4. DISCUSSION 


The experimentally determined values of the matrix 
elements clearly indicate that the deviation from the & 
approximation of the 2.31-Mev 8 transition of Sb” is 
due to an inhibition of the \=1 matrix elements fia, 
Jr,and fieXr. Thus this deviation may not be caused 
by a mutual cancellation of (otherwise large) matrix 
elements. 

The small values of f'r/R, fioXr/R, and fia indi- 
cate the lack of overlap of the nuclear wave functions 
which occur in the matrix elements. A perfect overlap 
of the wave functions of the initial and final nuclear 
states would result in values of fr/R and fieXr/R 
which are close to unity. The relativistic matrix element 
Sia would then be of order tyycteon/e20.1. This case of 
a first-forbidden 8 transition involving matrix elements 
with perfectly overlapping wave functions might be 
called a “‘superfavored”’ first-forbidden 8 transition in 
analogy to the similar situation with regard to super- 
allowed § transitions. One would expect the ft values 
of such transitions to be of the order ft-~105 sec. Some 
such cases of superfavored first-forbidden transitions 
are known in heavy nuclei, e.g., Pb, Hg, T]’, and 
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Pb™. The 6 transitions of these nuclei have ft values 
ranging from 10°? to 10°. sec. It is interesting to note 
that all \=1 matrix elements involved in the 2.13-Mev 
8 transition of Sb™ are reduced by a factor roughly of 
1000 or more as compared to the ones in superfavored 
first-forbidden @ transitions. 

Actually, the ft values of most nonunique first- 
forbidden 8 transitions which do not show large devia- 
tions from the £ approximation, are of the order ft-~10' 
sec, indicating that the nuclear matrix elements in an 
ordinary nonunique § transition are about 10 times 
smaller than would be expected on the basis of a perfect 
overlap of the initial and final state nuclear wave- 
functions. Thus in comparison to ‘‘ordinary” nonunique 
8 transitions, the A=1 type matrix elements of the 
Sb" 2.31-Mev transition are reduced by a factor of 
100 or more. 

The ft values of unique first-forbidden transitions are 
of the order ft=10%-* sec, corresponding to a {B,; 
matrix element of magnitude /B,;/R=0.2. Compared 
to this “normal” value of the tensor-type matrix ele- 
ment, the (§B,; matrix element contribution to the 
2.31-Mev 8 transition of Sb™ is reduced by a factor of 
only about 10. In the case of the Sb" 8 transition this 
results in a predominance of the tensor component over 
the much more inhibited A=1 components. The same 
situation also prevails in the 1.591-Mev @ transition of 
Sb™ which leads to the second excited state of Te!*.! 

The reductions of the @-matrix elements in the Sb™ 
8 transitions seem to be due to a j-selection rule effect.” 
In fact, the odd parity of the (3~) 5:Sb'™* ground state is 
probably due to the odd-parity neutron orbital /y1/2. 
Considering the spin (J=7/2) and magnetic moment 
(u=+2.55 nuclear magnetons) of the 5:Sb™ ground 
state, the 51st proton in 5;Sb™ is probably in a gzj2+ 
orbital. The only orbitals available for the proton 
created in the 8 decay of 5;Sb"*(3—) to 5:Te'(2+) are 
the even-parity states gz/2+, d5/2+, d3/2+, and possibly 
Siyo+. Thus the total angular-momentum change (47) 
of the nuclear orbitals in the m— p+ 8-+7 transition, 
must at least be two units. Thus only the tensor com- 
ponent /B,; is allowed by the Aj selection rule. Actu- 
ally the same situation prevails for all first-forbidden 
transitions as long as the »— p transition involves 
orbitals within the same major shell. 

It is interesting to note that all carefully investigated 
nonunique first-forbidden transitions with AJ=+1 
show evidence of a large /B,; contribution (e.g., Eu’, 
Eu’, Ga”, and La™°),' °° even though in some of 
these 8 transitions (e.g., Eu’, Eu', and La!) the 


21H. Paul, Phys. Rev. 121, 1175 (1961) 

2 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954) 

23 J. W. Sunier, P. Debrunner, and P. Scherrer, Nuclear Phys 
19, 62 (1960). 

*4S. K. Bhattacherjee and S. K. Mitra, Nuovo cimento 16, 
175 (1960). 

75 R. G. Wilkinson, K. S. R. Sastry, and R. F 
Am. Phys. Soc. 6, 72 (1961). 

26 J. E. Alberghini and R. M. Steffen (tp, be published) 
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Aj selection rule does not seem to be responsible for 
the large relative /B;; component. The absence of any 
indication of the /Bi; component in most first- 
forbidden 8 transitions with AJ=0, is possibly due to 
the large contributions of the A=0 matrix elements 
(fiys, fo-r). 

The considerations presented above are obviously of 
a qualitative nature only. Even though a large amount 
of configuration mixing within major shells is un- 
doubtedly present in the case of Sb™, this does not 
change the qualitative aspect of the conclusion that the 
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reduction of the A=1 matrix elements is due to 47 
selection rule effects. On the other hand, the fact that 
a large reduction of the \=1 matrix elements has been 
established, shows that little or no configuration mixing 


outside major shells is present. 
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L to K Ratios in the Electron Capture Decay of W'*! and Ta!’*} 
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The L to K ratios in the electron capture decay of the isotopes Ta!” and W'*! have been redetermined. 
Thin (0.060 in.) NaI crystals with thin (0.002 in.) Be windows were used to detect the Z and K x rays. 
The partial fluorescence yields of the Z subshells of Hf and Ta were also measured by determining the 
coincidence rates between the L and the K x rays emitted by the sources, It is necessary to know the fluores- 
cence yields if the L to K ratios are to be determined from the measured intensities of the L and the K x rays. 
The L to K ratio of Ta!” was found to be 0.63+0.06, which implies a total decay energy of approximately 
115+5 kev for this isotope. This energy is consistent with the observation that no gamma rays accompany 
the decay of Ta!” since the first excited level of Hf has an energy (122 kev) exceeding the total decay 
energy of Ta!”. The L to K ratio of W'*! was found to be 0.23+0.05, from which a decay energy of approxi 
mately 260 kev is computed. This result is in agreement with the fact that two weak gamma rays are emitted 
by the source, one at 137 kev and the other at 152 kev. These gamma rays correspond to excited levels in 
Ta'*!| These gamma rays are in coincidence with the L x rays emitted by the source but not with the K x 
rays, which means that the total decay energy of W'*! must exceed 166 kev. The L to K capture ratios 
reported here are not in good agreement with previously reported values 


INTRODUCTION energy in the K shell, then the L to K capture ratio is 
a function of the decay energy, the dependence being 
such that the emission of high-energy neutrinos is 
favored.'! Since no other way exists to determine the 


HENEVER a nucleus is unstable against posi- 

tron emission, but does not have the decay en- 
ergy necessary to create the positron, it decays by 
capturing an orbital electron and emitting a neutrino. 
The most prominent electromagnetic radiations ob- 
served in an electron-capture decay are usually the 
characteristic x rays of the daughter nucleus. These 
may be either the A, L, or higher-shell x rays, depend- 
ing upon which electron is captured in the decay. The 
relative number of vacancies created in the various 
atomic sub shells by the decay process depends on the 
nature of the 8 decay and on the total energy of the 
transition. 

If the decay energy is very much larger than the 
electron binding energy in the various sub shells, then, 
for allowed and first-forbidden transitions, the ratios 
of K to L to M capture depend only on the electron 
densities in these shells at the nucleus. On the other 
hand, if the decay energy is comparable to the binding 


decay energy for electron capture processes, it is of 
some importance to measure the L to A capture ratios 
as accurately as possible. 

It is difficult to determine the relative number of L 
and K vacancies from the relative intensities of the L 
and K x rays emitted by the source. In the case of A 
capture, most of the A x rays emitted also create an 
L-shell vacancy, and the L x rays emitted by the filling 
of these vacancies must somehow be distinguished from 
L x rays which follow L-electron capture. In addition 
every K or L vacancy created does not always result 
in the emission of the corresponding x ray. The energy 
of the transition can be dissipated by the emission of 
one of the outer electrons of the atom. (Electrons re- 
sulting from such processes are called Auger electrons.) 
For the isotopes studied here, this effect was not too 

manana important for K electrons since only about 7% of the 
+t Work done under the auspices of the U. S. Atomic Energy : : 

Commission. 


'R. E. Marshak, Phys. Rev. 61, 431 (1942) 
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K vacancies lead to the emission of an Auger electron. 
However over 70% of the L vacancies decay by emit- 
ting electrons, and it is therefore very important to 
know the ratio of electrons to x rays emitted by L 
vacancies since only the x rays are counted. The usual 
way in which Auger transitions are taken into account 
is to define a quantity called the “fluorescence yield” 
which is the ratio of the number of x rays emitted to 
the number of vacancies created in a given shell. Part 
of the object of the present experiment is to measure 
the fluorescence yields of the various atomic shells 
which take part in the electron-capture decay. 

Two isotopes which decay by pure electron capture 
were studied, W'™ and Ta'”. Both of these have long 
enough half-lives so that very detailed experiments 
can be performed. Previous work on W'™ is somewhat 
contradictory. Bisi ef al.2 have measured the L to K 
ratio and find a number (C,/Cx=1.54+0.1) which 
implies a decay energy of 92 kev. On the other hand, 
Cork et al.’ have observed internal conversion electrons 
emitted by a W'*' source corresponding to energy levels 
in Ta'™ at 137 and 152 kev. The observed intensity 
of these lines is about 0.2% of the total number of 
decays. Debrunner ef al.‘ have also observed these 
gamma rays with a scintillation spectrometer. These 
workers have also shown that the gamma rays are in 
coincidence with L x rays emitted by the W'* source, 
indicating that the gamma rays are not due to impuri- 
ties. If these gamma rays correspond to levels in Ta'*! 
at 137 and 152 kev, then the decay energy must exceed 
164 kev and the LZ to K ratio must be considerably 
smaller than the value reported in reference 2. The re- 
sults reported in the present work confirm the existence 
of the high-energy gamma rays and the value obtained 
for the Z to K capture ratio is consistent with the higher 
decay energy required by the existence of the gamma 
rays. The present work therefore resolves the contra- 
dictory situation with regard to W'®. 

In the case of Ta'”, the decay is simpler since no 
gamma rays are emitted by the source. The measured 
L to K ratio is sufficiently large so that the decay en- 
ergy computed from this result does not exceed the 
energy of the first known level in Hf”. However the 
L to K ratio reported here is not as large as the value 
(1.4+0.4).5 


EXPERIMENTAL METHODS 


Scintillation counters were used in all the measure- 
ments reported here. There are two important features 
which a scintillation crystal sensitive to low-energy 
x rays must possess. The first is that the light output 
per ion pair must be as large as possible so that pulses 


? A. Bisi, S. Terrani, and L. Zappa, Nuovo cimento 1, 651 (1955). 

3J. M. Cork, W. H. Nester, J. M. LeBlanc, and M. K. Brice, 
Phys. Rev. 92, 119 (1953). 

‘von P. Debrunner, E. Heer, W. Kiindig, R. Riietschi, and T. 
Lindquist, Helv, Phys. Acta 29, 432, 463 (1956). 

5A. Bisi, L. Zappa, and E. Zimmer, Nuovo cimento 4, 307 

1956). 
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due to low-energy quanta can be distinguished from 
phototube noise. This requirement means that Nal(T]) 
crystals must be used. The second requirement is that 
absorption of the low-energy quanta in the window of 
the crystal must be minimized. (CsI crystals, which are 
not hygroscopic, could be operated without any win- 
dows, however their light output is not sufficiently large 
for the purposes of this experiment.) The most success- 
ful crystals were made as follows. A large piece of 
sodium iodide was taken, and thin (0.060 in.) slices 
were cleaved from it using the usual techniques. A slice 
was then placed into a brass holder with a glass face 
on one side. Optical contact with the glass face was made 
with standard Dow-Corning silicone grease. A 0.002-in.- 
thick beryllium window was then cemented to the top 
of the holder in such a way that the container was air- 
tight. The glass face was attached to the photomulti- 
plier with mineral oil when the crystal was used. It 
was found that it was not necessary to polish the faces 
of the crystal if it had good cleaveage surfaces. In fact 
better resolution was usually obtained with unpolished 
crystals. No levigated alumina was used as a light re- 
flector, since a layer of this material on the surface of 
the crystal would introduce a large, unknown absorption 
factor for the low-energy x rays. The pulse-height spec- 
tra obtained with the W'* and Ta 
in Fig. 1. Three peaks are clearly visible in each spec- 
trum, one at about 60 kev corresponding to the A 
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Fic. 1. Pulse-height spectra of Ta'” and W'* sources. Note 
that the K x-ray peak of the W'*' spectrum is larger relative to 
the L x-ray peak than the K x-ray peak in the Ta!” spectrum 
This difference is reflected in the values of Vz/Nx« listedin Table I. 
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x ray, one at about 30 kev corresponding to the escape 
peak of the high-energy x rays, and finally a peak at 
about 9 kev corresponding to the L x rays emitted by 
the source. The resolution obtained for the 59-kev Am**! 
gamma-ray peak with this system was 16%. The rather 
prominent escape peak is observed because the crystals 
were thin. Thin crystals give lower backgrounds and 
also give a slightly larger light output for the very 
low-energy X rays. 

The preparation of the sources used for these ex- 
periments required considerable care. The W'* source 
was made by bombarding Ta'* with 7-Mev protons in 
the LRL Livermore 90-inch cyclotron. The target was 
made of four 0.00025-in. Ta foils. These foils were then 
dissolved and the W'*! was chemically separated using 
carrier-free methods so that the number of heavy atoms 
in the source was reduced to a minimum. The tungsten 
was prepared in a water solution as an ammonium salt. 
Some drops of this solution were then placed on a 0.001- 
in. Mylar backing and evaporated. Another 0.001-in. 
Mylar piece was then glued to the top of the source 
to make the seal. The Ta'” source was made by bom- 
barding hafnium metal with 24-Mev deuterons at the 
60-inch Crocker Laboratory cyclotron. The Ta was 
again separated chemically by carrier-free methods and 
the sources were prepared as described above. Since 
many short-lived activities due to Ta isotopes result 
from this bombardment, old (~2 years) sources were 
used for this work. (The half-life of Ta!” is about 
660 days.) 

Standard electronic equipment was used throughout 
the experiment. RCA 6810A photomultiplier tubes were 
employed and the tube base circuits were modified so 
that the resistances between the cathode, the focusing 
grid, and the first two dynodes could be varied to 
adjust the tubes for maximum resolution. For the co- 
incidence measurements on the Z and K x rays, circuits 
with a resolving time of about 1 usec were used. 


EXPERIMENTAL RESULTS 


In order to interpret the results obtained in the meas- 
urements to be described, certain relations between 
the observed counting rates and the actual L and K 
vacancies created by electron capture must be derived. 
These relations involve the fluorescence yields of the 
L and K shells. The object of some of the experiments 
described in this paper is to make new measurements 
of the fluorescence yields of the L and K subshells of 
these materials. 

Let D be the number of disintegrations per second 
of the source, Cx the fraction of K-shell vacancies 
produced by the source, so that the LZ to K ratio is 
C,/Cr. If Ox, Fx, and Ax are the geometrical factor, 
efficiency, and transmission for the A x-ray counter 
and Q;, £,, and A, are similar quantities for the L x-ray 
counter, then the number of A counts per second is 


Nr=(CkD)(QxeA KEK)wx, (1) 
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where wx is the fluorescence yield of the K shell. The 
expression for the number of L x rays observed is com- 
plicated by the fact that the Z x rays arise from two 
sources; x-ray emission after L capture which is pro- 
portional to (C,D), and L x-ray emission following K 
x-ray emission which is proportional to (CxD). The 
number of L counts observed is therefore, 


N i= (CLD) (Q1A crEi)exr 


+(CKD)(QLA xLEKL)wKINKL. (2) 


In this formula, 477, /,1, and w,, are the transmission, 
efficiency, and fluorescence yields for L x rays follow- 
ing L capture, and Ax ,, Fez, and wx, are similar 
quantities for L x rays following A capture. The 
reason for distinguishing between the two species of 
L x rays is that the L-capture process creates vacan- 
cies mainly in the Z;(2s;) shell and hence leads to 
transitions into this level, whereas A capture creates 
vacancies mostly in the Ly;(1p;) and Ly11(1p3) shells. 
Since the energies of the resulting transitions are slightly 
different (8 to 10 kev), the transmissions, efficiencies, 
and fluorescence yields will also differ. These differences 
must be taken into account if accurate results are de- 
sired. The quantity vx, in Eq. (2) is equal to the 
number of L vacancies created per K vacancy. This 
quantity is defined in detail in the review paper by 
Robinson and Fink.® For the present computations, 
values given in that review article were used. 

The L to K capture ratio, C_/Cx, can now be ex- 
pressed in terms of the quantities defined in Eqs. (1) 
and (2). If the ratio of the number of L counts to K 
counts (.V,/.Vx) is measured, then the L to K capture 
ratio is given by 


oe 
~ns(—“) (= 


In order to compute C;,/ Cx from \V;/.\ x, all the quanti- 
ties in the parentheses on the right-hand side of the 
equation must be evaluated. Since the same counter 
is used to detect both the A and L x rays, Qx=Q, if 
the distance between the source and the counters is 
large enough so that edge effects can be neglected. For 
the beryllium-window crystals used here, the ratios of 
the A’s and the £’s are quite close to unity. The most 
important correction which must be applied is the ab- 
sorption in air of the L x rays, which appears in 
(Ax«/Axz) and this is only of the order of 5% for the 
geometries used in the experiment. However the L-shell 
fluorescence yields are not well known and it is therefore 
necessary to perform another experiment to determine 
them. 


®B. L. Robinson and R. W. Fink, Revs. Modern Phys. 32, 117 
(1960). 
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TABLE I. Summary of results. 








Isotope NK a 
} Ta!” 
wis 


N1i/Nx 


0.375-40.005 y 
0.312+0.005 


0.79 
0.79 


0.83, 
0.83 


The partial fluorescence yield, wx 1’, can be obtained 
by measuring the coincidence rate between the L and 
the A x rays. This counting rate is given by 


Ne=Nr' (qwxt’AxrEx121), (4) 


where Vx’ is the observed A x-ray counting rate in the 
K x-ray counter, wxz’ is the fluorescence yield of L 
vacancies produced in filling A vacancies only when 
K fluorescence occurs, and the expression in the paren- 
thesis is the probability that the LZ counter will detect 
an x ray. Solution of Eq. (4) for wxz’ gives 


V7, 1 
(—) seuanpienin (5) 
Vx’ QA x rEK 2, 


The factor a must be included in Eq. (5) because the 
K x-ray counter cannot resolve the K, from the Kg 
x rays. The number a is therefore the fraction of the 
observed K x-ray counts due to K, x rays. To compute 
wrx’, the values of a given in reference 6 were used. 
Since wxx’ and wx, can be shown to differ by only a 
few percent, wxz’ has been used for wxz in Eq. (3). 

The arguments made in the last paragraph are true 
only if there is no angular correlation between the L 
and the K x rays emitted following K capture. The as- 
sumption of isotropy is implicit in Eq. (4). Several ex- 
periments were performed with both sources to measure 
the coincidence rate at 180° (back-to-back) and 90°. 
The coincidence rate in these two positions was found 
to be the same to within 5%. This result is not surprising 
since a great many atomic levels are involved in the 
transitions, and the counters are not able to resolve the 
individual K and L x-ray fine structure in the spectrum. 
Estimates of the expected distribution show that it 
should be nearly isotropic. 

The decay of Ta” proceeds directly to the ground 
state of Hf'”*. No radiations other than the Hf K and L 
x rays were observed from this source. The transition 
is most probably an allowed transition since the ground 
state of Hf'” has the spin 9/2* and the ground state 
of Ta'” probably has a spin $*. The decay energy can 
be computed from the Z to K capture ratio using the 
formula given in reference 1. The decay energy obtained 
in this manner is consistent with the fact that the first- 
excited level in Hf'” is at 122 kev, an energy exceeding 
the computed decay energy. The results are summarized 
in Table I. 

In the case of W'®, the decay is more complex since 
it proceeds to the ground state about 99.7% of the time. 
In the remainder of the transitions two energy levels 


WKL 
0.24+0.01 
0.28+0.01 


Decay energy 
WLL Ci/Cr (kev) 
115+5 
260_ 607!” 


0.63+0.06 


0.23+0.05 


~ 0.2740.02 
0.3240.02 


in Ta at 137 and 152 kev are populated. A weak 
composite peak corresponding to these transitions is 
observed in the scintillation pulse-height spectrum. 
The 152-kev gamma rays is about twice as intense as 
the 137-kev line. Both gamma rays are in coincidence 
with the Z x rays emitted by the source but are not in 
coincidence with the A x rays. The two gamma rays 
are also not in coincidence with each other. The decay 
scheme for this isotope, given in reference 4, is therefore 
confirmed and the intensities of the gamma-ray lines 
relative to the x rays quoted by these authors are 
found to be correct. The transition to the ground state 
of Ta’ is a first-forbidden transition since the spin of 
Ta!*! is #* and the probable spin of W'* is 3-. The decay 
to the 137-kev level also proceeds by a first-forbidden 
transition since the spin of the 137-kev level is 9/2*. 
The decay energy for this isotope as obtained form the 
L to K ratio is computed using the formula for allowed 
transitions. This procedure is justified by the fact that 
the energy-dependent terms in the first-forbidden 
transition probabilities for the conditions of this experi- 
ment are unimportant.’:’ It follows therefore that the 
energy dependence of the Z to K capture ratio for these 
transitions also is due only to the phase space factor 
which means that the formula of reference 1 is appli- 
cable. The decay energy computed from the L to K ratio 
using this method is sufficiently large (260 kev) to 
explain the existence of the observed gamma rays. The 
electron wave functions used to compute the decay 
energies are tabulated in reference 8. The large errors 
quoted in the decay energy of W'™' are characteristic 
of small (~0.2) values of C;,Cx, since the decay energy 
in this region is a very sensitive function of C,/Cx. It 
should also be pointed out that the decay energy of W'™' 
is probably not quite as large as the value given in Table 
I, since K capture to the excited levels would then be 
possible. Since no A capture is observed (i.e., no A 
x rays are observed in coincidence with the gamma 
rays), the decay energy must be less than 210 kev, which 
is within the limits of error of the quoted energy. The 
above argument is true only if A capture to the excited 
levels is not forbidden for other reasons. 

The circumstance that W'*' can also decay to excited 
levels in Ta'*' by pure L-shell capture, makes it possible 
to measure the partial fluorescence yield wz, by a 
method similar to that used to determine wx,. The co- 
incidence rate between the gamma rays and the L x rays 

7H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
(1952). 

8H. Brysk and M. E. 


Rose, Revs. Modern Phys. 30, 1169 
(1958). 
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is given by 
Ne=N,b(wi1A trE1 11). (6) 


This formula is identical in form to Eq. (4). The quan- 
tity b is the fraction of L capture to L+M-+N capture 
and has the value 0.735 according to best estimates of 
electron densities.’ V, is the gamma-ray counting rate 
in the gamma counter. Since the transition to the 
137-kev level is also a first-forbidden transition the 
value of wz, computed from Eq. (6) can be used in 
calculating C,/Cx for the ground-state transition in 
Eq. (3). 

It should also be pointed out that the method outlined 
for the measurements of wx, and w,r has the additional 
advantage that some of the efficiency and transmission 
factors in Eq. (3) are cancelled. It is therefore not neces- 
sary to compute them. 

The experimental results are summarized in Table I. 
In order to show how the final values of C,/Cr were 
obtained, all the important numbers appearing in Eqs. 
(3) and (5) are included. The measured ratios of Vz/Nx 
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are shown in the first column. The next columns show 
the quantities mx, and a. The measured fluorescence 
yields, wx, and wz, are shown in the next two columns. 
Finally the values of C;/Cx and the decay energies are 
listed in the last two columns. Since no measurement 
of the partial fluorescence yield, wz, could be made in 
the case of Ta!”, it was assumed that the values of 
wrx for the two isotopes studied are in the same ratio 
as the values of wxz. This assumption is not unreason- 
able since both wz, and wrx, probably have the same Z 
dependence. 
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Accuracy of the Superconductivity Approximation for Pairing Forces in Nuclei* 
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The accuracy of the superconductivity approximation for pairing forces in nuclei is studied. To this end 
we have exactly diagonalized the pairing force for certain nuclei and compared the results with those ob 
tained from the approximate calculation of Kisslinger and Sorensen. When the energy is computed by use 
of the approximate-wave function, which is not an eigenfunction of the number operator, it is found that 
the excitation energies of the low-lying states with seniority one and two are correct to within 200 kev, 
whereas the ground-state energies are usually not given to better than 500 kev. The wave function obtained 
by projecting out and normalizing that part of the variational trial function that corresponds to the correct 
number of particles is found to agree closely with the exact energy eigenfunction. Overlap integrals greate1 
than 98°% are found in all cases considered. The expectation values of the pairing Hamiltonian with respect 
to these projected wave functions are therefore in excellent agreement with the exact energy eigenvalues 
The variational aspects of the superconductivity approximation are also discussed briefly. 


1. INTRODUCTION 


ISSLINGER and Sorensen' have recently examined 
the effect of pairing forces on the structure of 
single-closed-shell nuclei. They use methods of approxi- 
mation originally developed in studies? of the super- 
conducting state in metals, and since applied to nuclear 
physics by a number of authors.*~? The state of a system 
of interacting fermions, moving in a common potential, 
is characterized by the probability amplitudes V; for 
occupancy of the various pair states (jm, j—m) in the 
common potential. If the interaction is assumed to be a 
pairing force only, the energy of the system is then 
minimized as a function of the parameter V;. The trial 
function used in this variational calculation is not an 
eigenstate of the particle-number operator. 

In this paper we study the accuracy of Kisslinger and 
Sorensen’s treatment of the pairing Hamiltonian. To 
this end we perform an exact diagonalization of the 
pairing Hamiltonian (Sec. 2) and compare the resulting 
eigenvalues and eigenfunctions with the approximate 
solutions of Kisslinger and Sorensen (Sec. 4). Although 
the nuclear ground-state energies are usually not given 
to better than 500 kev by the superconductivity ap- 
proximation, the energies relative to the ground state 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Permanent Address: Department of Physics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

t Permanent address: University of Rochester, Rochester, 
New York. 
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are generally accurate to within 200 kev. Remarkably 
large overlaps with the exact eigenfunctions are obtained 
by projecting out (and normalizing) that part of the 
Kisslinger-Sorensen wave function that corresponds to 
the desired number of particles. Indeed, the projected- 
wave functions agree more closely with the results of the 
exact calculation than do the energies, in spite of the 
fact that the projected-wave function usually con- 
stitutes no more than 60% of the original trial function. 
This circumstance is a survival from the situation 
wherein all single-particle levels are degenerate. In this 
special case, for which analytical solutions can be writen 
down, (Sec. 3), the exact and projected eigenfunctions 
are found to be identical, although there are finite errors 
in the eigenvalues. 

We conclude that the best procedure is to adopt the 
projected-wave function of the variational calculation 
as an approximation to the energy eigenfunction. Matrix 
elements of physical quantities should ideally be calcu- 
lated with the aid of this projected-wave function rather 
than with the full trial-wave function. In particular, ex- 
pectation values of the pairing Hamiltonian are found 
to be in excellent agreement with the exact energy 
eigenvalues. 

Kisslinger and Sorensen! make a number of additional 
approximations in solving the sets of coupled equations 
that determine the optimum values of the parameters 
V,. We examine these approximations in Sec. 5, con- 
cluding that the errors introduced are small. 

2. DIAGONALIZATION OF THE PAIRING 
HAMILTONIAN 


We consider the pairing Hamiltonian*® 


H=)>, €jajm'ajmn—4G > (-1)>* 
j,m jm,j'm’ 
X ajmtaj—_mt(—1)7-™ aj mAjrm’, (1) 


8 Since our interest here is confined to the superconductivity 
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where the a’s are fermion creation and annihilation 
operators, the ¢; are single-particle energies, and G 
measures the strength of the pairing interaction. Only 
identical nucleons (all neutrons or all protons) are con- 
sidered. To diagonalize H we define the ‘‘quasi-spin”’ 
operators?!” 


S,=>0 Sy= YF (—1) a jmtaj_mt, 
,) 


j,m>0 


(2a) 


S_=(S,)t= > (—1)* "4; n6jn, 


m> 


S =} > { djm'dj;m— 4; eee 


y.m>0 


which have the commutation properties of angular- 
momentum operators. Introducing the number operator 
Vi= Pon Qjm'Ajm and the pair degeneracy Q/= (j+4) of 


level 7, we obtain from Eq. (2c) 


S,= >; S, 


2 — 


Sy (N!7—&) = 3 (N-9Q). 
It follows at once that 


S72 | So?| =3(NI—- 2), 


a“ 2 


where So, So’ are eigenvalues of S., S,7. Thus the quasi- 
spin S’ attains its maximum value of }Q’ when the j shell 
is empty (So’?= —32’) or full (So =3). 

Repeated application of S,’ to any state |.S*So’) of j” 
raises So’ in unit steps but leaves S’ unaltered. Since 
S,/ is a creation operator for a zero-coupled pair in level 
j, states of the same S’ differ only in the addition or 
removal of a number of zero-coupled pairs. This, how- 
ever, is the characteristic feature of the classification of 
states in terms of their seniority."' The precise connec- 
tion between quasi-spin S’ and seniority” v is, in fact, 


(5) 


rhe relevance of a seniority classification to the present 
problem becomes clear when it is realized that the pair- 
ing operator in Eq. (1) is a direct generalization for more 
than one 7 level of Racah’s” seniority operator Q. It is 
both convenient and in accordance with the physical 
ideas underlying the concept of seniority to proceed 
further with this generalization and to refer to the 
quantum number >. ;(Q2’— 25S”) as the seniority. In other 
words the seniority of a state is simply the number of 
unpaired particles it contains. 

We now use Eqs. (2) to rewrite the Hamiltonian in 
terms of the S operators as 


H=—GS,S_+2 35 (S2+D; 6’. (6) 


approximation for pairing forces, we omit the long-range quad 
rupole force in Kisslinger and Sorensen’s Hamiltonian (reference 
1). We also remark on a minor error in Eq. (2) of reference 1, 
where the pairing operator differs from the one in our Eq. (1) by 
replacement G/4 — G/2. The numerical results given in reference | 
correspond to the Hamiltonian of Eq. (1) above. 

® A. K. Kerman, Ann. Phys. (N. Y.) 12, 300 (1961). 

10 P. W. Anderson, Phys. Rev. 112, 1900 (1958). 

The connection between quasi spin and seniority is discussed 
in more detail in reference 9. 
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To diagonalize H we introduce a representation based 
on the eigenstates |«SSo) of the pairing operator 


GS,S_| xSSo)=GLS(S+1)—So(So—1)]|*SSo), (7) 


where x symbolizes a set of additional quantum numbers 
chosen in some suitable fashion to complete the specifi- 
cation of the state. 

The ground state of an even-even nucleus with the 
Hamiltonian (6) is one in which all nucleons are paired ; 
the “seniority” is zero and each S? has its maximum 
value of 32’. The specification of the states | »S.So) may 
be completed by coupling the various S’ to a resultant 
S, So. For more than two levels, of course, this may be 
done in a variety of ways, the alternative bases then 
being connected by simple recoupling transformations. 
All the relevant features of the general problem may be 
illustrated by the case of three levels, for which a suit- 
able basic set of states of seniority zero is! 

(S'S2)S2,58,SSy) = 


(S'S*u pe) Suit Me) 


3 
X (S288 u; +s, ws! SS) TLS.) 0), (8) 


and |Q) is 
— §o=3Q. 


where vy=met3Q*, S*= 30%, the vacuum 
state of the system, with S The matrix 
elements of the Hamiltonian (6) between such states 
can be calculated by straightforward Racah algebra. 
The lowest of an odd-A nucleus with the 
Hamiltonian (6) are those in which all nucleons but the 
last (j’m’) are paired. We refer to such states as “states 
of seniority one.’”’ The presence of a particle in the state 
(j’m’) has the effect of “blocking” or preventing the 
occupation of the corresponding-pair state. As a result 
[by Eq. (4) ], S”=.S’ is reduced by 3. With this modifi- 
cation, a basic set of states of seniority one can be intro- 
duced as described above for seniority zero. For example, 
can again be used with 


states 


in the three-level case, Eq. (8) 
the replacements 


(9) 


Construction and diagonalization of the energy matrix 
now proceeds as before and states of angular momentum 
j’ are obtained. 

For an even-even nucleus, the low-lying (noncollec- 
tive) excited states of the Hamiltonian (6) are those in 
which there are two unpaired nucleons. If these nucleons 
occupy different single-particle levels, the corresponding 
quasi spins are reduced by 4; if they are in the same 
orbit the quasi-spin is reduced by 1. The total angular 
momentum of a state of seniority two is in general 
different from zero, various possibilities arising from the 

13 For notation, see A. R. Edmonds, Angular Momentum in 
Quantum Mechanics (Princeton University Press, Princeton, New 
Jersey, 1957), in particular Eqs. (3.5.2) and (6.1.1) 
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coupling of the spins of the unpaired nucleons. The 
eigenvalues of the pairing Hamiltonian are, however, 
independent of the total angular momentum. 

Algebraic expressions can now be derived for the 
matrix elements of the pairing Hamiltonian between 
states of seniority zero, one, and two. Numerical calcu- 
lation of the matrix elements and diagonalization of the 
matrices were carried out by machine. The results are 
presented in Sec. 4. 


3. THE DEGENERATE MODEL 


First let us discuss the degenerate model, wherein 
all single-particle energies are equal, since it can be 
solved exactly and is quite instructive. It is then easy 
to show that the difference between the exact and varia- 


tional energies for states of seniority zero is®™ 


N 
-16n(1-— 
90 


while for states of seniority one 


AF ace= (10) 


VN 1 
-1Gv(1-—+—), 
22 2N 
Nr sN N 
2 —-1)+—lect, 
o Q ta 


AE aceg™ 


provided 


With the same approximation, the energy error for 
states of seniority two is given by Eq. (11). In Table I, 
the difference AFaeg between the exact and variational 
energies of even-even ground states is tabulated. 

On the other hand, the component in the trial-wave 
function of the degenerate model corresponding to the 
correct number of particles, is identical (after normaliza- 
tion) to the exact wave function. Thus the errors AE deg 


TaBLE I. Difference between the exact energy and variational 
energy for the lowest seniority-zero state. N is the number of 
particles, AFg., is the error when the single-particle levels are all 
degenerate, and G=0.331 Mev for nickel, 0.187 Mev for tin, and 
0.111 Mev for lead. AE represents the error, for the same values 
of G, when the states are not degenerate. For nickel the energies 
of the single-particle levels are taken to be €( 63/2) =0, €( fs/2) =0.78 
Mev, €(f1/2) = 1.56 Mev, and e(g5/2) = 4.52 Mev; : for tin e(ds/2) =0, 
€' 27/2) =().22 Mev, €\S; 2) =1.90 Mev, e(d; 2) =2.20 Mev, and 
€(/t1;;2) = 2.80 Mev; and for lead the energies of the hole states are 
e(Pr2) =0, €( fs .)=0. 57 Mev, e€(f3/2)=0.90 Mev, e€(ii2/2) =1.634 
Mev, and e(f7/2) =2.35 Mev. 


Nickel 


AE AF deg AE ede AE AF ag 
(Mev) (Mev) (Mev) (Mev) (Mev) (Mev) 


—0.367 —0.301 —0.187 —0.108 
—0,601 —0.542 —0.205 —0.209 
—0.645 —0.722 —0.295 —0.304 
—0.843 —0.342 —0.392 
—0.903 —0.260 —0.473 


Lead 





—0.313 
—0.382 
—0.691 
—0.693 


—0.327 
—0.456 
—0.561 
—0.643 
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are due entirely to the presence in the trial wave func- 


tion of components with the wrong number of particles. 


4. COMPARISON OF EXACT AND 
APPROXIMATE SOLUTIONS 


We now compare the exact solutions of the pairing 
Hamiltonian with the results of an approximate calcu- 
lation! which seeks to replace the original interacting 
particles by noninteracting ‘‘quasi-particles.” These 
quasi-particles (normal modes of the system) are intro- 
duced by a canonical transformation whose parameters 
are determined, in principle, by minimizing the energy."® 
The seniority-zero ground state of an even-even nucleus 
is then identified with the quasi-particle vacuum |p) 
whose wave function and energy are 


ld)= II [A-V? 


j,m>0 


t+V;S, 


EVEN NICKEL 


EXCITATION ENERGY (Mev) 


5+ (3)* 
(3)- 
exact K.S. exact K.S. exoct K.S. exact K.S exact K.S 
58 64 66 


Ni ni? nif Ni Ni 


Fic. 1. Low-lying excited states in the even-even nickel isotopes 
The notation ($,}), etc. denotes the single-particle levels occupied 
by the unpaired particles, while 0* labels the first excited seniority- 
zero state. The columns labeled “exact” are those obtained from 
diagonalizing the energy matrices. The entries above K. S. are 
those determined from the calculations of Kisslinger and Sorensen. 
The coupling constant G was taken to be 0.331 Mev and the 
positions of the single-particle levels were chosen as €(/3/2)=0, 
€(fs/2) =0.78 Mev, €(f1/2) =1.56 Mev, and €(g)/2) =4.52 Mev. 


and 
E,=2 us Qe; 


1 
a alte,” QV; ’ (14) 


the probability amplitudes V; 


V2Z=4(1—(6,—A)[(6—A)P?+- A? }. (15) 


being given by 


The Lagrange multiplier \ and the ‘ 
are obtained from the equations 


22; 21 
3G Dif 27/[(e;—A)?-+-.A7}$} = 1. (17) 


The seniority-one states, which lie lowest in odd-A 
nuclei, are described in the approximate calculation by 


16 The variational aspects of the approximate calculation of 


Kisslinger and Sorensen (reference 1) are discussed in Sec. 5. 


‘gap” parameter A 


f=n, (16) 
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exciting a single quasi-particle. If the unpaired nucleon 
is in level j, the energy of such a state is 


E,\=Ent+E;, (18) 


where F;, the excitation energy of a quasi-particle, is 
given by 


E;=[(6—d)?-+-47]}. (19) 


Kisslinger and Sorensen again obtain \ and A from 
Eqs. (16) and (17), with the appropriate (odd) value in 
Eq. (16) for m, the number of particles in the levels 
under consideration. (See Sec. 5.) 

Seniority-two excited states of even-even nuclei are 
approximated by exciting two quasi-particles. If the 
unpaired nucleons are in levels 7; and js, the energy 
of such a state is 


E,= Lot Ente, (20) 


with the values of \ and A determined for the ground- 
state configuration. 
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ric. 2. Low-lying excited states in the even-even tin isotopes 
deduced from Kisslinger and Sorensen’s calculation (K. S.) and 
the exact calculation. The coupling constant G is 0.187 Mev and 
the energies of the single-particle levels were taken as €(d5/2) =0, 
€(g7/2)=0.22 Mev, e€(si1/2)=1.90 Mev, e€(d3;2)=2.20 Mev, and 
€(/y1/2) = 2.80 Mev. 


The exact and approximate solutions for many of the 
isotopes of Ni, Sn, and Pb have been compared. We 
now discuss this comparison, starting with the even- 
even nuclei. 

In Table I we have listed the errors AE in the energy 
of the even-even ground states. It will be seen that these 
differ very little from the energy errors AF deg of the 
degenerate model. Figures 1-3 show the exact and 
approximate excitation energies of states of seniority 
two, the corresponding absolute energies'® involving 
errors no more than 200 kev larger than those given in 
Table I. It is clear that Kisslinger and Sorensen’s 
calculation provides a fairly close approximation to the 

‘6 For some of the more highly excited states the approximate 
energy is actually less than the exact energy. This merely reflects 
the fact that for states of two- (and one-) quasi particles, the 
=, of Kisslinger and Sorensen is only approximately 
variational. 
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Fic. 3. Low-lying excited states in the even-even lead isotopes. 
The columns labeled “exact” are the excitation energies obtained 
from this calculation, while those marked K. S. are the results of 
the Kisslinger-Sorensen theory. The coupling contsant G was 
taken to be 0.111 Mev and the energies of the hole states are 
€(Pis2) =(), e( fsi2) =0.57 Mev, €(pay2) =0.90 Mev, € (iis 2) = 1.634 
Mev, and e(f7/2) =2.35 Mev. 


order and to the excitation energies of low-lying states 
of seniority two. 

Figures 1-3 also show the position of the lowest- 
excited state of seniority zero, concerning which the 
approximate calculation can say nothing. Such states 
might lie sufficiently low to destroy the gap in the 
spectrum of intrinsic excitations, whose prediction has 
been the chief physical argument in favor of the pairing 
Hamiltonian. Figures 1-3 show that no such attribution 
of the energy gap occurs. Although the lowest-excited 
state of seniority zero is sometimes below all states of 
seniority two,'’ a gap is clearly in evidence in each of the 
exact excitation spectra and, furthermore the magnitude 
of this gap is quite close to 2A. 

For the energies of seniority-one states in odd-A 
nuclei, agreement is again satisfactory (Figs. 4-6). In 
particular, the approximate calculation gives the correct 
ordering of the levels, except in a few cases (for example, 
in Ni®, Ni®, Pb, and Pb?) in which it inverts pairs of 
states that are nearly degenerate in the exact calculation. 

In the typical cases, only about 40% of the trial-wave 
function of Eq. (13) (or its appropriate modification for 
states of seniority one or two) describes a system with 
the desired: number of particles. To compare the exact 
and approximate eigenfunctions, we therefore project 
out that part of the trial wave function that corresponds 
to the correct number of particles and normalize to 
unity. The resulting wave functions for the seniority-one 
states of Ni®** are given in Table II. The similarity 
between the exact and approximate eigenfunctions is 
striking, with overlap integrals greater than 0.99 in each 

17 The first excited seniority-zero state is particularly low when 
a subshell is filled. To understand this, consider two levels j; and 
j2, with €j;<ej2. We simulate the relationship between the two 
lowest states of seniority zero by considering j;"j2"* and 
ji” *72"2*?, The separation of these states and also the interaction 
matrix element between them is smallest when m.=0 and 


n,=2j,+1 so that there is a subshell effect of the kind under 
consideration. 
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labeled “exact” are those obtained from diagonalizing the energy 
matrices, and the entries above K. S. are the states determined 
from Kisslinger and Sorensen’s calculation. The coupling constant 
G and the single-particle energies are the same as used in con- 
structing Fig. 1. 
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case. Similar excellent agreement is obtained for the 
ground states of even-even nuclei and also for the excited 
states of seniority two. For example, the two quasi- 
particle excited states of Ni® with the largest and 
smallest energy errors are, respectively, the (5/2, 3/2) 
and the (9/2, 1/2) states. For the former, the overlap 
integral between exact and approximate wave functions 
is 0.982, for the latter it is 0.999. 
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Fic. 5. The seniority-one states in the odd tin isotopes deduced 
from Kisslinger and Sorensen’s calculation (K. S.) and the exact 
calculation. The coupling constant G and the single-particle 
energies are the same as used in constructing Fig. 2. 
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Since the projected-wave functions are almost identi- 
cal to the true energy eigenfunctions, it is clear that if 
we use them to evaluate expectation values of the 
Hamiltonian, the resulting approximation to the energies 
will be very much better than that provided by the 
original trial-wave function. As an illustration we have 
done this calculation for Ni5*. The results are given in 
Table III, where it is seen that the exact- and quasi- 
particle energies are almost identical. Thus, to calculate 
matrix elements of physical quantities, we should use 
the wave functions obtained by projecting out and 
normalizing the parts of the original trial-wave functions 
corresponding to the correct number of particles. This 
procedure has already been suggested by Bayman," and 
is it accordance with the general theorem that a trial- 
wave function can always be improved by projecting 
from it the parts containing known good quantum 
numbers. 


5. VARIATIONAL ASPECTS OF THE SUPER- 
CONDUCTIVITY APPROXIMATION 


As is well known, the superconductivity approxima- 
tion for states of seniority zero consists in selecting the 
wave function |¢o) of Eq. (13) as a trial function and 
minimizing (¢o| |) as a function of the parameters 
V’;, subject to the constraint 


(21) 


(go! N| d@o)=n. 


By introducing a Lagrange multiplier A, the solution of 
this variational problem is obtained from Eq. (21) and 
the set of equations 
fe] 
(oo) H-XAN ob 0, 


Ov; 


This leads directly to Eqs. (15) and (16).!* 


18 Strictly ¢; + ¢;—GV; in Eqs. (15)-(17), and (19). Although 
the additional term —GV; has an appreciable effect on \ and A, 
its influence on energies and wave functions is negligible. 





ACCURACY 


Taste II. The amplitudes of the various components in the 
seniority-one wave functions in Ni®. The last column is the overlap 
integral between the quasi-particle and exact wave functions. In 
the notation used, the exact wave function of, for example, the 
3 /2 state is 0.812 (p3 3°) 3 2 +0.526( f 27) ops o+0.187 (p; 2 )ops 2 
+0.170 (29/2?) oP3/2- 


State (ps2)? (fore)? 2 Overlap 


0.170 
0.183 


Q 


12 0.526 
3 0.614 


Exact 0. 
Quasi-particle 0. 


0.993 


0.885 
0.876 


0.394 
0.421 


0.170 
0.153 


Exact 0,999 
Quasi-particle 

0.858 
0.852 


0.484 
0.501 


0.174 
0.149 


Exact ; 0.999 
Quasi-particle : 
0.837 
0.841 


0.488 
0.495 


Exact 0.161 


; . 0.999 
Quasi-particle 


In considering states of seniority one, Kisslinger and 
Sorensen determine the energies from Eqs. (18) and 
(19), obtaining the parameters \ and A from the same 
equations'® [Eqs. (16) and (17) ] as are used for states 
of seniority zero. Strictly, a fresh variation calculation 
should be carried out, the appropriate modification of 
Eq. (13) being 


Wim = Il’ C(1— V2)!+-V5S4™ Jajmt}0), (23) 


j,m>0 


where JJ’ indicates a product over all 7, m with the ex- 
ception of jym. Carrying out this variational calcula- 
tion, we find that for j7#j,, V7? is again given by 
Eq. (15). For j=j1, we have instead 


Vi2=3{1—(én—A)[(En—APZ+ 4274}, (24) 


€i1= €4: +4G—2GV 57. (25) 


The parameters \ and A (we now have different ones for 
each level 7) are obtained from Eq. (16) and the appro- 
priate modification of Eq. (17) is, 


2>°, OV 7+ (1-—2V 5) =n. (26) 


In the special case j7,=43, the energy is independent of 
Vj, as is obvious from the fact that the trial function 
[Eq. (23)] then does not involve V j;. We have in fact 

ky=2¥) 96V7—(1/G)A2—-GL/ avs 


7, i) 
where the primes indicate that all relevant summations 
are to be carried out as if the j7=4 level did not exist. 
The variational calculation for states of seniority one 
is much more laborious than it was for seniority zero, 
‘8 This involves, for example, the neglect of additional one- 
quasi-particle contributions to the number operator. 
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TaBLeE ITI. The energies of the various seniority-one states in 
Ni® calculated exactly, by the quasi-particle theory, by a varia- 
tional procedure, and by projecting out (and normalizing) that 
part of the approximate-wave function that corresponds to the 
desired number of particles. The single-particle energies were 
taken to be €(/3/2) =0, €(f5/2) =0.78 Mev, €(fi/2) =1.56 Mev, and 
€(£9/2)=4.52 Mev, and G=0.331 Mev. 


Exact 
energy 
(Mev) 


Variational 
energy 


(Mev) 


Quasi-particle 
energy 


(Mev) 


Projected 
energy 
(Mev) 
—0.91 
—0.47 
0.24 


_0.48 0.54 
~0.14 ~0.13 
0.47 0.56 


2 ) 2 


d. IIL 


—0.93 
—0.47 
0.23 


since there is now a different value of \ and of A for 
each level. Table III lists the variational and Kisslinger- 
Sorensen energies of seniority-one states in Ni®*. It is 
clear that the differences are too small to be of any 
practical importance. The corresponding wave functions 
also agree closely.” We may therefore regard the pro- 
cedure of Kisslinger and Sorensen as a nurrerically 
simpler and satisfactorily accurate way of perforn ing a 
variational calculation for states of seniority one. It also 
seems likely that the simplified procedure provides an 
adequate treatment of states of seniority two. 


6. CONCLUSIONS 


Recent work on the theory of superconductivity has 
suggested that pairing forces between identical nucleons 
might profitably be studied by a variational procedure, 
with a trial-wave function that is not an eigenstate of 
the particle-number operator. We have studied the 
accuracy of such variational calculations and have 
shown that projecting out and normalizing that part of 
the trial-wave function that corresponds to the correct 
number of particles yields a remarkably close approxi- 
mation to the true energy eigenfunction. It is therefore 
clear that the projected-wave function should be used 
to calculate the matrix elements of operators of physical 
interest. In particular, the expectation values of the 
pairing Hamiltonian are found to agree closely with the 
exact energy eigenvalues. 
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Decay of In™°"+ 


W. G. Sra 
Physics Department, Purdue University, Lafayette, Indiana 
(Received May 31, 1961) 


The K-L conversion electron energy differences of two transitions with energies equal to 0.1131 and 
0.1200 Mev were determined in a permanent magnet spectrograph. These experimental differences (0.02265 
Mev) are in agreement only with the K-L; energy difference of cadmium. Therefore neither of these transi- 
tions can follow an isomeric transition in In"™, Energy measurements of two other transitions (0.4614 and 
0.5840 Mev) combined with the 0.1200-Mev transition energy measurement show that the 0.1200- and 
0.4614-Mevy transitions are not in cascade, in parallel with the 0.5840-Mev transition, as proposed by 


Yoshizawa. 


INTRODUCTION Mev (4+) levels of Cd". Therefore the isomeric 

HE decay modes of 66-min In™, 4.9-hr In”, transition in In", if it did occur, would have to be an 
24-sec Ag", and 253-day Agi to the levels of E5 or an M5. Such a transition would have a K/L 

Cd" as summarized in the Nuclear Data Sheets, are Tatio <1 (see Fig. 2). McGinnis® and Bleuler et ai.,‘ 
shown in Fig. 1. The additional levels proposed by before the In!” spin measurement, observed a 0.120- 
Yoshizawa! are shown at the right side of the figure. Mev transition with a K/Z ratio of 4.5 in the decay of 
The spin of In" has been directly determined? to be In" and it was suggested that this might be the 
7. The spin and parity (2+) of In" have been inferred isomeric transition. This possibility can now be ruled 
from the observations that this level decays by positron out on the basis of the K/Z ratio. In” has recently 
emission and electron capture to the 1.474-Mev (2+) been studied by Kato et al.° and they have proposed 
level, but not to the (0+) ground state, or the 1.541- that the 0.120-Mev transition occurs in Cd". It is 
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Fic. 1. The decay modes of In™°, In", Ag"°, and Ag!®™ to levels of Cd!°; as summarized in the Nuclear Data Sheets. 
The additional levels proposed by Yoshizawa! are shown at the right side of the figure. 
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evident the latter is not the In"™° isomeric transition, 
but it still could occur in In"® following the isomeric 
transition. 

The principal aim of the present work was to measure 
accurately enough the energy difference of the K and 
L conversion electrons of the 0.120-Mev transition to 
determine whether this transition is converted in 
indium or in cadmium. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The In" used in the present study was produced 
by bombarding natural silver metal with ~19-Mev 
helium ions in the Purdue cyclotron. In", In'™, and 
In"? were also produced in the bombardment. The 
target was allowed to cool off ~ 1 hr before the chemical 
separation was started. The chemical separation tech- 
nique of Jacobi® was used. The top layer of the bom- 
barded silver was removed by filing. The silver was 
dissolved in a few drops of 1:1 HNOs, and 1 mg each 
of Mg** and Cd** carriers were added and diluted to 
5 ml with H,O. NH; gas was bubbled into the solution 
at boiling temperature to precipitate Mg(OH). which 
carried the indium. Both silver and cadmium form 
complex ions with the NH; and remain in solution. 
The Mg(OH). was washed with a NHsOH-(NH4)2SO4 
solution and then dissolved in 1.4M H.SOy. The 
Mg(OH), precipitation and washings were repeated. 
The Mg(OH)., containing the indium activities, was 
dissolved in an electroplating solution which consisted 
of 12 mg of ammonium formate per ml with the pH 
adjusted to 3.0 with 1.4M H.SO,. The indium was 
electroplated over a 1-cm length on the front (the side 
toward the spectrograph) of a 0.010 in.-diam platinum 
wire, in a cell shown in Fig. 3. 

This plating procedure has the following advantages. 
The resolution of the spectrograph is improved since 
none of the electrons are emitted from the back of the 


6 E. Jacobi, Helv. Phys. Acta 22, 66 (1949). 
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source wire with subsequent loss of energy in passing 
through part of the wire. The recording film has less 
background due to exposure by some of the unconverted 
gamma rays from the nonuseful activity on the back of 
the wire. Finally, if the amount of source material is 
limited it is advantageous to deposit it only on the 
front side of the wire. 

The cell body was machined of Lucite. A vertical 
slit was cut in the cell with a saw of 0.013-in. width. 
The depth of the slit was sufficient that when the 
spectrograph source holder was resting on the top of 
the cell, the source wire was ~} in. above the bottom 
of the slit. A hole for the second electrode was drilled 
through the cell. A 0.010-inch-diam platinum wire was 
sealed with Duco cement in this hole. The side of the 
source mounting wire nearest the source holder was 
covered with fingernail polish. The ceil was filled with 
the active solution above the source wire to within 
~ in. of the top of the cell. In spite of the fact that 
the cell contained a 0.013-in.-wide slit which 
partially below the solution level, almost none of the 
solution was lost through the slit in the entire procedure. 
The bubbles produced by the electrolysis of the water 
stirred the solution sufficiently to give a good plating 
yield in a relatively short time. After plating from a 
weak acid solution the fingernail polish was loosened 
to the extent that it could be easily removed in one 
piece. A final advantage of this source preparation 
technique is derived from being able to position the 
mounting wire accurately in the holder before any 
activity is deposited on it. This is quite desirable when 
the final sources have an intensity of the order of 
roentgens per hour at a distance of a few centimeters. 


was 


It should be noted that the above chemical procedure 
is not extremely specific. However, there was no visible 
deposit on the source wire after the electroplating, 
indicating that the separation from silver was quite 
good. Also no conversion electrons from Cd!’, which 
would be produced by a (d,2) reaction on Ag” by 
deuteron impurities in the cyclotron beam, were 
observed. Sources of sufficient intensity to follow the 
decay of the conversion electron lines could not be 
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Fic. 3. Electrodeposition cell. 
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TABLE I. In™™ and In"! conversion electron energy deter- 
minations obtained with low-field spectrograph. 








K-L 
energy 
difference 
(Mev) 


0.02265 


Electron 
energy 


(Mev 


Film 


number Assignment 


0.1200-K 
0.1200-Ly 
O.1711-K 
0.1711-Ly 
0.1131-K 
0.1131-Ly 
0.1200-K 
0.1200—-Ly 
O.A711-K 
O.1711-Ly 

K 

Ly 

K 

Ly 


31 0.00324 
0.11589 
0.14430 


0.16693 0.02263 


0.08642 
0.10890 
0.09324 
0.11585 
0.14430 
0.16695 


0.02261 
0.02248 
0.02265 


0.1131 
0.1131 
0.1200 
0.1200 
O.1A711-A 
O.A711I-Ly 


0.08645 
0.10928 
0.09332 
0.11605 
0.14456 
0.16712 


0.02273 
0.02283 


0.02256 


produced. It was shown, however, that all of the electron 
lines decayed with a shorter half-life (or -lives) than 
that of In!“ (2.8 days) and the more intense lines were 
observed to have a much shorter half-life (or -lives) 
than In", 

The decay of In’ has been studied by Petroff.’ The 
most intense conversion electrons are the A electrons 
of a 0.205-Mev transition. This transition was not 
observed in the present work; therefore the weak lines 
reported here cannot be assigned to In™. 

\ period of 4-5 hr elapsed from the end of bom- 
bardment until the exposure was begun; therefore the 
contribution of the 66-min In”° would be quite small. 

The conversion electrons were studied in two per- 
manent magnet spectrographs with fields of 90 and 
225 gauss. The two spectrographs are designated PM I 
and PM II, respectively. Electrons with energies up to 
0.935 Mev could be recorded in PM II. The relative 
energy errors are estimated to be 0.05%; the absolute 
energy errors are estimated to be 0.15%. The relative 
intensities were measured with a photodensitometer 
and chart recorder. The intensity errors are estimated 
to be 15% for the strong lines and 25% for the weak 
lines. 

In addition to the 0.120-Mev transition, a second 
low energy (0.1131 Mev) transition with sufficient 
intensity to determine the A-L conversion electron 
energy difference observed. The K conversion 
electrons of the latter transition had been previously 
observed by Dupke.* 

The K-L energy difference of the 0.1711-Mev 
transition in the decay of In was determined as a 


was 


7M. D. Petroff, thesis, University of California Radiation 
Laboratory Report UCRL-3538, 1956 (unpublished). 

®C. F. Dupke, Jr., thesis, Purdue University, August, 1957 
unpublished). 
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check on this procedure for assignment of the element 
in which transitions occur. These measurements were 
made with PM I. The results of the energy measure- 
ments are given in Table I. 

The relative intensities of the K and L conversion 
electrons of the 0.1711- and 0.2452-Mev transitions in 
In decay were measured to evaluate the present 
intensity determinations of the In” conversion 
electrons. 

The average energies of the above transitions and 
the results of the measurements with PM II, including 
intensities where measureable, are given in Table II. 
The intensities are normalized to a 0.6572-Mev K- 
electron intensity of 100. The results of McGinnis* and 
Bleuler e¢ al.‘ are also shown in Table II. The energies 
shown were obtained in the present work. 


DISCUSSION 


The A-L; conversion electron energy differences for 
silver, cadmium, and indium are given in Table III. 
The electron binding energies were taken from the 
compilation of Hill et al. 

The experimental low-energy A-L electron-energy 
differences for In!” and In"! are given in Table I. 

The 0.1711-Mev transition" in In‘ 
M1 and 2% £2; therefore internal conversion in the 
L, subshell predominates. The three experimental 
values obtained for the A—L difference of this transition, 
0.02263, 0.02265, and 0.02256 Mev, are in excellent 
agreement with the difference obtained using the A 
and Ly; cadmium electron binding energies, 0.02269 
Mev. 

The experimental A-ZL differences obtained for the 
0.1200-Mev transition in In'’™ decay, 0.02263, 0.02248, 
and 0.02283 Mev, are in good agreement with the 
K-L; cadmium electron energy difference, 0.02269 Mev. 

The experimental values obtained for the 0.1131-Mev 
transition in In'®™ decay, 0.02261 and 0.02273 Mev, 
are also in good agreement with the K—L; cadmium 
energy difference, 0.02269 Mev. 

The conclusions from these two measurements are 
that both the 0.1200- and 0.1131-Mev transitions are 
internally converted in cadmium and, therefore, neither 
can follow an isomeric transition in In“™, Also, the 
experimental energy differences indicate that both 
transitions are largely converted in the ZL; subshell. 

The ratio of the intensities of the 0.1711-K 
0.2452-K conversion electrons was presently deter- 
mined to be 1.75+0.25. This is.in agreement with the 
average of the three previous measurements (1.86) 
Nuclear Data Sheets). The K/L the 
0.1711- and 0.2452-Mev transitions were found to be 


dec ay is 98% 


to 


(see ratios of 


*R. D. Hill, E. L. Church, and J. W. Mihelich, Rev. Sci. Instr 
23, 523 (1952). 


°F. Gimmi, E. Heer, and P. Scherrer, Helv. Phys. Acta 29, 
147 (1956). 
1 R, M. Steffen, Phys. Rev. 103, 116 (1956 
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TABLE IT. In” and In"! conversion electron measurements made with both spectrographs. The intensity measurements 
of McGinnis’ and Bleuler et al.‘ are also shown. 








Transition 
energy Electron ini cnsities 


(Mev) K L K/L 


0.1131 
0.1200 
0.17114 
0.1871 
().2452* 
0.2772 
0.3902 
0.4614 
0.5841 
0.6408 
0.6572 
0.6767 
0.7063 
0.8832 
0.9360 


20 Ww 
110 18 
170 23 

We 

[1007}¢ 22 

ad 


a [nil 
W =weak. 
] =normalized. 
-presence questionable. 


7.541 and 4.541, respectively. The averages of five 
previous measurements,” are 7.5 and 5.5 respectively. 

The K/L ratio of the 0.1200-Mev transition was 
presently found to be 6+1. McGinnis* and Bleuler 
et alt determined the A/LM ratio for this transition 
to be 4.541. The L/M ratio is ~ 2.5, fairly independent 
of transition multipolarity. This factor would make 
the two latter A/L ratios 6.541. Kato et al.° deter- 
mined this ratio to be 6.1. All of these measurements 
are in good agreement. 

Kato ef al.,° on the basis of their A/L ratio (6.1) 
for the 0.1200-Mev transition, proposed that this 
transition is an £2 or M3. From Fig. 3 it can be seen 
that a A/L ratio of 6 would require a 40% M1-60% E2 
mixture or an M2 transition. The M3 assignment 
proposed by Kato et al.° has a theoretical value of 3.5 
which is not in agreement with the experimental results. 
The 40% M1-00% £2 mixture would give an Lin 
conversion electron intensity equal to } of the Ly 
intensity.’ It was noted earlier that the 0.1200-Mev 
transition appears to be largely converted in the Ly 
subshell. Therefore, the M2 (Lp>Ly and L141) assign- 
ment is presently preferred. 





McGinnis? 
intensities 


Bleuler ef al. 
intensities 


L 


Yoshizawa! has placed the 0.1200-Mev and 0.463- 
Mev transitions in cascade, in parallel with a 0.584-Mev 
transition. Using the presently determined relative 
energies for these transitions, 0.1200+0.0001, 0.4614 
+0,0002, and 0.5840+0.0003 Mev, respectively, it 
can be seen that the energy sum of the 0.1200- and 
0.4614-Mev equal, within the 
experimental errors, the energy of the 0.5840-Mev 
transition. Hence it 


transitions does not 


appears that 


Yoshizawa’s scheme is incorrect. 


this portion of 


Most transitions in medium-weight nuclei have M1 
and/or £2 multipolarities. In the present case the 
0.1200-Mev transition is interpreted as an M2; this 
requires a parity change and at least one level in Cd! 
with the discussion of 
transition probabilities and level populations should 


negative parity. Therefore 


await further data on the gamma-ray intensities. 


CONCLUSIONS 


Two transitions with energies of 0.1131 and 0.1200 
Mev and sufficient intensities to permit A—L conversion 
electron energy difference measurements were observed 
in In!" decay. The experimental results show that 


TABLE III. A-L, electron binding energy differences (in Mev) for silver, cadmium, and indium 


Silver 
0.02554 — 0.00383 =0.02171 


0.02554 —0.00355 =0.02199 
0.02554—0.00338 =0.02216 


121), Strominger, J. M. Hollander, and G. T. 


0.02671 
0.02671 
0.02671 


Seaborg, Revs. Modern Phys. 30, 585 


Cadmium Indium 


0.00402 = 0.02269 
0.00373 =0.02298 
0.00354 =0.02317 


0.02793 
0.02793 
0.02793 


0.00423 =0.02370 
0.00393 =0.02400 
0.00373 =0.02420 


(1958) 


13M. E. Rose, /nternal Conversion Coefficients (North-Holland Publishing Company, Amsterdam, 1958 
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both of these gamma rays are converted in cadmium. 
Therefore neither can follow an isomeric transition in 
[nuom. 

The present energy measurements of the 0.1200-, 
0.4614-, and 0.5840-Mev transitions indicate that the 
two former transitions are not in cascade, in parallel 
with the latter, as proposed by Yoshizawa.! 
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Decay of Neodymium-147 


M. R. Gunye, R. JAMBUNATHAN, AND BABULAL SARAF 
Atomic Energy Establishment, Trombay, Bombay, India 
(Received May 1, 1961) 


rhe decay of Nd"? has been investigated using scintillation spectroscopy and coincidence technique. The 
following sequences of gamma emission have been uniquely established : 91-kev gamma ray is in coincidence 
with 120, 199, 277, 322, 400, 442, and 599-kev gamma rays; 120-kev gamma ray with 322- and 413-kev 
gamma rays; 199-kev gamma ray with 400- and 491-kev gamma rays; 277-kev gamma ray with 322- and 413 
kev gamma rays; and 310-kev gamma ray with 322- and 413-kev gamma rays. On the basis of these gamma 
gamma sequences, the levels of Pm"? at 91, 413, 491, 533, 690, and 723 kev above the ground state are 
unambiguously established. A critical analysis of the observed coincidence spectra shows that the levels at 
182 and 230 kev, suggested by other workers, either do not exist or, if they exist, are not populated by any 
beta transition of intensity more than a percent or by any gamma transition from other higher energy levels, 


of intensity more than 0.1%. 


INTRODUCTION 


HE decay of 11-day neodymium-147 has been 

repeatedly studied by various workers.’ It has 
been investigated by various techniques but a unique 
decay scheme is not yet established.” The levels of 
Pm"™ at 91, 413, 533, and 690 kev, suggested by Hans 
et al.2 on the basis of gamma-gamma coincidence meas- 
urements, have been confirmed. The level scheme is 
shown in Fig. 1. An additional gamma-ray cascade of 
199- and 400-kev gamma rays, introduced by Cork® 
et al. between the 91- and 690-kev levels, is also con- 
firmed by later workers.’ But the order of emission of 
199- and 400-kev gamma rays and consequently the 
location of an additional level at 290 or 491 kev remained 
uncertain. A second additional level at 230 kev was sug- 
gested by Evans® to accommodate the gamma rays of 


1W.C. Rutledge, J. M. Cork, and S. B. Burson, Phys. Rev. 86, 
775 (1952). 

2H. S. Hans, B. Saraf, and C. E. Mandeville, Phys. Rev. 97, 
1267 (1955). 

3G. T. Ewan, M. A. Clark, and J. W. Knowles, Atomic Energy 
of Canada Limited PR-P-30, 1956 (unpublished). 

‘T. Lindquist and L. Karlsson, Arkiv Fysik 12, 519 (1957). 

5 J. M. Cork, M. K. Brice, R. G. Helmer, and R. M. Woods, 
Phys. Rev. 110, 526 (1958). 

* P. R. Evans, Phil. Mag. 3, 1061 (1958). 

7A. C. G. Mitchell, C. B. Creager, and C. W. Kocher, Phys. 
Rev. 111, 1343 (1958). 

* D. Berenye, Nuclear Phys. 8, 607 (1958). 

* FE. Bodenstedt, H. J. Kérner, F. Friesius, D. Hovestadt, and 
E. Gerdau, Z. Physik 160, (1), 33 (1960). 

© Hans-Dietrich Wendt and Peter Kleinheinz, Nuclear Phys. 
20, 169 (1960 


energy 230, 260, and 300 kev which were originally 
reported by Rutledge e¢ a/.' Recently the beta spectrum 
of this activity has been investigated by Wendt et al." 
On the basis of the analysis of the beta spectrum they 
suggest a level at ~182 kev being populated by a 
beta transition of intensity about ten percent and de- 
caying mainly by a 91-91 kev gamma-ray cascade to 
the ground state; thus they postulate two 92-kev 
gamma rays. In view of this prevailing situation it was 
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Fic. 1. Decay scheme of Nd’. The intensities of the beta 
groups are followed by the log/t values given in parentheses 
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Fic. 2. The gamma-ray spectrum of Nd!" as observed with 
a 2-in. diam X2-in. thick NaI(TI) crystal. 


considered useful to look into the decay of this isotope 
by a systematic study of gamma-gamma coincidences 
and thus an attempt has been made to establish the 
energy levels rather unambiguously. 


MEASUREMENTS 


Sources of Nd'*? were obtained by irradiating spec- 
pure samples of natural neodymium oxide in Apsara 
reactor (Trombay) for a period of 12 to 15 days. In 
some cases the active sample was purified in an ion 
exchange column to remove other activities, mainly of 
Pm, while in other cases the sample was allowed to cool 
for a period of four to five weeks so that the gamma spec- 
trum of the sample looked free from any detectable con- 
tribution of other activities of shorter life. The activity 
of this isotope, produced in fission products, was also 
obtained from Oak Ridge for a part of the investigations. 

The gamma-ray spectrum from a purified source was 
observed with a 2-in. diam X 2-in. thick NaI(T]) crystal 
scintillation spectrometer which is shown in Fig. 2. In 
addition to the prominent full-energy peaks at 38 
(K x ray of Pm), 91, 277, 322, 533, and 690 kev, there 
are indications for the presence of 120, 199, 400, 442, 
and 599-kev gamma rays. The energy values of these 
gamma rays are taken from various measurements with 
beta spectrometers.*® 


INTEGRAL GAMMA SPECTRUM STUDY 


To investigate the various levels of Pm"? excited in 
this decay by direct beta transitions, the integral 
spectrum of its gamma transitions was studied in a 
total gamma-ray absorption spectrometer. The NaI (TI) 
crystal used was 3 in. diam X3 in. thick with an axial 
well } in. diam X 14 in. deep. The source was kept in a 
glass tube of about 1-mm wall thickness. 


OF Nd*** 


173 


The integral gamma spectra with different absorbers 
are shown in Fig. 3. The Pm K x-ray peaks are not seen 
in the spectrum due to the lower pulse height cutoff of 
the analyzer. In understanding such integral spectra 
the large internal conversion coefficient (~1.7) of the 
91-kev transition’ should be taken into account. The 
gamma rays feeding the 91-kev level may sometimes 
combine with a 91-kev gamma photon or a 38-kev 
K x-ray photon corresponding to K internal conversion, 
or may not combine with any photon corresponding to 
the internal conversion and subsequent nonradiative 
or very low energy radiative transitions in the atom. 
The spectrum shown in the figure with the source only 
in the glass tube, curve A, shows the presence of a 
highest energy level at 723 kev hitherto unreported. 
The peak at 690 kev is in agreement with the earlier 
reported level at 690 kev.?:® This level is reported to 
decay by 599-91, 199-400-91, and 277-322-91 kev 
cascades and a 690-kev crossover gamma transition.® 
The expected satellite peak corresponding to the 38-kev 
x-ray emission instead of 91-kev gamma emission, at 
650 kev has filled up the valley of 690-kev peak. This is 
confirmed by the appearance of the valley in curve C 
when the x rays are absorbed and the 599-kev peak 
becomes prominent. The peak at 533 kev corresponds 
to a level which is reported to decay? by 120-322-91 
and 120-413 kev cascades and a 533-kev crossover 
gamma transition to the ground state. The satellite 
peaks do not have prominence due to the intense ground- 
state transition. The behavior of the spectrum in the 
energy region of 400 to 480 kev is complex. In the spec- 
trum A, the peak at 440 kev is due to the combination 
of 400-38 kev photons.® The combination of 442-38 kev 
photons? fills up the valley at 480 kev. When an ab- 
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Fic. 3. The total absorption gamma-ray spectrum as seen in a 
3 in. diam X3-in. thick NaI(T1) crystal with the source inside the 
well of }-in. diam X14 in. deep. Curve A—Source in a glass tube 
of 1-mm wall thickness. Curve B—With 0.5-mm thick copper 
surrounding the source tube. Curve C—With 1.25-mm thick 
copper surrounding the source tube. 
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sorber is introduced (curve B), a new peak appears at 
400 kev. The number of pulses at 480 kev goes down. 
Since the influence of the x-ray absorption in the case 
of two cascades of 400-38 and 442-38 kev gamma-x ray 
is equal and the intensities of the 400- and 442-kev 
gamma rays are almost equal, the number of pulses at 
440 kev in curves A and B remains equal. The absorp- 
tion of the 91-kev gamma ray in the spectrum C brings 
in a further increase of pulses at 442 kev. The small 
peak at 360 kev in the spectrum A is due to the combina- 
tion of 322-38 kev photons. This peak disappears when 
the x rays are absorbed. The peaks at 322 and 599 kev 
acquire prominence when the 38-kev x rays and 91-kev 
gamma rays are absorbed in the spectrum C. 

A small peak at 180 kev sitting over a continuum in 
the spectrum A could be due to a level at 180 kev” 
or due to the back-scattering of the intense 533-kev 
gamma ray from the glass tube. The level at 180 kev 
suggested by the earlier workers" is supposed to decay 
mostly by a 91-91 kev gamma-ray cascade. But the 
behavior of the peak with the absorbers in the spectra 
B and C does not support this view. When an absorber 
is introduced, the number of pulses in the energy region 
between 91 and 180 kev goes down quickly, showing 
that they are due to the combination of 91-kev gamma 
ray with x rays corresponding to the conversion of all 
other gamma rays in coincidence with it and low-energy 
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Fic. 4. The pulse-height distribution in coincidence with the 
gate channel fixed in the region of 85 to 95 kev. The variation of 
the spectrum is seen when Cu absorbers of various thicknesses are 
introduced in the gate detector side 
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Fic. 5. The pulse-height spectrum due to the gamma rays in 
coincidence with the pulses in 390- to 420-kev region. 


bremsstrahlung associated with the intense beta group 
feeding that level. But the peak at 180 kev becomes 
prominent although the 91-kev radiation is half ab- 
sorbed in the spectrum C. This confirms the view that 
the 180-kev peak is due to the backscattering of the 533- 
kev gamma ray. 


GAMMA-GAMMA COINCIDENCE STUDY 


The coincidence studies of the various gamma rays 
were carried out by two scintillation spectrometers 
having 1#-in. diamX2-in. thick NalI(Tl) crystals as 
gamma ray detectors. They were operated in coinci- 
dence by the standard fast-slow coincidence technique. 
The resolving time was normally kept about 27=0.06 
usec. Two geometrical arrangements were used to ob- 
serve the coincidence spectra. In the head-on geometry, 
the detectors viewed the source through lead cones 
each having an opening of 5-mm diameter at the apex 
and subtending a half-angle of about 80°. In the right- 
angle geometry, the two crystals were shielded from 
one another by a lead wall of 2-cm thickness. The latter 
geometry was used to check the results obtained in the 
former geometry. A single-channel analyzer was used 
with one of the detectors to select the region of pulse- 
height spectrum with which the coincidences were to 
be studied. The coincidence pulse-height spectrum from 
the other detector was analyzed in a Gatti-type twenty- 
channel pulse-height analyzer. 

The suggested existence of two 91-kev gamma rays 
in coincidence is further investigated by a careful study 
of the spectrum in the low-energy region in coincidence 
with the 91-kev pulses. Figure 4 shows the coincidence 
spectra recorded with different copper absorbers of 
various thicknesses. The absorbers were introduced on 
the gate detector detecting the 91-kev pulses. The coinci- 
dences at 91 kev shown in the above figure could be 
due to three different processes : (a) a 91-kev gamma ray 
entering the gate detector and another gamma ray of 
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similar energy entering the scanning detector; (b) a 
91-kev gamma ray entering the gate detector and higher 
energy gamma rays that are in coincidence with 91-kev 
gamma, producing Compton pulses in the 91-kev region 
in the scanning detector; and (c) higher energy gamma 
rays, coincident with 91 kev, producing Compton pulses 
in the 91-kev region, entering the gate detector, while 
a 91-kev photon enters the scanning detector. The (b) 
and (c) class pulses also includes the effect due to the 
iodine A-x-ray escape peak of 120-kev radiation. The 
(a) and (c) class pulses produces a peak at 91 kev while 
the (b) class forms a continuum. When an absorber is 
introduced on the gate detector side, the absorption of 
(a) and (b) class pulses will follow the absorption of 
91-kev radiation while the (c) class pulses will follow 
the absorption rate of high-energy gamma rays. 

In view of the above situation, the coincidence count- 
ing rate in the 91-kev region is divided into two parts 
by analyzing the observed coincidence spectra. The 
number of pulses belonging to the class (b) is estimated 
by extrapolating the Compton distribution of coincident 
spectrum of the higher energy gamma rays as observed 
in the actual spectrum of the scanning detector. Also 
the contribution due to the escape peak of the 120-kev 
gamma ray is taken into account. The contribution of 
the pulses of classes (a) and (c) is thus estimated. Since 
the rate of absorption of the two types of pulses (a) 
and (c) is vastly different, one following the absorption 
of 91 kev and the other following that of higher energy 
gamma rays, the rate of absorption of these pulses in 
the spectrum is further analyzed. The analysis shows 
that the number of pulses belonging to the class (a) 
may arise due to a radiation of energy around 91 kev, 
of intensity at most one percent of the total 91-kev 
radiation. These 91-91 kev coincidences could further 
be due to a genuine second 91-kev gamma ray or the 
78-kev gamma transition between the 491- and 413-kev 
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. The pulse-height spectrum of the gamma rays in 
coincidence with 199-kev gate pulses. 
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Fic. 7. The pulse-height spectrum in coincidence with 
491-kev gate detector pulses. 


levels shown in Fig. 1, or the external and internal 
bremsstrahlung associated with the intense beta group 
feeding the 91-kev level. Unfortunately it has not been 
possible to associate conclusively these observations 
with each of the above effects quantitatively. 

To establish the level at either 290 or 491 kev, in- 
volved in the emission of 199-400 kev gamma-ray cas- 
cade, a systematic study of the coincidences was under- 
taken. The spectrum observed in coincidence with the 
gate channel fixed in the 390- to 420-kev energy region 
is shown in Fig. 5. The peaks at 120 and 277 kev are 
due to the detection of the 413-kev gamma ray, originat- 
ing in the transition from the 413-kev level to the ground 
state,?’ being detected in the gate channel. The peak 
at 310 kev could arise from the level at 723 kev, observed 
in the integral spectrum, feeding the 413-kev level. 
The other peaks at 91 and 199 kev are due to these 
gamma rays being in coincidence with 400-kev radia- 
tion.® The intensity of the 91-kev peak is much larger 
than that of the 199-kev peak; and the 413-kev gamma 
ray is not in coincidence with the 91-kev transition. 
Hence it is obvious that the 199-kev radiatiin precedes 
the 400 kev transition, suggesting a level at 491 kev. 

To confirm the level at 491 kev, the gamma-ray spec- 
trum in coincidence with 199-kev gamma ray, as ob- 
served in head-on geometry, is shown in Fig. 6. The 
peak at 400 kev is followed by another one at 491 kev. 
The cascade nature of the 199-491 kev gamma rays is 
further confirmed by the observed spectrum in coinci- 
dence with the 491-kev gamma rays which shows a peak 
at 199 kev in Fig. 7. The rise of coincidences in the 91- 
kev region is due to the detection of the 442-kev gamma 
ray in the.491-kev channel.?’ 

In Fig. 6 it is seen that there are peaks at 200, 277, 
and 322 kev in coincidence with the 199-kev gamma ray. 
To investigate the genuineness of the coincidence of 
these gamma rays with the 199-kev radiation, the spec- 
tra in coincidence with these gamma rays are also 
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Fic. 8. The pulse-height spectrum in coincidence with 322-kev 


gate detector pulses. The singles spectrum is also seen for energy 
comparison 


studied. Figure 8 shows the gamma-ray spectrum in 
coincidence with the 325-350 kev energy region as ob- 
served in head-on geometry. The peaks at 120 and 277 
kev confirm the results of the earlier workers.27 The 


presence of a new peak at 310 kev is also seen. This 
substantiates the view that the 310-kev gamma ray 


terminates at the 413-kev level. The presence of 
a peak at 413 kev is due to the detection of the 310-kev 
gamma ray in the gate channel. The peak at 180 kev is 
due to the backscattering of the 533-kev gamma ray 
and it vanishes when the spectrum is observed in right- 
angle geometry. 
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Fic. 9. The pulse-height spectrum in coincidence with 
277-kev energy region 
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Figure 9 shows the spectrum in coincidence with the 
250-380 kev energy region. The peaks at 322 and 413 
kev confirm the results of earlier observations (Figs. 5 
and 8). Also it is interesting to note that there is no 
peak at 199 kev. The absence of a peak at 199 kev sug- 
gests that the peak at 277 kev obtained in the spectrum 
in coincidence with 199 kev is due to the Compton 
pulses of the 322- and 413-kev gamma rays being de- 
tected in the 199-kev gate channel. The small peaks at 
120 and 277 kev are due to the detection of the 322-kev 
gamma ray in the gate channel. 

Figure 10 shows the spectrum in coincidence with the 
fixed channel looking into the pulses of energy 120-135 
kev. The peaks at 91, 322, and 413 kev confirm the 
earlier observations. The small peak at 277 kev is due 
to the detection of the 322-kev gamma ray in the gate 
detector through a Compton process. It is interesting 
to note that there is no peak at 199 kev. Also it can be 
noted that the ratio of the intensities of the 322- and 
413-kev peaks is the same as in the case of these peaks 
in coincidence with the 277-kev gamma ray. 

The gamma-ray spectrum in coincidence with 91-kev 
pulses is shown in Fig. 11. The gate channel was fixed at 
85-95 kev region. The contribution due to the 120-kev 
gamma ray was mainly due to its iodine K x-ray escape 
peak and their number was small compared to the 
proper 91-kev pulses. The Compton contribution of 
other higher energy gamma rays was also comparatively 
small. The coincidence spectrum shows prominent peaks 
at 120, 199, 277, 322, and 599 kev. The peak at 599 kev 
confirms the view that it is a radiation from 690-kev 
level to the 91-kev state. Thus it is a crossover transi- 
tion of the 199-400 and 277-322 kev gamma-ray cas- 
cades. The peak in the region of 400-442 kev is complex, 
consisting of these two gamma rays. The peak at 442 
kev similarly suggests that it is due to the cascade 
nature of the 442-91 kev gamma rays, the 442-kev 
gamma ray being a crossover transition of the 120-322 
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. 10. The pulse-height spectrum in coincidence 
with 120-kev energy region 
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;. 11. The pulse-height spectrum in coincidence 
with 91-kev gamma-ray pulses. 


kev gamma-ray cascade. The other peaks at 120, 199, 
277, 322, and 400 kev confirm the location of these 
gamma transitions to be among levels situated above 
the 91-kev state. 

The presence of a 78-kev gamma ray due to a transi- 
tion from the 491- to the 413-kev state has been searched 
for by comparing the relative intensities of 277- and 
322-kev gamma rays when the gate channel was moved 
in the 80-90 kev energy region. This did not yield any 
positive conclusion. 

The level at 230 kev introduced by Evans* does not 
have any previous support of experimental evidence 
The gamma rays of energies, 230, 260, and 300 kev are 
not confirmed by any other worker. The coincidence 
nature of these gamma rays, as proposed by Evans, is 
not observed in any of the present coincidence studies, 
thereby ruling out the level at 230 kev. 

The intensities of the various gamma transitions have 
been estimated with the help of the spectrum shown 
in Fig. 2 and other coincidence spectra. Using the in- 
tensities of the gamma transitions, the intensities of 


Nd 


TABLE I. Intensities of the beta and gamma transitions in 
the decay of Nd**’. 








Intensities 
of beta 
groups per 
thousand 
disinte 
grations 


Maximum 
energies 
of beta 


Energies of Photons per 
thousand 
disinte 
grations 


associated 

groups gamma rays 
(kev) (kev) 
187 6 310 6 


35 690 10 
599 5 
277 14 
199 6 
533 125 
442 20 
120 8 
491 

400 

413 

322 

~91? 


91 


the various beta groups feeding the 91, 413, 491, 533, 
690, and 723-kev levels have been estimated assuming 
that no observed beta transition of intensity more than 
a percent goes to the ground state.’ These estimates are 
shown in Table I along with the log ft values. 

In view of the proposed scheme for the levels of 
Pm"? and the coincidence spectra reported here, some 
of the gamma-gamma angular correlation studies re- 
ported by the earlier workers*” are in error. The orbital 
assignments to the levels of Pm! can only be done by 
angular correlation measurements taking into account 
the contributions of the various cascades in the detectors. 
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The angular correlations of five different gamma-ray cascades, involving the states of Pm"’, excited in 
the decay of Nd’, have been studied. The observed correlation functions for the various cascades are as 


follows: 


W (so801 ) = 1+ (0.056+0.028) P2(cos@) — (0.049--0.034) P, (cosé) ; 
W (442901 ) = 1+ (0.065+0.020) P2 (cos) — (0.035-F0.025) P,(cosd) ; 
W (199400) = 1— (0.054+0.020) P2(cos@) + (0.043--0.025) P, (cosé) ; 
W (1994491) = 1+ (0.095+0.028) P2(cos@) + (0.014F0.034) P, (cosé) ; 


and 


W (: 208322) = 1+ (0.03540.020) P2 (cos) — (0.0010.025) P,(cosé). 


The analysis of the above correlation functions with the ground-state spin of Pm'*’ as 3, and the consid 


eration of the log ft values for the beta transitions from Nd" state of spin 3, 
91, 413, 491, 533, and 690-kev excited states as §, §, 


give the spin values for the 
3, §, and §, respectively. The data of Bishop et al. 


and Ambler et al. on nuclear alignment experiments have been reanalyzed. The results are consistent 
with the above spin assignment of } for both the 91- and 533-kev levels. 


INTRODUCTION 


HE excited states of Pm’ at 91, 413, 491, 533, 

690, and 723 kev, which are populated in the 
decay of Nd’, are shown! in Fig. 1. The ground-state 
spin of Nd? has been measured by Kedzie et al.? by 
paramagnetic resonance method and by Cabezas et al. 
using the atomic beam method. Both the authors have 
assigned the spin 3 for this nucleus. The ground-state 
spin of Pm"? has been measured by Klinkenberg and 
Tomkins‘ by optical spectroscopy as 3. The angular 
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Fic. 1. Energy levels of Pm’? excited in the decay of Nd", 
with the probable spin values. The intensities of the beta transi 
tions in percent followed by log /t values in parentheses are also 
given. 


'M. R. Gunye, R. Jambunathan, and B. Saraf, Phys. Rev. 123, 
172 (1961), preceding paper. 

27R. W. Kedzie, M. Abraham, and C. D. Jeffries, Phys. Rev. 
108, 54 (1957). 

* A. Cabezas, I. Lindgren, E. Lipworth, R. Marrus, and M. 
Rubinstein, Nuclear Phys. 20, 509 (1960). 


correlation of the 322-91 kev gamma-ray cascade was 
studied by Lindquist and Karlsson.° Recently, Boden- 
stedt ef al.® have investigated the angular correlation 
of seven different gamma-ray cascades; and have as- 
signed the spin values for the excited states at 91, 413, 
491, 533, and 690 kev as 3, } or 3, 3 or 3, 3 or 3, and 3 
or 3, respectively. It has been shown that there is an 
unresolved gamma-ray peak at 310 kev, between the 
277- and 322-kev gamma-ray peaks in the scintillation 
spectrum, and that this gamma ray is in coincidence 
with the 91, 322, and 413-kev gamma rays.’ Hence 
some of the correlations of the previous workers® are 
distorted by the interfering cascades and their conclu- 
sions could be in error. 

The angular distribution of the 91- and 533-kev 
gamma rays, emitted from aligned nuclei of Nd'’, has 
been studied by Ambler e/ al.’ The polarization asym- 
metry and anisotropy of the above gamma rays emitted 
from the aligned state have been studied by Bishop 
et al.§ For their analysis, these authors used the spin 
values of 9/2 and 3 for the ground states of Nd"? and 
Pm’. In view of the now measured spin values of 3 
and 3 for these nuclei, respectively, their conclusions 
regarding the spins of the 91- and 533-kev excited 
states, and other properties of the gamma transitions 
and nuclear states, are in error. 

In view of this situation, a study of the angular cor- 
relations of relatively clean gamma-ray cascades was 
undertaken; and the results of the nuclear alignment 
experiments have been reanalyzed and interpreted. 

‘Pp. F. A. Klinkenberg and F. S. Tomkins, Physica 26, 103 
(1960). 

5 T. Lindquist and E. Karlsson, Arkiv Fysik 12, 519 (1957). 

* E. Bodenstedt, H. J. Kérner, F. Friesius, D. Hovestadt, and 
E. Gerdau, Z. Physik 160, 33 (1960). 

7E. Ambler, P. R. Hudson, and G. M. Temmer, Phys. Rev. 
97, 1212 (1955). 


8 G. R. Bishop, M. A. Grace, C. E. Johnson, H. R. Lemmer, and 
J. Perez y Jorba, Phil. Mag. 2, 534 (1957 
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Fic. 2. The asymmetry parameter W(@)/W (90°) at vari- 
ous angles and the least-squares fit curve of the form, W (@)=1 
+-0.234 cos’?@—0.157 cos‘#, for the 442-91 kev gamma-ray cascade. 


EXPERIMENTAL PROCEDURE 


Sources of Nd"? were obtained by irradiating spec- 
pure samples of neodymium oxide in Apsara reactor 
(Trombay) for a period of 12 to 15 days. In some cases, 
the active samples were purified in an ion exchange 
column to remove other active impurities; while in 
other cases the samples were allowed to decay for over 
a month to suppress the Pm! and Pm!*! activities. 

The angular correlation studies have been carried 
out with two scintillation spectrometers having 1.75- 
in. diam X2-in. thick NaI(Tl) crystals as gamma de- 
tectors and single-channel analyzers for selection of 
pulse heights in the proper energy region. A standard 
fast-slow coincidence circuit with resolving time 27 

0.04 usec was employed in the experiments. The crys- 
tals were surrounded with lead cones of thickness 1.5 
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Fic. 3. The asymmetry parameter W(@)/W(90°) at vari- 


ous angles and the least-squares fit curve, W (@)=1+0.250 cos’ 
—0.191 cos#, for the 599-91 kev gamma-ray cascade. 
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Fic. 4. The asymmetry parameter W(@)/W (90°) at vari 
ous angles and the least-squares fit curve, W (@)=1+0.055 cos0 
— 0.004 cos‘#, for the 120-322 kev gamma-ray cascade. 


cm, having a conical aperture of half-angle about 8° 
viewing the source mounted along the axis of the 
moving arm. Active neodymium chloride solution, in 
water, in a Perspex container with a cavity of 5-mm 
diam and 2-mm wall thickness was used as source in 
these experiments. Thus the perturbation of the angular 
correlation, if any, where the 91-kev level having a half- 
life of 2.4X10~* sec forms the intermediate state, was 
avoided. In the study of angular correlations of the 
199-400 kev and the 199-491 kev gamma-ray cascades, 
a 3-mm lead absorber was placed just upon the crystal 
detecting the 400-kev or 491-kev gamma rays. In this 
way the coincidences due to the back-scattering radia- 
tion from the crystal detecting the higher energy gamma 
rays, into the other crystal, were minimized. 

In all, five different cascades of gamma transitions, 
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Fic. 5. The asymmetry parameter W(@)/W (90°) at vari 
ous angles and the least-squares fit curve, W (@)=1—0.210 cos’@ 
+0.156 cos#, for the 199-400 kev gamma-ray cascade. 
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TABLE I. Details of the angular correlation studies of the various gamma-ray cascades and the corrected coefficients 
of the P:(cos@) and P,(cos@) terms in the corresponding correlation function W (@). 








Corrected coefficients of the terms 
in the correlation functions W (@). 
P»(cos@) Ps(cos@) 


Gamma- Accepted energy intervals 
ray in channels—kev 
cascade (A) (B) 


442- 91 430-460 
599— 91 585-615 
199-400 390-420 
199-491 475-500 2000 
120-322 300-340 5000 


Ni2* 
5000 
2000 
5000 


- (0.035-0.025 
— (0.049-—0.034 


+ (0.065+0.020) 
+ (0.056+0.028 ) 
— (0.054+0.020 + (0.0430.025 
+ (0.095+0.028 + (0.014-F0.034 
+ (0.035+0.020 — (0.001-0.025) 


80— 95 
85- 95 
190-210 
190-210 
120-135 











* Niz denotes the total number of coincidences collected at each angle. 


involving the five excited states of Pm’, have been 
studied. In the study of all the correlations, the number 
of coincidences were recorded at each of the angles in 


succession for 10 minutes and the set repeated. The in- 
fluence of any drift in the equipment is thus minimized ; 
also the correction for the source decay was reduced to 


less than 0.3%. The integrated values of asymmetry, 
W (6)/W (90°), at various angles for the different cas- 
cades, are shown in Figs. 2 to 6. The data were analyzed 
by the least-squares fit method for the P2(cos@) and 
P,(cos@) terms in the correlation functions, which were 
further corrected for the angular resolution of the de- 
tectors. For each correlation study, the number of co- 
incidences collected at each angle, the accepted energy 
intervals in both the channels, and the coefficients of 
the P2(cosé) and P;(cosé) terms obtained from the 
analysis are summarized in Table I. The coincidence 
spectra reported in reference 1 show that there are no 
major contributions of the gamma-ray coincidences other 
than those of interest, when the detection channels 
are fixed in the regions shown in the table. In one par- 

, ticular cascade of 442-91 kev gamma rays, the inter- 

rw ference due to the 400-91 kev gamma-ray cascade is 
_— edie _ suppressed by fixing the channel above 430 kev. How- 
ai cote’ ber a. Se ee ‘gh akan vag Ver, no correction has been made for the little inter- 
+0.052 cos‘#, for the 199-491 kev gamma-ray cascade. 
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ference that might be present. 


TABLE IT. Results of the analysis of the various gamma-gamma angular correlation functions. Nature of the gamma 
transitions for the three possible spin sequences are given 


. Range of the permissible £2 components in gamma tr 
Gamma : 3 

rays Sequence A Sequence B 
22% Spin E2Q% 


Spin 
80-90 
15-25 
R5_95 
100 
if 413-kev level is 3 


98-100 5 
10- 30 


98-100 
20- 40 
; 98-100 g 

0- 20 
or 90- 95 


10—- 25 

or 80-100 

(if 413-kev level is 3 
O- 10 

or 94-100 

(if 413-kev level is 5 


O 10 
or 100 
(if 413-kev level is 3) 

5 70- 85 

97-100 

80-100 

or 10 25 

100 

or 0 10 
91 91 25-100 3 
0 0 es i 


80— 90 60-80 
95-100 85-95 

0- 20 ; 94-100 

or 90- 95 or O 10 
eee 100 


25-100 


$S- 25 


® The values of E2 components are recently reported by Ewan ef al.® for some of the gamma transitions from the study of the internal con 
measurements. : 
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OF TRANSITIONS IN Pim** 


TaBLE III. Results of the analysis of Bishop’s work on aligned Nd“ nuclei. The values of p/e for the 533- and 91-kev 


transitions were taken as —0.68_0.20** 8 and +0.05+0.025, respectively. 








Permissible values of 6 for 
the 533-kev radiation and 
corresponding values of B.(T) 
B.(T) 
0.38 
0.16 to 0.17 


Spin of 
the 533- or 
91-kev 
level ry 


5 —0.64" 


5 1.6to 1.85 
9/2 0.56 to 0.9 


* Solution was obtained for only lowest limit of p/e = —0.88. 


ANALYSIS OF THE DATA 


The ground-state spin of Nd"™’ is 3. The log ft values 
for the beta transitions to the various excited states of 
Pm" lie between 7.0 and 9.0. Hence it appears that all 
beta transitions are of first-forbidden nature, of the 
type AJ=0 or +1, yes; and the spin of the various 
levels could be 3, § or 3. To allow for the possibility 
of some abnormally low log ft value for a AJ=+2, yes 
type of first-forbidden transition, the spin values of 
+ and 9/2 were also considered for any of the states. 
The observed intensities of the gamma transitions from 
ail the excited states to the ground state of spin 3, 
rule out the spin value } for any of the excited levels. 
Hence a detailed analysis of the angular correlation 
data with the spin values 3, 3, $, or 9/2 for each state 
has been carried out. The gamma transitions were 
considered as mixtures of M1 and F2 wherever possible. 

The correlation function for the 442-91 kev gamma- 
ray cascade is analyzed first. The positive sign of the 
coefficient of Ps(cos@) term is outside the error region, 
since the maximum possible value is —0.01. This elimi- 
nates the possibility of spin } for the 91-kev level and 
$ or 3 for the 533-kev level. Similarly, the negative sign 
of the coefficient of Ps(cos@) term in the correlation 
function for the 599-91 kev gamma ray cascade, sug- 
gests the spin value 3 or 9/2 alone for the 690-kev level. 
On the other hand, the positive sign of the coefficient of 
P,(cos@) term in the 199-400 kev gamma-ray correla- 
tion function rules out the spin value } for the 91-kev 
level, if the 690-kev level is assigned the spin value $ 
or 9/2, irrespective of the spin value for the 491-kev 
level. Thus there are four spin sequences possible for 
the 442-91 and 599-91 kev gamma-ray cascades, which 
are as follows: (a) §-$-4; (b) 9/2-9/2-4; (c) $-9/2-3; 
and (d) 9/2-3-4. In the cases (c) and (d), the first 
transition is pure £2 in nature; and no possible ad- 
mixture of M1 and £2 in the 91-kev transition yields 
simultaneously the measured values of the coefficients 
of the P.(cos@) and P,(cos@) terms, within the permis- 
sible errors for the 442-91 and 599-91 kev gamma-ray 
correlation functions. Thus the spin values for the 91, 
533, and 690-kev states could all be either } or 9/2. 

The observed correlation function for the 120-322 
kev gamma-ray cascade does not allow the spin value 
9/2 for the 413-kev state, if the 91- and 533-kev levels 
are both assigned the spin value $. Unfortunately all 


0.24 to 0.13 


Permissible values of 6 for 
the 91-kev radiation and the 
corresponding values of B2(T 
6 B.(T) 
0.0 to 0.12 0.75 to 0.34 


(Solution suppressed ) 
—0.13 to 0.07 0.15 to 0.19 


other spin values, namely 3, 3, and 3 give a suitable 
correlation function for proper admixture of M1 and 
£2 in the two transitions. Similarly, if the 91- and 533- 
kev levels are both assigned the spin value 9/2, the 
413-kev state could have a spin value 3, 3, or 9/2. 

The nonzero coefficient of the P4(cosé) term in the 
199-400 kev gamma-ray correlation function rules out 
the spin value 3 for the 491-kev level. Since the coeffi- 
cient of the P2(cosé) term in the above correlation 
function is negative, the spin value 9/2 for the 491-kev 
level is not permissible if the 91- and 690-kev levels 
are both assigned the spin 3; similarly, a spin } for the 
491-kev level is not permissible if the 91- and 690-kev 
states are both assigned the spin value 9/2. In the latter 
case, a spin 9/2 for the 491-kev level is ruled out by a 
detailed analysis of the 199-400 and 199-491 kev 
gamma-ray correlation functions. Hence, the spin of the 
491-kev state could be $ or 3, if the 91- and 690-kev 
levels are assigned the spin $; or it can have a spin 
3, if the latter two levels are assigned the spin value 9/2. 

The results of the analysis of all the correlation func- 
tions are summarized in Table II. The possible admix- 
tures of M1 and £2 in the various transitions are given. 
The nature of the various gamma transitions, as ob- 
tained from the internal conversion data by Ewan 
et al.,° are also given in the same table for comparison. 

Since the information derived from the study of the 
533- and 91-kev gamma emissions from the aligned 
nuclei of Nd'’, as reported,’'* is not tenable, the ob- 
served data of these experiments have been reanalyzed. 
A summary of the observed quantities and the informa- 
tion derived from them with the now known spin values 
of § and 3 for the Nd’ and Pm"’ nuclei, respectively, 
is reported here. 


ANALYSIS OF THE NUCLEAR ALIGNMENT 
EXPERIMENTS ON Nd'#’ 


The Nd"* nuclei were aligned by Bishop et al.’ in a 
crystal of neodymium ethy! sulfate along the axis. At 
the low temperature of 1/40°K, the anisotropy « 
[defined as 1—J(0)/J(/2)], for the 533- and 91-kev 
gamma radiations, was found to be +0.200+0.005 and 
—0.093+0.005, respectively. The polarization param- 
eter p (obtained after taking into account the efficiency 


9G. T. Ewan, R. L. Graham, and J. S. Geiger, Bull. Am. Phys. 
Soc. 6, 238 (1961). 
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TaBLe IV. The observed parameters of the 533-kev gamma emission from aligned Nd*“’ nuclei by Ambler et ai. at T =0.00308°K, are 
compared with the calculated values for the permissible values of spin for the 533-kev level and the 6 for the gamma emission and at 


T=0°K. 





Spin of 
533-kev 


1.60-1.84 
0.56-0.90 


Experimentally observed” 
values at 0.00308°K 


defined as [1 —/(0°)/J(@)}. 


Theoretically calculated values* for total alignment at T=O0°K 


— € (90° ) 


0.54 
0.96 
0.53-0.44 
1.43—1.03 


—€(50°) 


0.26 (for AJg=1) 
0.41 (for AJg=0) 
0.50-0.48 
0.71-0.47 


0.94-0.97 
0.72-0.78 


0.39 0.16 


b The experimentally observed values of /(0°) and J(90°) are estimated from Fig. 11 of reference 7. 


of the polarimeter) was measured as —0.136_0.0407° °"" 
and —0.055+0.025 for the same gamma transitions, 
respectively. For different spin values of the 533- and 
91-kev excited states, the mixing parameter 6 for the 
M1 and £2 mixture in the gamma transitions as ob- 
tained from the above-measured quantities, and the cor- 
responding values of the B.(7) functions," are shown 
in Table III. Only those solutions are given for which an 
approximately common value of B:(T) function is ob- 
tained from the values of e and p for the 533- and 91-kev 
radiations. In case of the 533-kev state having a spin 
3, it was observed that the mean value of p/e(= —0.68) 
does not provide a real solution for 6. However, it has 
been found that just near the lower limit of the value 
for p/e(=—0.88), a real solution is permissible and 
that is given in the table. The value of B.(T) functions, 
as given in Table III, are to be compared with the value 
of 0.39 which is calculated from the values of A and B, 
the hfs constants, for Nd’ in neodymium ethy! sulfate 
crystal as estimated by Kedzie et al.,? and for tempera- 
ture 7=1/40°K. However, it should be mentioned that 
the temperature value of 1/40°K is taken from Figs. 
2 and 3 of reference 8 for proper values of p and e; but 
in the text of the same reference the same values of p 
and ¢ are mentioned to be at T= 1/25°K. Corresponding 
to this value of temperature, the value of B,(7) function 
is 0.23. 

Ambler ef al.7 produced the alignment of the Nd‘ 
nuclei in a single crystal of cerium magnesium nitrate. 
In this experiment the alignment was produced in a 
plane. The anisotropy of the 533- and 91-kev gamma 
radiation at the recorded temperature of 0.00308°K 
was studied. It was observed that the 91-kev gamma 
radiation is emitted isotropically within the limits of 
5%. The 533-kev gamma radiation shows an enhanced 
emission of 21% along the direction normal to the plane 
of alignment. The anisotropy (90°), as defined earlier, 
of about —0.39 was observed. The anisotropy «(50°) 
was found to be —0.16. For different spin values of the 
533-kev level, the £2 and M1 mixing parameter 6 was 
chosen from Bishop’s work as given in Table IIT; and 
corresponding to those values of 6, the values of 7(0°), 
1(90°), €(90°), and (50°) were calculated for the ideal 

1 N. R. Steenberg, Proc. Phys. Soc. (London) A66, 399 (1953); 
A65, 791 (1952). 


case of total alignment, i.e., 7=O°K. These quantities 
are compared with the measured values in Table IV. 


CONCLUSIONS 


The mixing ratios for the gamma transitions of energy 
120, 199, and 322 kev, given by the analysis of the angu- 
lar correlation data for the sequences A and B of Table 
II, are in fair agreement with the values obtained from 
the internal conversion data.’ The value of 20% E2 
component in the 322-kev transition is inconsistent 
with that for spin sequence ‘‘C.”’ The mixing of £2 
components in the 91- and 442-kev transitions, as ob- 
tained from angular correlation studies, is too large 
in comparison to the values obtained from internal con- 
version measurements. It has not been found possible 
to improve upon the accuracy of the 442-91 kev and 
599-91 kev gamma-ray correlation functions to deter- 
mine the P4(cos@) terms more accurately. 

A spin value 9/2 for the 91, 533, and 690-kev levels 
would make the beta transitions to these levels of the 
form AJ=2, yes; and consequently the observed log ft 
values of 7.4, 7.0, and 7.0 for these transitions would be 
all too low. This supports the assignment of spin se- 
quence “A” and “B” of Table II. 

Ambler’s observations’ for the gamma-ray intensity 
distribution, as given in Table IV, rule out the spin 
value 3 for the 533-kev state; but the spin values 3 and 
9/2 are equally probable. The calculated value of 0.39 
for the B.(7) function (for T=1/40°K), if compared 
with the values given in Table III, favors the spin value 
§ for both the 91- and 533-kev states. 

On the basis of all these considerations, the preferred 
spin values for the excited states of Pm'” at 91, 413, 
491, 533, and 690 kev energy are 3, 3, 3, 3, and 3; and 
of Table 


they are shown in Fig. 1. The sequence “B”’ 
II with spin 3 for all the states, although possible, is 
unlikely. 
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Energy Levels in Cd™*} 
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The capture gamma-ray spectrum of Cd"3(n,y~)Cd"4 was investigated with the Argonne 7.7-m bent-crystal 
spectrometer. The observed spectrum consisted of 119 gamma rays with energies below 2 Mev. These 
precision energy measurements were combined with a series of coincidence experiments to modify and 
extend the level scheme of Cd". The errors in the energy values of five previously observed levels are reduced 


by a factor of 10. Their new values are found to be 557.8+0.1, 1208.4+0.2, 1282.2+0.2, 1304.9+0.3, 
1362.9+0.3 kev. Five new levels are established at 1133.1+0.2, 1730.3+-0.2, 1839.9+0.3, 1958.3+-0.3, and 


and 


2202.4+0.3 Mev. Eight more levels are suggested at 1607.8+0.3, 2048.3+0.4, 2225.1+0.4, 2392.5+0.4, 
2573.8+0.5, 2868.0+0.7, 3216.8+0.8, and 3484.7+0.8 kev. The limits placed on the spins and parities of 
these levels by the observed capture gamma rays are discussed. 


I. INTRODUCTION 


ADMIUM-114 is a spherical or near spherical 

nucleus which would be expected to exhibit a 
vibrational energy level scheme for low excitation 
energies. Basically, this model consists of a 0* ground 
state, a 2* first excited state, and a triplet of 0*, 2*, 
and 4* states at twice the energy of the 2+ first excited 
state. The 2* first excited state is associated with < 
one-phonon vibrational state of the nucleus, while the 
triplet corresponds to a two-phonon excitation. The 
energy level structure of Cd! is unique in that it is 
the only nucleus in which states with all three spins 
(O+, 2+, 4+) have been observed in the energy region 
of the two-phonon vibrational triplet. In Cd" the first 
2+ state occurs at 557.8 kev and the energy levels 
associated with the triplet have energies between 1.1 
and 1.4 Mev. In the simple vibrational theory, this 
triplet is degenerate.' Recently, a number of more 
refined theories have been suggested to explain the 
splitting of this degenerate triplet.2~* Although all of 
these theories predict energies for the triplet states at 
about twice that of the first 2+ state, the energy 
differences between the triplet states (20-200 kev for 
Cd") are quite varied, as is their sequence of spin 
assignments. The difficulty in the interpretation of the 
level scheme of Cd"* is that two extra states have been 
found in the triplet energy region. The selection of a 
particular model or theory cannot be made until it is 
decided which, if any, of the five possible states are 
associated with the collective motion of the nucleons. 
In addition to the two-phonon triplet at 1.1 Mev, the 
vibrational theory predicts a three-phonon quintet at 


3 times the energy of the first 2+ state. This would be 


+ This work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 


2 L. Willets and M. Jean, Phys. Rev. 102, 788 (1956). 


>A. S. Davydov and G. F. 
1958). 

4B. James Raz, Phys. Rev. 114, 1116 (1959). 

’ T. Tamura and L. G. Komai, Phys. Rev. Letters 3, 344 (1959). 

®C. A. Mallmann and A. K. Kerman, Nuclear Phys. 16, 105 
(1960). 
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Filippov, Nuclear Phys. 8, 23 


about 1.7 Mev above the ground state. The quintet 
should consist of 0*, 2+, 3+, 4+, and 6* states. In the 
same energy region the asymmetric rotor model of 
Davydov and Filippov’ predicts a 3* state at an energy 
above the ground state equal to the sum of the energies 
of the first and second 2+ states (1.76 Mev for Cd") 
and a 4+ state at 1.6 Mev. The £2 gamma-ray tran- 
sitions from these upper collective states to the col- 
lective states in the triplet energy region are enhanced 
in the collective model. Their presence should therefore 
be observable in the spectrum of capture gamma rays. 

The precision of the bent-crystal spectrometer allows 
one to check and extend the present level scheme of 
Cd' through the comparison of capture gamma-ray 
energies. The presence of known low-energy levels 
having a wide range of known spins (0*,2+,4*+) make 
Cd'* a favorable case for locating new levels and for 
determining the spins of these new levels through the 
investigation of gamma-ray transitions. The gamma-ray 
coincidence experiments reported in this paper were 
used to provide the necessary checks on the level 
scheme to guard against the possibility of generating 
false levels. 


Il. EXPERIMENTAL METHOD 
A. Capture-Gamma-Ray Spectrum 


The spectrum of capture gamma rays from neutron 
capture in Cd! was investigated with the Argonne 
7.7-m bent-crystal spectrometer.* The observed spec- 
trum consisted of 119 gamma rays below 2 Mev, with 
intensities which varied from 88 to 0.0033 photons per 
100 neutron captures in Cd"*. The precision of the 
energy measurements for these gamma rays varied 
between 1 part in 1000 and 1 part in 20 000, depending 
on the energy and intensity of the gamma ray. The full 
width at half maximum of a gamma-ray diffraction 
peak in this spectrometer is 0.5% for a 500-kev gamma 


7A. S. Davydov and G. F. Filippov, Nuclear Phys. 8, 277 
(1959). 

5B. Hamermesh, D. Rose, and H. Ostrander, Rev. 
28, 233 (1957). 
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Fic. 1. Spectrum of capture gamma rays from Cd"3(n,y)Cd" 
as observed with the bent-crystal spectrometer. Fifty-five of the 
gamma rays listed in Table I are too weak to be seen in this graph. 


ray and is proportional to the energy of the gamma ray. 
Approximately half of the observed gamma rays have 
energies below 500 kev. Most of these are weak, having 
intensities below 1 photon per 1000 neutron captures. 
Their average intensity is about 3 photons per 10000 
neutron captures. A line graph of the observed spectrum 
appears in Fig. 1. Since many of the low-energy lines 
are too weak to show on this graph, a line graph of the 
low-energy region with an appropriate scale for the 
weak lines is given in Fig. 2. The source of capture 
gamma rays was a 0.003-in. foil of cadmium metal. It 
was mounted in the center of a beam hole extending 
completely through the Argonne research reactor, 
CP-5. Because of the high neutron-capture cross section 
of Cd" (about 2000 bars) no attempt was made to use 
the separated isotope as a source. During the course of 
the experiment, neutron capture converted approxi- 
mately 80% of the Cd" atoms in the source to Cd". 
This resulted in a decrease in the rate of neutron capture 
in Cd" to 20% of the initial value. By comparing the 


PHOTONS /100 NEUTRON CAPTURE 


vs 
ENERGY (0-706 hKev) 
"s 4 


ce s.y) Ce 


PHOTONS /100 NEUTRON CAPTURES 
°o 
° 
a 


i | | 
| \ 
| ll ll | 
Uhl ie te) MBUR Luis ih) iii 
200 


400 600 
ENERGY (kev) 

Fic. 2. Spectrum of capture gamma rays from Cd"3(n,+)Cd™4 
from 40 to 710 kev. The numbers next to the arrows indicate the 
intensities of the associated gamma rays in units of photons per 
100 neutron captures in Cd!%. A number of the close doublets 
appear as single lines in this graph. 
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intensity of a gamma ray at the beginning of the 
experiment with that observed at the end of the 
experiment, it was possible to determine which gamma 
rays resulted from neutron capture in Cd"*. A list of 
these gamma rays, their errors, and their intensities is 
given in the first three columns of Table I. The 16 
gamma rays that were found to be associated with 
neutron capture in other isotopes of Cd and in im- 
purities are not listed in Table I. The question marks 
which appear under “remarks” indicate that the 
assignment of this gamma ray to neutron capture in 
Cd"’ is uncertain. In order to convert the relative 
gamma-ray intensities obtained from the analysis of 
the bent-crystal data to absolute intensities, it is 
necessary to know the rate of neutron capture in the 
source. The number of neutrons captured per second 
per cubic centimeter of source material is often very 
dificult to determine in capture-gamma-ray work. 
This is because of the difficulty in measuring the energy 
dependence and absolute magnitude of the neutron 
spectrum at the source (in this case near the core of a 
reactor). What is needed for the intensity determination 
is the integral of the product of the neutron flux and 
the cross section, integrated over neutron energy. The 
value of this product was determined from the observed 
rate of decrease in the intensities of gamma rays known 
to result from neutron capture in Cd'®. The errors in 
the absolute values of the intensities are estimated to 
be between 10% and 20%. The average error for relative 
intensities is ~5% for gamma rays separated by less 
than 500 kev. Relative intensities for gamma rays with 
energies separated by more than 1 Mev may be in 
error by as much as 15% because of uncertainties in 
the self-absorption in the source at the low energies 
and uncertainties in the detector efficiency at the high 
energies. The errors given for the gamma-ray energies 
in Table I are probable errors which include the sta- 
tistics of the experiment and an estimated systematic 
error. Because of the cancellation of systematic errors, 
the energy difference between two gamma rays whose 
energies differ by 10% or less has half the error that 
the square root of the sums of the squares of the absolute 
errors would predict. An extra significant figure is 
given for the higher energies in Table I to facilitate the 
comparison of energy differences. 


B. Gamma-Ray Coincidence Measurements 


A series of coincidence experiments was performed 
to determine which of the capture gamma rays were in 
coincidence with each other. A piece of Cd was placed 
in the thermal beam of the Argonne chopper and the 
resulting capture gamma rays were detected by two 
Nal crystals. Whenever two gamma rays were detected 
in coincidence, their pulse heights were separately 
recorded on magnetic tape. The magnetic tape was 
then run through a 3-dimensional analyzer.® (Only two 


® Argonne National Laboratory Rept. ANL-6275 (unpublished). 
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TaBLe I. Spectrum of capture gamma rays associated with Cd™8(n,y)Cd™ observed with the Argonne 7.7-m_ bent-crystal, 
spectrometer. The checks in columns 4 and 5 denote the occurrence of the gamma ray in Figs. 3 and 4, respectively. The question 
marks which occur in column 6 denote uncertainty in the assignment of the gamma ray to neutron capture in Cd"5, The errors given 
in column 2 are probable errors. 
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other crystal. In this way the spectrum of gamma rays 
in coincidence with each of 51 such ranges was obtained 
for each crystal. From these, the coincident gamma 
rays could be identified if their intensities were at least 


of the channels were used.) Each run yielded the 
complete energy spectrum of the gamma rays in one 
crystal that were in coincidence with the gamma rays 
whose energies fell in a particular 5-kev range in the 
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1 photon per 100 neutron captures ; and the approximate 
energies could be found for many weaker gamma rays 
in coincidence. 


Ill. LEVEL SCHEME 


The precision capture-gamma-ray measurements 
were combined with the coincidence experiments to 
modify and extend the energy level scheme of Cd!". 
The new level scheme appears in Fig. 3. The width of 
the line in Fig. 3 reflects the intensity of the corre- 
sponding y-ray transition. The filled circles represent 
coincidence events in which the gamma rays involved 
are identified. The filled squares denote coincidence 
events in which only the approximate energies of the 
gamma rays were determined. Five of these levels 
1208.4, 1282.2, 1304.9, and 1362.9 kev) were 
known previously. Five new. levels were found at 1133.1, 
1730.3, 1839.9, 1958.3, and 2202.4 kev. The energies 
of the levels below 1.4 Mev are determined with errors 
of 0.1-0.3 kev. The error associated with the difference 
between two closely spaced levels in the triplet region 
is between 0.05 and 0.15 kev. The energies of the new 
states above 1.4 Mev are determined from the sum of 
three gamma-ray energies and have errors of 0.2-0.4 
kev. The average energy difference between the gamma- 
ray energy given in Table I and the transition energy 
as given by the energy levels in Fig. 3 is 0.05 kev. This 
low average error results from the cancellation of 
systematic errors which arise in the calculations of 
absolute energy values. 
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Fic. 3. Energy levels in Cd" as determined from the precision 
energy measurements of capture gamma rays from Cd"3(n,y)Cd"4 
and coincidence measurements of associated gamma rays. The 
width of the line corresponds to the intensity of the gamma-ray 
transition. The filled circles denote a coincidence in which both 
gamma rays were identified. The filled squares denote coincident 
events in which only the approximate energies of the gamma rays 
were identified. 
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IV. REMARKS ON INDIVIDUAL LEVELS 
A. 557.78-kev Level 


The accuracy of the 557.78-kev level is essentially 
that of the gamma-ray measurement (0.12 kev). The 
intensity of 88 photons per 100 neutron captures for the 
557.78-kev gamma ray agrees well with the work of 
Groshev” and Motz."' The strength of this transition 
suggests that strong selection rules favor gamma-ray 
transitions to this level rather than to the ground state. 
The 2+ spin and parity assignment comes from Coulomb 
excitation experiments.''* The reduced transition 
probability B(£2) of this transition as found in Cou- 
lomb excitation experiments is enhanced by a factor of 
35 over what would be predicted from single-particle 
estimates. This strong enhancement of the B(£2) 
transition probability is predicted by the collective 
model and is the best evidence available for the collec- 
tive nature of this state.!16 


B. 1133.14-kev Level 


The coincidence experiments described in Sec. IIB 
indicated that the 575.36-kev gamma ray and the 
557.78-kev gamma ray were strongly correlated. The 
strength of the coincidence rate observed between the 
two gamma rays required that the 575.36-kev gamma 
ray should feed the 557.78-kev level directly. This 
information was used to predict a level at 1133.1 kev. 
The transitions found to connect this level with the 
higher energy levels tend to confirm its existence. This 
level has also been seen by Groshev"™ and by Cohen.” 
Groshev observed a very weak high-energy transition 
from the 1* neutron-capture state to a level at 113545 
kev. He also observed an internal-conversion line of 
approximately 1135 kev. From this information he 
concluded that there was a 0* level at 1135 kev. Cohen 
observed a level at 1.14 Mev in the reaction 
Cd" (d,p)\Cd™. The relative cross section for the 
proton group associated with the formation of the 
1.14-Mev level was found to decrease by a factor of 8 
when the angle of observation was varied from 8° to 
14° relative to the deuteron beam. Cohen states that 
this could only result from an /,=0 neutron capture. 
Since the ground state of the Cd'® nucleus is (3)* 
this would result in the formation of a 0* or 1* state. 


” L.. V. Groshev,: Proceedings of the International Conference on 
Nuclear Structure (University of Toronto Press, Toronto, Canada, 
1960), p. 568. 

1H. T. Motz, Phys. Rev. 104, 1353 (1956 

2F, K. McGowan and P. H. Stelson, Phys 
(1957); 110, 489 (1958). 

3G. M. Temmer and N. P. Heydenburg, Phys 
(1956). 

4H. Mark, C. McClelland, and C. Goodman, Phys. 
1245 (1955). 

1 P. H. Stelson and F. K. McGowan, Phys 
(1961). 

146K. Alder, A. Bohr, T. Huus, B 
Revs. Modern Phys. 28, 432 (1956 

17 B. Cohen and R. Price, Phys. Rev. 118, 1582 (1960) 
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The formation of a O* state is favored because the 
configuration needed to form a 1* state is considerably 
more complicated than for a 0* state. The crossover 
transition from the 1133.1-kev level to the 0* ground 
state was not observed with the bent-crystal spec- 
trometer. An upper limit of 0.15 gamma rays per 100 
neutron captures can be set for the intensity of this 
transition. Combining this with the electron internal- 
conversion work of Groshev,” one obtains a lower limit 
on the internal conversion coefficient a20.05.!5 The 
tables of Rose” predict ag=0.002 for an E4 transition, 
8;=0.011 for an M5 transition, and a;=0.010 from an 
E5 transition of the appropriate energy. From this, one 
concludes that if the spin of this state is not zero then 
itis 25. The vibrational model predicts that the cascade 
transition (575.4 kev) from this 0+ state to the first 
2+ state (557.8 kev) should be enhanced if the 1133.1- 
kev level is assumed to be part of the two-phonon 
triplet. This enhancement should be visible in double 
Coulomb excitation experiments similar to those of 
Stelson and McGowan" if the chance coincidences be- 
tween the 557.8-kev gamma rays from the excitation of 
the first 2+ level could be eliminated. Such an experi- 
ment might allow one to decide which of the two 0+ 
states in the triplet region corresponds more closely to 
the O* level predicted by the collective model. 


C. 1208.44-kev Level 


This level was first suggested by the external- and 
internal-conversion experiments of Motz.!' The value 
of the conversion coefficient obtained by Motz sug- 
gested an £2 or M1 transition for the 650.7-kev cascade 
gamma ray. This led to a 1* or 2* assignment for this 
level. The 2* assignment has been confirmed by the 
recent Coulomb-excitation work of Stelson and 
McGowan.!® 

The energy of the 1208.44-kev state as reported in 
this paper, is obtained from the sum of the two cascade 

stony ck ais : 
gamma rays (557.78 kev+ 650.68 kev) plus a slight 
modification to improve the fits of the upper cascades. 
An error of 0.17 kev is assigned to this level. In previous 
work”:"'1> it has been assumed that the 1210-kev 
gamma ray was the crossover transition from this level 
to the ground state. The energy difference between 
the sum of the cascade gammas and the 1210.5-kev 
gamma as determined from the bent-crystal data” is 
2.1+0.6 kev. The 2.1-kev discrepancy in the energy fit 

'S The ratio of the intensity of the 1305-kev electron-conversion 
line to that of the 557.8-kev conversion line obtained by Groshev 
(reference 10) is three times the value obtained by Motz (reference 
11). If Groshev’s work is used to obtain the intensity of the 1135- 
kev internal-conversion line relative to the 1305-kev one and the 
work of Motz is used to obtain a lower limit on the ratio of the 
intensity of the 1305-kev to that of the 557.8 kev internal con- 
version, then a>0.016. This is still large for an £4 transition of 
1135 kev. 

1M. E. Rose, Internal Conversion Coefficients (Interscience 
Publishers, Inc., New York, 1958). 

20 The term “‘bent-crystal data” will always refer to the precision 
gamma-ray energy measurements reported in this paper. 
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is 14% of the full linewidth at half the peak height and 
is too large to be explained by systematic errors. For 
this reason it does not appear in Fig. 3.7! The energy 
mismatch does not rule out the existence of a crossover 
transition but only sets an upper limit of 2 photons per 
100 neutron captures for its intensity. The ratio of the 
cascade to crossover gamma-ray intensities becomes 
>9.4. Stelson and McGowan" used a ratio of 3.6 in 
their calculation of the reduced transition probabilities 
for the Coulomb excitation of the 1208.4-kev level and 
650.7-kev gamma transition. The new limit on the 
cascade-to-crossover ratio lowers their value of 
B(E2, 2’ 0) by 13% to £0.16 10~-* cm!‘ and raises 
the lower limit of B(2, 2’— 2) by a factor of 2.4 to 
B(£2, 2’ > 2)23.310-" cm‘. It also sets a lower 
limit of R=B(£2, 2’ — 2)/B(£2, 2—0)22.940.5.” 
This is quite close to the value of R=2.7+1.2 found in 
the case of Te!" but is double the value of similar ratios 
in many of the other vibrational nuclei. The increase 
in the value of B(£2, 2’— 2) will result in a similar 
increase in the cross section of double Coulomb ex- 
citation of this level. Because of this increase, the 
double £2 cross section might account for 20% of the 
total Coulomb excitation cross section for this level. 


D. 1282.22-kev Level 


The position of this level is given by the sum of the 
two gamma rays (724.4 kev+557.8 kev), 
modified slightly by the energy differences of the upper 
cascades. The error associated with this determination 
is +0.23 kev. A coincidence is seen between the 724.4- 
kev and the 557.8-kev gamma ray. The 4* spin assign- 
ment of this level was determined by Brazos and 
Steffen” from the angular correlation of the two cascade 
gamma rays resulting from the 8 decay of the 5+ 
isomeric state in In". This level was observed through 
double Coulomb excitation by Stelson and McGowan.!® 
The observed cross section for double Coulomb ex- 
citation of this level requires a strong enhancement of 
the £2 transition from the first 2+ level at 557.8 kev 
to this 4* level. This enhancement supports a collective 
model interpretation for the state. A (1283.8+0.7)-kev 
gamma ray was observed with the bent-crystal spec- 
trometer in the gamma-ray spectrum associated with 
Cd'8(n,y)Cd"4. This energy is 1.6+0.7 kev higher than 
the sum of the two cascade gamma rays. This difference 
is too large to be accounted for by systematic errors 
and the 1283.8-kev gamma ray is therefore not assigned 
to this transition. Its presence, however, raises the 
upper limit that can be set for the crossover gamma 
(1282.2 kev) to 1 photon per hundred neutron captures. 


cascade 


*1 The 1210.5-kev gamma ray was found to fit higher up in the 
level scheme (see general discussion). 


2 The B(E2,2'’—2) and B(E2,2-—0) are the reduced 
transition probabilities for the upper and lower cascade gammas, 
while the B(/:2, 2’-—+ 0) refers to the crossover transition. The 
values given for the B(£2)’s are in units of e? and refer to the 
gamma-ray decay process. 

23 J. N. Brazos and R. M. Steffen, Phys. Rev. 102, 753 (1956). 
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If this gamma-ray transition were to exist, the most 
likely assignment for the 1282.2-kev level would be 2°. 


E. 1304.91-kev Level 


Motz" has observed a strong internal-conversion line 
of 130548 kev following neutron capture in Cd. He 
ascribed this conversion line to a transition from a 0* 
state at 1305 kev to the 0* ground state. The energy 
of this level, as determined by the bent-crystal spec- 
trometer measurements, is (1304.91+0.26) kev. This 
is based on the assumption that the 747.13-kev gamma 
ray is the transition from this level to the 2* state at 
557.8 kev. The coincidence experiments, which were 
complicated by the presence of the 724.4-kev gamma, 
gave only qualitative agreement with this assumption. 
A strong gamma ray with an energy of 1305.1 kev was 
observed in the spectrum of capture gamma rays 
associated with neutron capture in Cd"*. This is too 
close an energy fit to be ruled out on this basis. If the 
level at 1304.9 kev is a O* level, then the 0* — 0* 
gamma-ray transition to the ground state should be 
forbidden and the 1305.1-kev gamma ray is located 
somewhere else in the scheme. However, the chance of 
finding a gamma ray in Table I whose energy acci- 
dentally comes within 0.2 kev of a particular energy 
value between 1.0 and 1.5 Mev is only 1 in 100. If the 
1304.9-kev level is assumed to have a spin other than 
zero, it is possible to estimate its internal-conversion 
coefficient. Using the relative internal-conversion in- 
tensities obtained by Motz® and the gamma-ray 
intensities obtained with the bent-crystal spectrometer, 
and assuming that the 557.78-kev gamma ray is a pure 
#2 transition, obtains 0.034 for the internal- 
conversion coefficient of the 1304.9-kev gamma ray. 
This internal-conversion coefficient would require a 
large spin change (5 or 6). If this level had a spin of 5 
or 6, it is not likely that the level would be fed heavily 
enough to sustain the strong gamma rays that deplete 
it. The most reasonable assumption is that either the 
internal-conversion transition or the gamma-ray tran- 
sition depletes the 1304.9-kev level, but not both. An 
alternative solution to this problem would be to 
assume the presence of two closely spaced levels with 
the 741.4-kev gamma ray appearing as the cascade 
gamma from the lower of the two levels to the 2+ level 
at 557.8 kev. This would further complicate the level 
scheme in the triplet region and make its interpretation 
even more difficult. 


one 


F. 1362.91-kev Level 


The presence of this level was first suggested by the 
conversion-electron work of Motz." The 2* spin assign- 
ment has been confirmed by the Coulomb-excitation 
work of Stelson and McGowan.” The error associated 
with the 1362.9-kev energy value assigned to this level 
by the bent-crystal data is 0.32 kev. It is fed by four 
cascade gamma rays from the upper four levels in Fig. 
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3. The gamma-ray transition from the 2* state at 1362.9 
kev to the 2* state at 1208.5 kev was observed with the 
bent-crystal spectrometer. The ratio of the intensity of 
this 154.50-kev gammra ray to the competing 805.17-kev 
gamma ray is 8.8X10~*. Both of these gamma rays are 
believed to be 2+ — 2* transitions. If both transitions 
are assumed to be £2, the single-particle model predicts 
an intensity ratio of 2.0X10~*, which is in reasonable 
agreement with the observed value of 8.8X10-* and 
suggests that the 154.50-kev transition is enhanced over 
the 805.17-kev transition. The ratio B(E2, 2’’— 2’) 
B(E2, 2” — 2) is equal to 4.4, where 2, 2’, and 2” refer 
to the 2+ levels at 557.8 kev, 1208.4 kev, and 1362.9 
kev, respectively. The 229.63-kev gamma ray appears 
to be the transition from the 2* level at 1362.9 kev to 
the O* level at 1133.1 kev. The difference between the 
energy of the 229.63-kev gamma ray and the level 
spacing is 0.14 kev. This energy fit is poor when com- 
pared to the other energy differences. The determination 
of the energy of this gamma ray was complicated by 
the presence of a capture gamma ray from an impurity 
and may account for this discrepancy. The coincidence 
experiments give conflicting evidence. A (230+ 10)-kev 
gamma ray appears to be in coincidence with both a 
(150+ 10)-kev gamma ray and a (370+10)-kev gamma 
ray. It has been assumed in this paper that this conflict 
of information is due to the inability to resolve the 
gamma-ray spectrum in the coincidence experiments. 
The ratio of the intensity of the 229.63-kev transition 
to that of the 154.50-kev transition is 27 to 1. If both 
transitions are assumed to be £2, the single-particle 
estimate of the ratio of their intensities is 7.3 to 1. 
This suggests an enhancement of the 229.67-kev tran- 
sition over both the 154.50-kev and 805.17-kev tran- 
sitions; B(E£2, 2” —0’')/B(F2,2”—2')=3.7 — and 
B(EF2, 2” —0')/B(£2, 2”. — 2)= 16. The B(F2, 2’ 0’) 
refers to the transition from the 2* state at 1362.9 kev 
to the O* state at 1133.1 kev. 

The Coulomb-excitation experiments of Stelson and 
McGowan!'® give a value for the reduced transition 
probability of the 805.2-kev gamma ray, B(£2, 2” — 2), 
which is six times as large as the single-particle model 
would predict. This enhancement is only one sixth that 
found for the similar cascade transition (650.7 kev) 
associated with the 2* level at 1208.4 kev. The calcu- 
lation of this enhancement depends on the ratio of 
the intensity of the cascade gamma ray to that of 
the assumed crossover gamma ray whose energy is 
1365.9+0.7 kev as measured with the bent-crystal 
spectrometer. The energy difference between the sum 
of the cascade gamma rays and the assumed crossover 
gamma ray as measured by the bent-crystal spec- 
trometer is 3.0+0.8 kev. This discrepancy is believed 
to be too large to be explained by an accumulation of 
errors. For this reason the gamma ray has been omitted 
from Fig. 3. This energy mismatch does not rule out the 
existence of a crossover transition but it does set an 
upper limit of 3 photons per 100 neutron captures on 
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its intensity. The ratio of cascade to crossover gamma- 
ray intensities becomes > 2. Correcting Stelson’s values 
of the B(£2)’s for this new limit, one obtains 0.09X 10-™ 
< B(E2, 2” 0)<0.13K10-" =cmt, B(E2, 2” —- 2) 
24.1X10-" cm! and B(F2, 2’ — 2)/B(E2,2—-0) 
>0.33. A lower limit can also be set for the ratio of 
the B(£2)’s of the 229.62-kev cascade transition to the 
crossover transition to the ground state, namely, 
B(E2, 2” — 0')/B(£2, 2’ — 0)>520. Both of the cas- 
cade transitions (650.68 kev and 805.17 kev) appear 
to be enhanced compared to single-particle estimates 
by at least a factor of 10. This experiment cannot 
determine which enhancement is greater because only 
lower limits are obtained for the B(£2)’s. 


G. 1730.29 kev Level 


Three conditions were required for the acceptance 
of a new level above 1.4 Mev. First, it must be connected 
to three previously established levels through observed 
gamma rays. Second, at least two of these gamma rays 
must have errors which are less than 0.5 kev. Third, 
there must be some supporting evidence for this level 
in the coincidence experiments. The 1730.3-kev level 
was connected to the established level scheme by three 
low-energy gamma rays whose errors ranged from 0.12 
kev to 0.07 kev. Coincidence support was found for two 
of these gamma rays. 

A spin assignment of 2, 3, or 4 is suggested for this 
level by the presence of gamma-ray transitions to 2* 
and 4* states. The spin assignments of 0 and 1 were 
ruled out because of the transition to the 4* state at 
1282.2 kev. The 2* assignment may be ruled out for 
this level because no transition was observed to a OF 
state. No selection rules are known that would prohibit 
such a transition. The energy of this level differs by 
only 2% from the energy at which the asymmetric-rotor 
model of Davydov and Filippov’ predicts a 3* level. This 
prediction is based on the assumption that the 2* level 
at 1208.4 kev is the 2* collective state in the triplet 
energy region. The asymmetric-rotor model also pre- 
dicts a 4* state at 1560 kev, which is not seen. The 
“+” assignment for the parity of this level and of the 
uppermost level comes from the work of M. Rozkos" 
who investigated the related In"5(y,p)Cd'™ reaction 
at gamma-ray energies of 14.8 and 17.6 Mev. No proton 
groups were observed that would correspond to an 
energy level in Cd' below 4 Mev. Since the 0*, 2°, 
and 4* levels were not observed in this experiment, 
Rozkos concludes that the levels that he observed have 
odd parity resulting from £1 gamma-ray absorption 
and s-wave proton emission. The ground state of In'® 
is (9/2)*. This implies that there are no negative-parity 
states below 4 Mev with a spin greater than 2. The 3* 
or 4* spin assignment for this level is further sub- 
stantiated by the lack of evidence of this level in the 
high-energy capture-gamma-ray work of Groshev” and 
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the similar gamma-ray work of Motz and Carter” as 


well as the (d,p) work of Cohen.” 
H. 1839.87-kev Level 


The spins of 1 and 2 are suggested for this level by 
the gamma-ray transitions from it to 2+ and 0* levels. 
Spin assignments of 0, 3, and 4 were ruled out on the 
basis of the 706.7-kev transition to the O* level at 
1133.1 kev. A strong coincidence was observed between 
the 706.7-kev gamma ray and the 575.4-kev gamma ray. 
The presence of a 557.65-kev transition from this level 
to the 4* level at 1282.22 kev was masked by the exist- 
ence of a strong gamma ray at 557.78 kev. The 535.75- 
kev gamma ray comes within 1.8 kev of matching the 
energy difference between this level and the 0* level 
at 1304.9 kev. The error in this level spacing is believed 
to be less than 0.5 kev. This is small enough to rule out 
the assignment of the 535.75-kev gamma ray to this 
transition. An upper limit of 0.03 photons per 100 
neutron captures can be set for the transition from the 
1839.9-kev level to the 1304.9-kev level. The com- 
parison of this upper limit with the intensity of the 
strong 706.7-kev transition to the 0* level at 1133.1-kev 
demonstrates the radically different nature of these 
two levels. The 1283.9-kev gamma ray comes within 
1.9+0.7 kev of matching the energy of a transition 
from the 1839.9-kev level to the 557.8-kev level. The 
1829.2-kev gamma ray listed in Table I is the first peak 
in a group of unresolved gamma rays which could 
contain the transition from the 1839.9-kev level to the 
0+ ground state. The Compton spectrometer work of 
Motz and‘Carter™! suggests an 1836-kev gamma ray, 
while the work of Groshev” suggests 1840 kev for the 
energy of the gamma ray. Groshev also observes a 
high-energy gamma ray which may connect this level 
with the 1* capture state. These experiments support 
the 1* or 2* spin assignment. Cohen observes a proton 
group in the Cd"*(d,p)Cd"* reaction which corresponds 
to a level at 1.86 Mev.'? From relative cross-section 
measurements at 8° and 14° he concludes that /,=0 
for the captured neutron which forms this level. This 
indicates a spin of 0* or 1* for this state. Since the 0*, 
3+, and 4+ assignments have been ruled out, the most 
likely spin assignment is 1+. None of the present col- 
lective models predict a 1* state at this energy. 

Although the method of gamma comparison is quite 
effective in locating 1+, 2+ 3+, and 4* states, it may not 
find 0+ or 6* states. This comes about because three 
gamma connections to the existing level scheme were 
required for the establishment of a level. States with 
6* assignments would only exhibit one transition to 
the lone 4* state; and if crossover transitions are for- 
bidden, then 0* states would have only two connecting 
transitions to the two 2* states at 1208.44 kev and 
1362.91 kev. If one accepts pairs of gamma rays whose 


*H. Motz and R. Carter (private communication, June, 1960). 
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energy difference is the difference between the two 2+ 
levels as evidence for a 0* level, then 0* levels are 
suggested at energies of 1607.84+0.12, 1652.8+0.4, 
1703.2+0.3, 1715.5+0.4, 2648.3+2.5, and 2800.1+3.1 
kev. 

A large number of energy differences are possible 
with 119 gamma rays. The statistics are such that three 
of the six possible 0* levels given above probably result 
from accidental energy matches. The level at 1607.84 
+0.12 kev is the only 0* level suggested in this manner 
that has sufficient accuracy to make an accidental 
interpretation unlikely. None of the possible 0* levels 
agree with the 1.86-Mev energy predicted by Cohen. 
If a O* does exist, it is connected to the lower levels 
between 1.1 and 1.4 Mev by only one gamma ray whose 
intensity is equal to or greater than 0.03 photons per 
100 neutron captures. 


I. 1958.34-kev Level 


Four gamma rays were found to connect this level 
with the lower states. The spins of these lower states 
(only O* and 2*) suggest a 1*, 2+, or 1~ assignment 
for this level. The 0*, 3*, and 4* assignments are 
eliminated by the presence of two transitions to 0* 
states. The 2+ assignment might be ruled out by the 
absence of a transition to the 4* state at 1282.22 kev. 
If the 1958.3-kev level is not connected with the col- 
lective motion of the nucleons, then there is no reason 
to assume that the E2 transitions would be enhanced 
to compete with the M1 transitions. If the spin of the 
1958.3-kev level is 2, then it must be 2* if transitions 
to 0* states are to compete with transitions to 2* states. 
The error in the energy match of the 1400.3-kev cross- 
over transition to the 2* state at 557.78 kev is 0.23+0.7 
kev. This crossover is forbidden in the collective model 
if the 1958.3-kev level is considered as a member of 
the three-phonon vibrational quintet. Although this 
model is inadequate for this case, the intensity of the 
1400.3-kev transition is large for a collective-model 
interpretation of this level. The 1~ assignment for this 
level may be ruled out by the absence of a strong 
gammia-ray transition to the ground state. 


J. 2202.41-kev Level 


This state was added after establishing a state at 
1730.29 kev. Its existence is therefore less certain than 
that of the other states. Three gamma rays connect 
it with the rest of the level scheme. The 920.19-kev 
transition to the 4* level at 1282.22 kev eliminates a 


O*, 1*, 1-, and 2- spin assignment for the 2202.41-kev 
level. The lack of a transition to a 0* state would rule 
out the possibility of a 2* state. The 1068.6-kev gamma 
ray comes within 0.7+0.9 kev of matching the energy 
of the transition from this level to the 0* level at 
1133.14 kev. This is a poor fit, but the equally large 
error resulting from the low intensity (0.18 photons 
per 100 neutron captures) of this gamma ray makes 
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the fit a possible one. Because of uncertainty in the 
energy of this gamma ray, it does not appear in Fig. 3. 
Its presence in the scheme would eliminate the 3* and 
4* spin assignments for this level. In this case the spin 
assignment would have to be 2°. 


V. GENERAL DISCUSSION 

The level scheme of Cd'"*, as modified and extended 
in this paper, supports and confirms much of the 
previous work on this isotope. In particular, the en- 
hancement of £2 transitions appears to be even stronger 
than previously supposed, and most of the competing 
M1 or £2 crossover transitions are either absent or 
too weak to be seen. The two low-energy transitions 
observed in the energy region where the triplet vibra- 
tional band is predicted are enhanced as well. 

If the accuracy and coincidence requirements for the 
acceptance of new levels are relaxed, many more energy 
levels can be suggested. The level scheme in Fig. 4 is 
an extension of the level scheme for Cd' in which no 
confirming evidence from the coincidence experiments 
was required. The scheme was constructed by accepting 
all levels that made three or more transitions to the 
existing scheme, starting with the level scheme in Fig. 
3. The energy of a gamma ray was required to match 
the final level spacing within two probable errors. In 
the final scheme only two levels have less than four 
gamma-ray connections to the rest of the level scheme. 
If these two levels are removed from the scheme, all 
the rest of the new levels have four or more connections. 
The two levels in question (1607.8 kev and 2048.3 kev) 
are believed to be 0* levels. The level at 1607.8 kev 
has only two connections to the level scheme but it is 
included because the errors of the gamma rays are 
small and the energy fit is good. The chance of this fit 
occurring by accident is 1 in 30. The three dashed levels 
directly above the 1607.8-kev level are also connected 
to the scheme by two similar gamma rays but the errors 
are larger and the energy fits are poorer. These four 
levels exhaust all the possibilities for a 0* level .below 
2.6 Mev that is only connected to the two 2* levels at 
1208.4 kev and 1362.9 kev. If one considers pairs of 
gamma rays that cascade to only one of the above 
levels and to the 2* level at 557.8 kev, then it is possible 
to find several more candidates for 0* levels but the 
errors are too large to rule out chance occurrences of 
this type (see discussion in Sec. IV, H). 

The gamma rays that appear in Figs. 3 and 4 are 
indicated by checks in columns 4 and 5, respectively, 
of Table I. The multiple checks indicate that the gamma 
ray occurs in more than one place in Fig. 4. In four 
out of the eight such cases, the gamma ray is observed 
as a close doublet in the bent-crystal data. The re- 
maining four cases are about what is expected to occur 
by accident in a level scheme of this type. The average 
probable error for the gamma rays involved in these 
duplicate cases is 0.8 kev. A level scheme consisting of 
18 randomly spaced levels between 1.1 and 3.5 Mev 
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Fic. 4. Energy levels in Cd! as 
determined from the comparison of 
gamma-ray energies. This level 
diagram, an extension of Fig. 3, 
requires only that all gamma-ray 
energies agree with the level spac (on 
ing within two probable errors (ee. 
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would be expected to exhibit six pairs of gamma-ray 
transitions whose energies agreed within 1.6 kev and 
were greater than 800 kev. The detection of four of 
the twelve probable transitions of this type is a highly 
probable event. In a complicated level scheme such as 
the one shown in Fig. 4, one would expect that four or 
five out of the 44 gamma rays in the scheme might be 
due to an accidental energy fit and really belong higher 
up in the level scheme. The 1210.5- and 1365.9-kev 
gamma rays that were rejected as crossover transitions 
from the 1208.4- and 1362.7-kev levels to the ground 
state appear in Fig. 4 as transitions from a level at 
2573.8 kev to the levels at 1362.7 and 1208.4 kev, 
respectively. The coincidence experiments appear to 
support this assignment for the 1210.5- and 1365.9-kev 
gamma rays but the statistics were too poor to confirm 
it. 

The existence of the upper levels in Fig. 4 is less 
certain than the rest of the level scheme because they 
themselves depend on the existence of new levels. Some 
corroborating evidence for existence of these upper 
levels has recently been published by Cohen and Price." 
Although their Cd'(d,p)Cd'™ work could not resolve 
the levels above 2 Mev, prominent proton peaks were 
observed corresponding to energy levels in Cd'* at 
2.53, 2.90, 3.23, and 3.45 Mev. If one allows errors of 
40 kev for these energy determinations because of the 
complicated nature of the proton spectrum, then they 
agree quite well with the values of 2573.5, 2868.0, 
3216.8 and 3484.7 kev obtained from the bent-crystal 


data. A summary of the energy levels in Cd', as 
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determined from the bent-crystal data, appears in 
Table IT. 

In Fig. 4 there are 160 level spacings with energy 
within the limits of measurement by the bent-crystal 
spectrometer. If the spins of the observed levels are 
distributed evenly between 0*, 1*, 2+, 3+, and 4*, then 
100 of the measurable gamma-ray transitions would 
require a spin change of 2 or less and would be either 
M1 or £2 in nature. A further reduction in the number 
of observable gamma-ray transitions is expected from 
the competition between high- and low-energy tran- 
sitions as well as from additional selection rules. Fifty 
gamma rays appear in Fig. 4. The intensity balance 
between the gamma rays that feed a level in Fig. 4 
and those that deplete it appear in columns (6) and 
(7) of Table II. Most of the levels exhibit quite rea- 
sonable intensity balances. The slight excess of radi- 
ation feeding the level at 1362.9 kev is accounted for 
by assuming that small amounts of the intensities of 
the 1365.9- and 1210.5-kev gamma rays are due to the 
presence of the missing crossover gamma rays from the 
levels at 1362.7 and 1208.4 kev to the ground state. If 
the intensities of these two transitions are assumed to 
be 0.5 photon per 100 neutron captures, the intensity 
balance is restored. This is quite consistent with the 
upper limit of 2 photons per 100 neutron captures set 
by the analysis of the bent-crystal data. The intensity 
balance for the 4* level at 1282.2 kev is quite poor. It 
is difficult to understand why more gamma rays are 
not observed to feed this level. The other noticeable 


imbalance occurs at the 2202.4-kev level. Most of the 
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Taste II. Energy levels in Cd! as determined from the capture-gamma-ray data and the coincidence experiments 





The errors given in column 2 are probable errors. 








Energy 


(4) 
(kev) 


In Fig. 3 


— wv 
ww ~~ © 


mm 
ve we 


wwrmwy— uw 
o 2) 
< 


= an 
~ 
2 © 


difficulty results from the presence of the 1283.8-kev 
gamma ray. The energy fit of this gamma ray is border- 
line and its placement in the level scheme may be in 
error. 

Most of the strong gamma-ray transitions observed 
with the bent-crystal spectrometer appear in Fig. 4. 
A notable exception is the 1.2% line at 95.90 kev. This 
energy is close to the level spacing between the 1304.9- 
kev level and the 1208.4-kev level. The 0.6-kev dis- 
crepancy was considered large enough to eliminate 
this assignment. It would have been considered as an 
£2 transition and its intensity of 1.2 photons per 100 
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neutron captures would require an unreasonable 
hancement of this transition. 

A striking feature of the level scheme in Fig. 4 is the 
lack of crossover transitions from the levels above 1.4 
Mev to the 2* level at 557.8 kev and to the 0* ground 
state. Out of the 19 possible transitions, only 3 occur. 
This suggests that most of the states above 1.4 Mev are 
composed mainly of excitations involving more than 
two phonons. Another interesting feature of this level 
is that there are no level spacings larger than 240 kev 
above 1.4 Mev. This tends to make the recognition of 
the three-phonon quintet, if it exists, quite difficult. 


en- 
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Proton-gamma-gamma triple coincidence measurements have been carried out on the B!°(He3,p)C” 
reaction at Eq.'=2.2 Mev. Protons were detected in a }-in. diameter CsI crystal subtending a solid angle 
of 27% of 4 at the target, the gamma-ray detectors were 5 in.x5 in. Nal crystals, and the coincidence 
resolving time was 8X 10~ sec. The spectrum of protons in triple coincidence with the two gamma-ray detec- 
tors, each channeled from 2.4 to 5.0 Mev, contains a line corresponding to the alpha-emitting 7.66-Mev 04 
second-excited state of C”. This line is interpreted as resulting from the 3.23-4.43-Mev cascade gamma-ray 
decay of the 7.66-Mev level through the 4.43-Mev 2+ first-excited state. The ratio of the triples to singles 
counting rates of the 7.66-Mev proton line, when corrected by the appropriate factors for gamma-ray 
efficiency, leads to a 3.23-Mev gamma-ray branch of (3.30.9) 10-4 per decay of the 7.66-Mev level. 
This branch, which compares with a previous theoretical estimate of ~2X10~4, is stronger than the direct 


ground-state transition by a factor of 50. 


I. INTRODUCTION 


HE 7.66-Mev second-excited state of C” is of 

interest in astrophysics since this level is thought 
to be responsible for the burning of helium in the ‘red 
giant”? stars by the successive fusion of three helium 
nuclei.'’ Although the emission of an alpha particle 
is the predominant mode of decay! of the 7.66-Mev 
state, energy is released and element buildup occurs 
only if the level decays to the ground state of C”. Two 
possible paths of decay to the ground state include the 
direct transition and the 3.23-4.43-Mev cascade gamma- 
ray transition through the 4.43-Mev first-excited state. 
From the work of Cook et al.’ as well as from the results 
of later experiments,?* it is almost certain that the 7.66- 
Mev state has a spin and parity of 0+. This means that 
the transition to the 0+ ground state is an electric 
monopole or £0 radiation and that the gamma-ray 
cascade through the 2+ first-excited state consists of 
two electric quadrupoles in a 0-2-0 sequence. 

By means of a positron-electron magnetic pair 
spectrometer, the 7.66-Mev /0 transition has been 
observed? in the Be®’(a,z)C® reaction at z= 5.81 Mev. 
This experiment gave the ratio of the 7.66-Mevy transi- 
tion intensity to the intensity of 4.43-Mev gamma 
rays, the latter resulting from the direct population of 
the first excited state of C” in the (@,m) reaction. As 
a complementary experiment, Ajzenberg-Selove and 
Stelson® later measured the relative neutron-population 
intensities of the 7.66- and 4.43-Mev states in the (a,) 
reaction under similar target and beam-energy condi- 
tions as in the pair-line measurement. It was then pos- 
sible to derive the fractional 0 branch from the 7.66- 
Mev state which is essentially equal to the ratio of the 
pair width to the alpha width. The ratio obtained was 


ly 6e4 r.=66X it. 


t Research performed under the auspices of the U. S. Atomic 
Energy Commission 

‘For a background review see C. W. Cook, W. A. Fowler, 
C. C. Lauritsen, and T. Lauritsen, Phys. Rev. 107, 508 (1957) 

2D. E. Alburger, Phys. Rev. 118, 235 (1960). 

»F. Ajzenberg-Selove and P. H. Stelson, Phys. Rev. 120, 500 
1960), 


An absolute value for I’, is found from this ratio by 
using the width T'7.6.,.=5X10~° ev derived'* from a 
measurement, by Fregeau,® of the cross section for 
inelastic electron scattering to the 7.66-Mev state. The 
result, ',=8 ev, is equal to the Wigner limit of 7.5 ev 
calculated by Fowler and Lauritsen.’ 

A theoretical single-particle estimate of the partial 
width for the emission of 3.23-Mev “2 gamma radiation 
from the 7.66-Mev state has been made by Ferrell.’ 
His result is I'3.2,~0.0014 ev with an uncertainty of 
a factor of 2. By combining this with the alpha-particle 
width discussed above, the branch B32; would be 
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Since this number is 30 times larger than the measured 
branching by nuclear pair emission, the predominant 
mode of formation of C” in its ground state by the 
3He!— C” process is expected to take place by the 
emission of 3.23-Mev gamma radiation. 

Numerous attempts have been made to detect the 
emission of 3.23-Mev gamma rays from the 7.66-Mev 
level. In one of the two most sensitive tests, Kavanagh® 
searched for the 3.23-4.43-Mev gamma-ray cascade in 
the decay of B” and he placed an upper limit of 0.1% 
on the partial branch of the 7.66-Mev level by gamma- 
ray emission. The observation of C” nuclear recoils, 
associated with gamma-ray decay of the level, was at- 
tempted by Eccles and Bodansky® who also placed an 
upper limit of 0.1% on the gamma-ray decay mode. 
In more recent experiments," the B’(He*,p)C” reaction 
was used to excite the 7.66-Mev state and a search was 
made for the associated proton-gamma-gamma triple 
coincidences. Pilot-B was used as the proton detector 
and the gamma rays were detected in 4 in.X5 in. and 
5 in.X5 in. Nal crystals. Instead of observing the cas- 

‘E. E. Salpeter, Phys. Rev. 107, 516 (1957). 

6 J. H. Fregeau, Phys. Rev. 104, 225 (1956) 
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Fic. 1. Experimental arrangement for 
coincidence measurements 


triple 


cade in question, a proton line was found in triple 


coincidence when both gamma-ray counters were chan- 
neled from 2.5 to 5 Mev, which corresponded to a new 
energy level in C”™ at 9.0+0.1 Mev. Although the 
*9.0-Mev level” population intensity was found to be 
only 0.21% relative to the population of the 4.43-Mev 
level, the strength of the effect was sufficient to obscure 
a possible proton line associated with the gamma-ray 
decay of the 7.66-Mev state. 

Recently it has been shown! that the 9.0-Mev level 
in C® is nonexistent. The apparent “proton line’”’ in 
the experiment discussed above actually resulted from 
inelastic scattering of protons from the carbon of the 
Pilot-B scintillator. When the Pilot-B was replaced by 
Nal or CsI crystals the **9.0-Mev line” was not observed. 

After the demonstration of this instrumental effect, 
it was decided to renew the effort to observe the cascade 
gamma-ray decay of the 7.66-Mev level in C” by using 
similar techniques but a different type of scintillator 
for detecting the protons. This paper reports the results 
of measurements in which the proton detector was a 
CsI crystal. 


Il. EXPERIMENTAL METHODS 


Figure 1 shows the experimental arrangement used 
for the proton-gamma-gamma triple coincidence meas 


up. E. Alburg nd D Wilkinson, Phys. Rev 
1961 


122, 1508 


ALBURGER 


urements. A 2.2-Mev He* beam from the Van de Graaff 
accelerator was passed through a 1.0-mm diameter ap- 
erture in a Ta collimator and struck the center of a 
B” target. The experiments were carried out with a 
He***+ beam which was produced by a gas stripper located 
between the base of the Van de Graaff and the analyzing 
magnet. It was found that the He*+ beam contained a 
small but bothersome HD* component even with the 
stripper in operation. The target” consisted of an 80- 
ug/ cm? thick layer of >99% B' deposited on a 0.5-mil 
thick aluminum foil. A piece of the target foil was held 
in place by a 0.3-mil thick nickel foil window sealed with 
wax at the end of the target tube. Care was taken to 
prevent the reaction protons from striking any wax. 

Immediately in front of the target was located a ?-in. 
diam by }-in. thick CsI scintillator covered with a 0.3- 
mil thick aluminum foil. The crystal was attached with 
Biggs R-313 bonding cement onto the end of a ?-in. 
diam by 2}-in. long light pipe which was in turn ce- 
mented onto the end of an RCA 6342A photomultiplier 
tube. This arrangement was found to result in the best 
proton resolution of a number of geometries tried. The 
solid angle for the detection of protons from the 1-mm 
diam target spot was 27% of 4x 

The use of this proton detecting arrangement allowed 
the two 5 in. X5 in. Nal crystals to be located such that 
their axes passed through the target, and the front 
surfaces of the crystal containers were each 0.95 cm 
from the center of the target. The 0.4-cm distance be- 
tween the surface of the container and the front surface 
of the crystal was taken into account in the gamma-ray 
efficiency calculations. The NaI crystals, made by the 
Harshaw Chemical Company, are standard units having 
3-in. diam windows. In order to operate more easily 
at short coincidence resolving time, both crystal units 
were fitted with 2-in. diam RCA 7264 14-state photo- 
multipliers. Optical coupling between the 3-in. diam 
windows and the round-ended tubes was made as indi- 
cated in the figure by means of Lucite adapters together 
with Dow-Corning silicone grease. The pulse-height 
resolution with the 0.661-Mev Cs 
about 14% in this arrangement. 

Triple coincidences were detected by the use of con 
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ventional fast-slow circuitry and pulse-height analysis. 
Satisfactory operation of the coincidence circuit was 
achieved at a resolving time of 8X 10° sec by running 
the 6342 A photomultiplier at 1900 v and both 7264 
photomultipliers at 1850 v. Since the proton spectrum 
was to be displayed and long runs were anticipated, the 
over-all gain of the proton detecting system was stabi- 
lized by means of a feed-back circuit designed by de 
Waard." It was not feasible to control the normally 

grounded end of the (ly node resistor chain a suggested 


2? The author is indebted to Dr. D. A. Bromley for the use oi 


this material which had been supplied to him by the Electro 
magnetic Separation Group, Atomic Energy Research Establish 
ment, Harwell, England 
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by de Waard, because of the high current drain being 
used. Instead only the photocathode was controlled 
after separating it from ground with a 200-kohm resistor. 
Regulation was carried out by centering thereference 
single-channel analyzer on the strong proton line to the 
4.43-Mev state and by setting the reference channel 
width at 0.5 v and the channel wobble amplitude at 
1 v rms. When the peak of the 4.43-Mev line was arbi- 
trarily centered at channel 80 in the Penco 100-channel 
pulse-height analyzer (0.5 v per channel), the variation 
in the peak position was found to be less than } channel 
during runs spanning periods of up to 70 hrs. 


III. EXPERIMENTAL RESULTS 


The spectrum of protons from the bombardment of 
the B'’ target with a 2.2-Mev He* beam in the geometry 
of Fig. 1 is shown in Fig. 2, Curve A. Protons to the 
ground state of C” are beyond the range of the 100- 
channel analyzer. The various high-energy peaks are 
identified with states of C” produced in theB"(He*,p)C” 
reaction except for two small peaks on either side of 
the 4.43-Mev line. On the left side of the 4.43-Mev line 
is the ground-state group from the B"(He*,p)C® reac- 
tion resulting from the ~1% of B" in the target. The 
group on the right side is in the expected position for the 
1)(He*,p)He* reaction and presumably results from 
deuterium embedded in the target during initial runs 
which were made using the HD+-contaminated He** 
beam. In spite of the large solid angle subtended by the 
CsI crystal, the full width at half maximum of the 4.43- 
Mev line is only 3.9%. A noticeable asymmetry of the 
line may be caused either by the light-piping character- 
istics or by the variation of proton energy over the large 
acceptance angle. The estimated background under the 
proton line leading to the 7.66-Mev state is shown by 
the dashed line. At a beam current of 0.026 wa the net 
counting rate of the 7.66-Mev line is approximately 
50 counts ‘sec. 

When the proton counter output was channeled on 
the group leading to the 4.43-Mev state and the output 
of one of the Nal crystal detectors was displayed in 
coincidence, Curve A in Fig. 3 was obtained. This spec- 
trum has the normal appearance for 4.43-Mev gamma 
radiation and it consists of prominent full-energy and 
one-escape peaks, a weak two-escape peak, and a Comp- 
ton electron continuum. Arrows indicate the calculated 
positions of the full-energy and one-escape peaks of 
3.23-Mev gamma rays and the long bracket shows the 
2.4 to 5.0-Mev channel used in the experiments de 
scribed below. In all of the work the full-energy-loss 
peak of the 4.43-Mev gamma-ray spectrum was arbi- 
trarily centered at channel 70 when the output of either 
gamma-ray detector was displayed. 

As anaid in calculating the efficiency for detecting the 
3.23-Mev gamma rays, the spectrum occurring in the 
C!(d,p)C® reaction was studied by bombarding a thick 
Aquadag target with a 0.0005-~a beam of 1.5-Mev deu- 
terons. At this beam energy only the 3.09-Mev first- 
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Fic. 2. Curve A—spectrum of protons from B+ He®at Aye’ = 2.2 
Mev using the geometry of Fig. 1; Curve B—spectrum of protons 
in coincidence with one gamma-ray detector channeled as shown 
in Fig. 3A (0.05 wa for 18 min); Curve C—-spectrum of protons 
in triple coincidence with two gamma-ray detectors both channeled 
as shown in Fig. 3A (0.026 wa for 95 hr 
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excited state of C' is excited appreciably, although the 
complete gamma-ray spectrum also contains the 0.51- 
Mev annihilation radiation resulting from the produc- 
tion of N™ positron activity in the (d,z) reaction. For 
purposes of illustration, Curve B, Fig. 3 shows the spec- 
trum resulting from the superposition of the 3.09-Mev 
gamma rays together with the 4.43-Mev gamma rays 
from a source of plutonium-beryllium. The strong 
(0.51-Mev line from the N™ positrons is below the range 
of the analyzer (the true zero of pulse-height corresponds 
to —8 channels). 
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Fic. 3. Curve A—spectrum of gamma rays in coincidence with 
protons from the B'(He’,p)C™ reaction leading to the 4.43-Mev 
state of C"; Curve B—spectrum of gamma rays from the 
C#(d,p)C™ reaction at Eg=1.5 Mev superposed on gamma rays 
from a Pu-Be source. 
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Curve B, Fig. 2, shows the spectrum of protons in 
coincidence with one Nal crystal channeled from 2.4 to 
5.0-Mev as indicated in Curve A, I ig. 3. In addition to 
the strong line associated with the 4.43-Mev level, the 
protons leading to the 15.10 and 12.78-Mev gamma- 
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emitting states of C" are observed. Other lines include 
the complex of protons in the B"(He’,p)C™ reaction 
leading to states in C™ at 3.09, 3.68, and 3.86 Mev and a 
line corresponding to the B"(He’,d)C” reaction leading 
to the 4.43-Mev level of C. It may be noted that the 
yield in the vicinity of channel 64 is lower than the 
4.43-Mev peak by a factor of 400. According to the 
gamma-ray branching ratio derived from the triple 
coincidence measurements described below, the 7.66- 
Mev peak in the double coincidence spectrum of Fig. 2, 
Curve B is expected to be ~50 000 times smaller than 
the 4.43-Mev peak. Such a peak would rise only ~1% 
above the background in that region. All of the proton 
lines discussed thus far in connection with Fig. 2, 
Curves A and B, agree to within one or two channels 
with the positions calculated for 0° by taking the energy 
of the protons to the 4.43-Mev level as 17.26 Mev and 
by assuming a linear energy response of the CsI crystal. 
The largest deviations from the expected positions occur 
in the cases of the low-energy lines which apparently 
have been shifted down as a result of energy loss in the 
target backing, 
foils. 


exit window, and crystal-covering 

In order to check the proton-gamma double-coinci- 
dence efficiency, when the measured-coincidence re- 
solving time was set at 8.1 10~° sec, the pulse overlap 
output spectrum from the fast coincidence circuit was 
displayed under four different slow-coincidence condi- 
tions. These included : (a) the proton detector channeled 
on the line to the 4+.43-Mev level and the Nal crystal 
output channeled as shown in Curve A, Fig. 3, (b) same 
proton bias as in (a) but the gamma-ray output bias 
adjusted so as to include only the lower part of the 2.4 
to 5-Mev region from channels 33 to 55, (c) the proton 
detector channeled on the region containing the proton 
lines to the 15.10 and 12.78-Mev states and the gamma- 
ray output channeled as in Curve A, Fig. 3, and (d) 
same proton bias as in (c) but the gamma-ray counter 
channeled as in (b). The same sets of measurements 
were carried out on both Nal detectors. It was found 
that in tests (c) and (d) the overlap spectra were broader 
and their maxima were at a lower pulse-height value 
than in tests (a) and (b). However, even in tests (c) 
and (d), practically all of the overlap pulses were above 
the selected bias level corresponding to a resolving time 
of 8X10-* sec. It was concluded that the efficiency is 
virtually 100% for detecting the 7.66-Mev proton group 
in triple coincidence with two gamma-ray counters 
channeled as in Curve A, Fig. 3. 

Figure 2, Curve C, shows the sum of runs totaling 
95 hr at a beam current of 0.026 wa on the spectrum of 
protons in triple coincidence with the two Nal detectors, 
both channeled as indicated in Curve A, Fig. 3. A 
clearly defined peak appears at channel 64 in Curve C, 
Fig. 2. The area between this peak and the estimated 


dashed background curve consists of 225 counts, or a 
net counting rate of 2.35 counts/hr. In the lower energy 


region, the protons to the 15.10 and 12.78-Mev states 
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appear asa result of the cascade gamma-ray decays! +16 
of these levels through the 4.43-Mev first-excited state. 
The 4.43-Mev proton line is the result of random 
coincidences. 

Curve C, Fig. 2, was one of two final runs. The second 
was taken under similar conditions, except that the 
beam current was 0.05 wa and the time was 50 hrs so 
that the data were equivalent. A total of 190 net counts 
was obtained in the 7.66-Mev peak. In this run the 4.43- 
Mev proton peak was relatively twice as large as in 
Curve C, Fig. 2, as expected for a random effect. During 
both of the final runs the singles spectrum was checked 
periodically in order to correct for a small but measur- 
able diminution of the target yield. 

Check runs included one of 28 hr at 0.04 wa, in which 
one of the Nal crystal’s output was biased from chan- 
nels 33 to 55, while the other gamma-ray detector was 
biased from channels 55 to 82. Because of the smaller 
widths of the channels and the restriction that the 
cascade is detected only when the 3.23-Mev gamma-ray 
enters that counter biased from channels 33 to 55, a 
reduction in the 7.66-Mev proton yield per ycoul by 
a factor of 3 is expected. A reduction by about that 
amount was observed. Finally a test was made with 
both gamma-ray detector outputs biased from channels 
55 to 82, so as to exclude completely the 3.23-Mev 
gamma ray. A run of 6 hrs duration at a beam current 
of 0.026 wa yielded a spectrum similar to Curve C, 
Fig. 2, with respect to the relative intensities of the 
15.10, 12.78, and 4.43-Mev lines. However the total 
yield of all channels from 60 to 70 was only one count 
as compared with 30 counts per channel at the peak of 
the 4.43-Mev line. In spite of the short duration of this 
run, the quite obvious lack of counts in the region of the 
7.66-Mev proton line leads to the conclusion that the 
bias conditions used in this test made the line disappear. 


DISCUSSION 


The 7.66-Mev peak in the triple coincidence spectrum 
of Curve C, Fig. 2 is interpreted as resulting from the 
3.23-4.43-Mev cascade gamma-ray decay of the 7.66- 
Mev level of C®. A comparison of the position of the 
peak, after subtraction of the background, with the 
position of the 7.66-Mev singles peak in Curve A, Fig. 
2, shows that the two agree within an accuracy of less 
than one channel, or about 19%. In energy units the 
agreement is to within ~ 140 kev. There is no other 
known reaction that has a high enough Q value to 
account for these triple coincidences. Furthermore the 
runs under various gamma-ray bias conditions are con- 
sistent with the 7.66-Mev proton line being in triple 
coincidence with gamma rays of 3.23 and 4.43 Mev, 

“C.N. Waddel, H. E. Adelson, B. J. Moyer, and H. C. Shaw, 
Bull. Am. Phys. Soc. 2, 181 (1957); C. N. Waddel, thesis, Uni 
versity of California Radiation Laboratory (unpublished). 

6 E. L. Garwin and A. S. Penfold, Bull. Am. Phys. Soc. 2, 351 
(1957). 

16 E. Almqvist, D. A. Bromley, A. 
and A. E 


J. Ferguson, H. E. Gove, 


Litherland, Phys. Rev. 114, 1040 (1959). 
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although it has not been proved that gamma rays of 
precisely these energies are involved. 

An alternative explanation of the 7.66-Mev peak in 
Curve C, Fig. 2, in terms of random coincidences is 
ruled out on the basis of several considerations. Thus 
it was found that the ratio of the triples to singles count- 
ing rates was approximately the same for the two final 
runs at beam currents 0.026 and 0.05 ya, all other condi- 
tions remaining equal. Another argument can be made 
after considering the origin of the 4.43-Mev random 
peak in Curve C, Fig. 2. In general, when triple coinci- 
dences are detected which involve counters p, 1, and 
v2, the output of counter p being displayed, the random 
portions of the spectrum will contain contributions other 
than the completely uncorrelated triple coincidence 
events if any real double coincidence effects are present. 
Letting parentheses indicate real double coincidences 
and letting Y indicate random coincidence events, the 
total counting rate expected for the 4.43-Mev peak in 
Curve C, Fig. 2, is given by 


V=2r (pyr) Xyot2r (pre) Xyit2rlyiy2) Xp 
+3r°pXyiXy2. (1) 
In order to calculate the total rate as well as the relative 
importance of the various contributions of the terms in 
Eq. (1) when the proton detector is channeled on the 
4.43-Mev peak, the gamma-ray counters are channeled 
as shown in Curve A, Fig. 3, &x<10~-* sec, the 
measured counting rates (counts/sec at a beam current 
of 0.026 pa) may be inserted into Eq. (1). These rates 
p=1730, y:y2= 2900, (pr (pr2) 
213, and (yiy2)=5.5. Within an accuracy of 20%, 
the calculation from Eq. (1) of the counting rate of the 
4.43-Mev proton line agrees with the rate observed in 
Curve C, Fig. 2. The sum of the first two “mirror” 
terms of Eq. (1) is larger than the third term by a factor 
of 130, and the fourth term is completely negligible. It 
is concluded that if there were actually no protons in 
real triple coincidence with gamma rays, the triple 
coincidence spectrum would be similar in appearance 
to the real double coincidence spectrum of Curve B, 
Fig. 2. At least there would be no line in the triples 
spectrum larger than it is in Curve B, Fig. 2 relative to 
the 4.43-Mev group. This at once rules out a random 
coincidence explanation of the 7.66-Mev line in Curve C, 
Fig. 2 since, according to the preceding discussion and in 
view of Curve B, Fig. 2, the 7.66-Mev line could then 
be at most only 1/400 the intensity of the 4.43-Mev line. 
Another alternative is that the 7.66-Mev triple co- 
incidence line is the result of an inelastic proton scatter- 
ing effect of the type found"’:" in the experiments using 
a Pilot-B detector. If this were the case the energy of 
the level involved in the inelastic scattering would have 


and +r 


were as follows: 


to be such as to reduce the energy of the protons leading 
to the 4+.43-Mev level by just the right amount to give 
the appearance of a proton group leading to the 7.66- 
Mev level. Although inelastic scattering cannot be ruled 
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out entirely as the explanation for the peak in Curve C, 
Fig. 2, at channel 64 it seems highly unlikely that a 
spurious inelastic scattering line would coincide so 
closely with the expected position of a real line. Another 
argument against inelastic scattering is that the width 
of the peak in the triple coincidence spectrum (3.3 
channels) is the same, within an accuracy of 15%, as 
the width of the line in the singles spectrum. Inelastic 
scattering in carbon"’"' resulted in a line to an apparent 
*9.0-Mev level” whose width (in retrospect) is about 
twice as great as the widths of neighboring lines in the 
singles spectrum, when the proton resolution is 5%. 
This width results from the variation in nuclear recoil 
energy with angle. Therefore the 7.66-Mev line in Curve 
C, Fig. 2, cannot be caused by inelastic scattering in 
light nuclei although it is still possible that a level in a 
heavy nucleus such as cesium or iodine might be 
responsible. 

A feature of the spectrum of Curve C, Fig. 2, that 
is not completely understood, is the sloping yield be- 
tween the 12.78 and 7.66-Mev proton lines. From rough 
calculations it is possible to explain part of this yield, 
as well as the sloping yield above the 4.43-Mev line, 
as the result of pulse pileup. In the final run at 0.05 wa 
the yields in these regions were noticeably higher than 
in Curve C, Fig. 2. Pileup may well occur in the CsI 
crystal which has the relatively long light-decay time 
constant of 1.1 usec. Inelastic scattering effects may 
also be responsible for part of this yield. 

Under the assumption that Curve C, Fig. 2 results 
irom genuine triple coincidences associated with the 
gamma-ray de-excitation of the 7.66-Mev state of C”, 


the 3.23-Mev gamma-ray branching ratio B may 
be calculated from the expression, 
VB 93€4 43€ 03K 204 Ve. (2) 


\s and .\V¢ are the singles and triples net counting rates 
of the 7.66-Mev proton line, €4 4; and €3.2; are the efh- 
ciencies of each of the gamma-ray counters for detecting 
gamma radiations of 4.43 and 3.23 Mev, the factor 2 
must be included since either gamma ray may go into 
either counter, and C¢ is a correction factor representing 
the effect of the angular correlation between the two 
gamma rays. In order to calculate €s.43, the tables of 
Vegors et al.'’ were used to obtain the total efficiency 
for detecting 4.43-Mev gamma rays at a distance of 1.4 
cm. This was multiplied by the fraction of the spectrum 
(75%) in the 2.4-5.0-Mev channel obtained from curve 
A, Fig. 3. The contribution of the low-energy portion of 
the spectrum was estimated by assuming that the shape 
of the curve is essentially flat from channel 20 down to 
the true zero of pulse height at —8 channels. In a simi- 
lar way €3.2; was obtained after finding the fraction 

S. H. Vegors, L. L. Marsden, and R. L. Heath, Philips 


Petroleum Company Technical Report No. IDO-16370, 1958 
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(55%) of the 3.23-Mev gamma-ray spectrum above 
channel 33. The latter was calculated on the basis of 
the shape of the 3.09-Mev gamma-ray spectrum, a curve 
similar to Curve B, Fig. 3 except that the Pu-Be source 
was removed and the background count with the beam 
off was subtracted out. The efficiency factors thus 
derived were €4 4;=0.152 and e€3 92;=0.113. 

The effect of the angular correlation of the two cas- 
cade gamma rays is difficult to calculate. It is well 
known that the 0-2-0 #2-#2 correlation follows the 
form, 

HW (8) =1—3 cos’é+4 cos'#. (3) 
This is one of the strongest known correlations and it 
has a maximum value at 6= 180°. An accurate calcula- 
tion of the effect when using the geometry of Fig. 1 
would be exceedingly difficult because of the large solid 
angles subtended by the detectors. Not only is the ef- 
ficiency per unit-solid-angle of each detector a function 
of the entrance angle of gamma rays, but the shape of 
the spectrum undoubtedly varies considerably with 
angle. In lieu of an accurate calculation, estimates of 
the net effectiveness of the angular correlation were 
made independently by the author and by D. H. 
Wilkinson. The average of these estimates is Cg=1.15 
where Cy is the factor by which the counting rate is 
higher than it would be if the correlation were isotropic. 

The value of B23 is calculated from Eq. (2) by in- 
serting the values of the efficiencies together with the 
measured ratio V¢/Vs=1.30X10-° averaged from the 
two final runs. Errors in the various factors were esti- 
mated in a straightforward manner and they were com- 
bined in the usual way. The result for the partial branch 
of the 7.66-Mev level by the emission of 3.23-Mev 
gamma radiation 1s 


Bs 93 (3.3+0.9) X10 


This is slightly higher than the theoretical estimate of 
~2X10~* mentioned previously, but the agreement 
can be considered as satisfactory. Whereas the theoreti- 
cal single-particle estimate’ of the 3.23-Mev gamma-ray 
width is 

I'3.235¢, ~~ 0.0014 ev, 


the present work leads to the experimental value 


I's exp (B; 23 B; 6e4 <I; 6e+ ey 
(3.3% 10-4 6.6 10-*) KX 5.0K 10 ev 


().0025 ev, 
with an accuracy of ~50%. 
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Elastic Scattering of 8-Mev Polarized Protons* 
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The angular dependence of the polarization produced in the elastic scattering of 8-Mev protons by 
complex nuclei has been measured for 23 elements. The polarization exhibits a smooth dependence on mass 
number and scattering angle for most of the elements studied. The systematics in the angular distributions 
are reproduced by an optical model calculation in which only the radius is permitted to vary 


A SYSTEMATIC study has been carried out of the The method of generating the polarized protons, 
angular dependence of the left-right asymmetry performing the measurements, and analyzing the 
resulting from the elastic scattering of 8-Mev polarized — results is identical to that described in our previous 
protons by complex nuclei. The present experiments publication. One comment about our previous paper 
represent an extension of our previous work at 10 Mev.' is, however, in order. We inadvertently omitted an 


ras_e I. Angular dependence of the polarization of protons elastically scattered by various elements 
The mean energy of the incident proton is listed in parentheses 


Het (8.5 Mev) Be (8.5 Mev) C (8.6 Mev) N (7.8 Mev O (7.9 Mev) Ne (8.0 Mev) 
tf] P» 6 P; 7] P» 6 P; 6 P» 6 P2 
deg) (percent) (deg) (percent) (deg) (percent) (deg) (percent) (deg percent ) (deg) (percent) 
34 —12+6 
43.5 6+60 
53 +12+7 
+4347 


28+6 


40 29+7 33 —16+5 32.5 —10+6 32.5 
51.5 4145 44 18+5 43 + 4+6 
62 5745 57 29+5 56 +16+7 
75.5 - 05.5 3246 64 +5547 


87 +: 76 8+8 74.: +96+4 


=> 


Se et Oe | 


97 d 88 +42+7 87 +71 

+25+10 95 5 

+2149 101 +38 
649 108.: 1 
$+7 114.: + 3+ 


5 
5 
2 

§ 


+ 
= 
x 
+ 42+9 
28+ 10 
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TABLE II. Angular dependence of the polarization of protons elastically scattered by various elements 
The mean energy of the incident proton is listed in parentheses 


(8.5 Mev) Al (7.6 Mev) Ar (7.6 Mev) ‘a (8.6 Mev) Ti (8.5 Mev V (8.3 Mev) 
P, 6 | é P é P A 4 P2 


) (percent (deg) (percent (deg) (percent (deg) (percent (deg)  ( deg) (percent) 


+ 845 30.! 30.5 + 8+4 
+11+6 ) Be O+5 
+10+6 5 

2+6 


1+7 


-10+5 

346 
+1347 
+39+6 
+2847 
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1347 83 
18+7 91 
+-28+10 97 
6249 105 
+29+9 111 


+12+06 
92.! 10+7 
102.: 14+9 18+8 
112 348 6+9 
118 O+8 + 2+7 


ana 


124 +11+8 - +-28+9 23 +22+9 : t t 

132 +-25+9 +52+9 13+9 12: > os 131 —36+10 

141.5 +38+414 e +4149 31410 . 5- 140.5 —28+12 
+6148 5 36+10 + 


*Work performed under the auspices of the U. S. Atomic Energy Commission 
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PasLe ILI. Angular dependence of the polarization of protons elastically scattered by various elements 
The mean energy of the incident proton is listed in parentheses. 
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Tas_e IV. Angular dependence of the polarization of protons elastically scattered by various elements 
The mean energy of the incident proton is listed in parentheses. 
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important reference (under reference 18) to the work 
of Adair, ef al.2 Not only does their paper describe 
some of the earliest low-energy neutron polarization 
experiments carried out at Wisconsin, but it also 
documents the first attempt to explain the observed 
neutron polarization by the addition of a spin-orbit 
term to the optical model potential. 

As in the previous paper,' the results of the present 
experiments are given in terms of the degree of polari- 
zation imparted to an unpolarized proton beam when 
it is elastically scattered by a given target through 
a specified angle. All targets were of normal isotopic 


PERCENT POLARIZATION 


P yale : ?R. K. Adair, S. E. Darden, and R. E. Fields, Phys. Rev. 96, 
Fic. 1. Angular dependence of the polarization of protons 593 (1954). 
elastically scattered by various elements. The smooth curves were ? One of the authors (L.R.) is indebted to Dr. R. K. Adair for 
drawn to illustrate the trends of the experimental points. bringing this omission to his attention. 
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Fic. 2, Angular dependence of the polarization (+) and ta'u of elastic to Rutherford scattering (-) of protons elastically scattered 
by various elements. The polarized proton beam energy, in Mev, is listed in parentheses after each element. On the lower line the 
letter references the elastic scattering data and the number is ‘he corresponding proton energy. The dashed and solid curves represent, 
respectively, the optical model predictions for the polarization and ¢/opr at the appropriate energies. The elastic scattering data were 
reproduced from the following references: (a) Relative elastic scattering distribution calculated from the yield of the polarization data. 
He‘ through Mn normalized to theoretical ¢/or at smallest angle. Nb through Ag normalized to ¢/or=1 at smallest angle. (b) J. 


Benveniste, R. Booth, A. Mitchell, C. Schrader, and 


. Zenger, Lawrence Radiation Laboratory, Livermore (private communi- 


cation). (c) Shinsaku Kobayashi, J. Phys. Soc. Japan 15, 1158 (1960). (d) N. Yamamuro, S. Kobayashi, K. Matsuda, Y. Oda, and 
Y. Nagahara, Tokyo University Institute for Nuclear Study, Report INSJ-29, 1960 (unpublished). (e) W. F. Waldorf and N. S. Wall, 
Phys. Rev. 107, 1602 (1957). (f) C. Hu, K. Kikuchi, S. Kobayashi, K. Matsuda, Y. Nagahara, Y. Oda, N. Takano, M. Takeda, and 
T. Yamazaki, J. Phys. Soc. Japan 14, 861 (1959) and Tokyo University Institute for Nuclear Study Report INSJ-20, 1959 (unpublished). 


abundance. The sign of the polarization is taken to be 
positive when in the direction k;Xk,. The data are 
presented in Tables I-IV. The energy spread for all ex- 
posures, resulting from the thickness of both the pri- 
mary and secondary targets, was approximately 1 Mev 
full width at half maximum. 

Only in the case of C,*° Al,? and Mg,°® can com- 
parisons be made between the present results and 
other data near 8 Mev. 

In the case of C and Mg the agreement is good. In 
the case of Al there is little similarity between the two 


4S. J. Moss, R. I. Brown, D. G. McDonald, and W. Haeberli, 
Bull. Am. Phys. Soc. 6, 226 (1961) 

5G. W. Greenlees and A. B. Robbins, Proceedings of the 
International Symposium on Polarization Phenomena of Nucleons 
Helv. Phys. Acta, Suppl. VI, p. 325 (1961). 

®A. B. Robbins and G. W. Greenlees, Phys. Rev. 118, 803 
(1960). 


sets of data. However, this may be due to the fact that 
the incident energies differ by 1.5 Mev and that, for 
aluminum, we are in the region where the polarization 
is a sensitive function of proton energy. 

The 8-Mev data are quite similar to those at 10 Mev 
in that they show the same kind of regular variation 
with scattering angle and with mass number. This 
regularity is demonstrated by Fig. 1. The polarizations 
are, however, rather smaller than at 10 Mev and go 
to zero faster as the atomic number of the target is 
increased. The 8-Mev data also exhibit somewhat 
larger fluctuations from one element to the next. The 
first two effects can be attributed to the enhanced 
influence of the Coulomb barrier as the incident energy 
is lowered. The last effect is probably due to the 
increased importance of compound elastic scattering, 
since at the lower energy there are fewer open channels 
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Fic. 3. &:R sin(@/2) versus A for positions of corresponding 
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through which a compound nucleus, once formed, can 
decay. This supposition is given credence by the 
observation that, below 8 Mev, polarization data‘ 
exhibit fluctuations from one angle to the next for the 
same element and at the same angle for neighboring 
elements. 

Figure 2 displays the angular dependence of the 
polarizations and elastic s attering cross sections along 
both. Wherever 
scattering data were available from single-scattering 
experiments, these wert Otherwise, the 
accurate elastic scattering data which are a by-product 


with optical model fits to elastk 


used. less 
of the present polarization measurements are plotted. 
The dashed and solid curves are theoretical fits to the 
polarization and elastic scattering data, respectively, 
using the potential 


7R. E. Warner and W. P. Alford, Phys. Rev. 114, 1338 (1959). 


GURSKY 


AND STEWART 


yVsh 
(V+1W)p(r)4 ( ) 
2 N\m 


and the set of parameters’ 
R=1.25A'f; 
V=—55 Mev, W 


. 1 dp 
V(r) 
rdr 


—6 Mev; 


y= —23, a=0.50 f 


r—R 
p(r)=] 1+ exp )| ; 
a 2 


The above parameters are the same as those used to 
describe the 10-Mev data except that the constant in 
the radius parameter has increased by 4%. 
Again, no attempt was made to carry out a systematic 
parameter search for a best fit to the data. 

As in the case of the higher energy data, extrema in 
the polarization distributions occur for constant values 
of the product of target radius and momentum transfer, 
as predicted by simple diffraction theory. This is 
shown in Fig. 3. However, the average value of 
[k,R sin(@/2)] corresponding to a given extremum 
point is not the same for the two energies, being as 
much as 19% lower for the lower energy, if the same 
radius is used at both energies. 


where 


been 
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Ilford G-5 emulsion was bombarded by a hardened bremsstrahlung spectrum of maximum energy of 


90 Mev. In 54 433 fields of view of the microscopes 1935 triplets were observed, 


out of which 1872 triplets 


were measured in the energy interval of 2 to 90 Mev. Recoil momentum distributions of the low-energy 


partner of the triplets have been compared with the theory of Suh and Bethe. In addition, the 


distribution of recoil electrons has been presented 


INTRODUCTION 


HE cross section for triplet production has been 
studied'~* by absorption method within 10<£, 
<300 Mev photon energy range. The absorption tech- 
* This work was supported by the Atomic Energy Commission 


1John D. Anderson, Robert W. 
McDoland, Phys. Rev. 102, 1626 and 1632 (1956). 


Kenney, and Charles A. 


angular 


nique, however, does not permit such detailed studies 
as momentum and angular distribution of recoil -elec- 
trons. Recent theoretical calculations on the momentum 
? J. Moffatt, J. J. Thresher, G. C. Weeks, and R. Wilson, Proc 
Roy. Soc. (London) A244, 245 (1958); J. Moffatt and G. C. Weeks 
Proc. Phys. Soc. (London) 73, 114 (1959) 
> E. Malamud, Phys. Rev. 115, 687 (1959 


, 





ANGULAR DISTRIBUTION 
distribution by Suh and Bethe’ have made such studies 
significant. During the progress of the present experi- 
ments two investigations along this line have been 
reported.?® 

Hart, Cocconi, Cocconi, and Sellen, using a hydrogen- 
filled diffusion chamber and photons of energy 10 Mev 
to 1 Bev, showed that the experimental recoil momen- 
tum distribution curves above 100 Mev incident photon 
energy agreed well with the theoretical curves as pre- 
dicted by Suh and Bethe. Below 100 Mev, however, 
the experimental results differed from those of the theory 
and the difference increased with the increase of the 
recoil momentum. More statistically accurate results 
published recently by Gates using a hydrogen bubble 
chamber and photons of energy between 2 Mev and 
323 Mev essentially confirmed the above observations. 

Both Hart, Cocconi, Cocconi, and Sellen and Gates 
also studied the angular distribution of recoil electrons. 
At present there are no theoretical calculations for 
angular distribution available for comparison with 
experiments. 

The present experiment on triplet production was 
performed with photon energy between 2 and 90 Mev, 
the region in which the two previous workers reported 
disagreement with the theory. 


EXPERIMENTAL ARRANGEMENT 


The electron-sensitive 1 in.X2 in. X400 yu Ilford G-5 
plates were bombarded by a hardened continuous brems- 
strahlung spectrum of maximum energy 90 Mev at 
the National Bureau of Standards electron synchroton, 
Washington, D. C. The hardening of the beam was 
achieved by placing carbon absorbers of thickness 496.43 
g cm? in the path of the beam. These absorbers were 
used to eliminate the low energy photons for which the 
Compton and photoelectric cross sections were high. 
The background noise was thus appreciably reduced in 
nuclear emulsions, thereby making studies of triplets 
possible. 

A series of exposures of the plates were made to ascer 
tain the optimum exposure. This was needed to obtain a 
suitable number of triplets per field of view of the micro- 
scope, and at the same time to maintain the signal to 
noise ratio at such a level as to make the events easily 
distinguishable for observations. The plates were de- 
veloped by temperature development technique’ and 
were examined by using Leitz Ortholux microscopes. 
Energy of a photon producing a triplet was determined 
by estimating the kinetic energy of the tracks by 
Fowler’s coordinate method,* taking into account the 
energy needed for the threshold of triplet production 


‘K. S. Suh and H. A. Bethe, Phys. Rev. 115, 672 (1959). 

> E. L. Hart, G. Cocconi, V. T. Cocconi, and J. M. Sellen, Phys 
Rev. 115, 678 (1959). 

6D. C. Gates, University of California Radiation Laboratory 
Report UCRL-9390, 1960 unpublished ) 

7C. Dilworth, G. P. S. Occhialini, and G 
Univ. Bruxelles, No 13a, (1950) 

> P. H. Fowler, Phil. Mag. 41, 169 


Vermaesen, Bull. 


1950). 
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By convention, the smallest energy of the three partners 
of a triplet was taken to be the recoil electron. Mostly, 
the energy of the recoil electron was small and its energy 
was determined from the range energy relationship.’ 
Only in a few cases, the energy of the recoil electron was 
ascertained from the multiple scattering measurements. 
For studies of angular distribution between the direction 
of incident photon and the direction of emission of recoil 
electron, the angle could be read off with the help of 
the goniometer attached to the microscope. The esti- 
mated total error on the angle was +5°. 

Typical examples of some triplets are reproduced in 
Fig. 1. 


RESULTS AND DISCUSSIONS 


54 433 fields of view of the microscopes were ex- 
amined. The volume of each field of view was 120 u 
X 150 wX 220 u, yielding a total of 1935 triplets. 1872 
triplets were measured. The remaining 63 triplets could 
not be measured because of their being scattered out of 
the emulsion. 

The theoretical expression for the recoil momentum 
distribution function for triplet production, as derived 
by Suh and Bethe in formula (9) of their paper, was 
used for comparison with our experimental results.” 
The recoil momentum distribution has been calculated 
from the above theory by evaluating the various expres- 
sions with the help of the IBM 650 computer for four 
intervals of photon energy (i) /,= 10-30 Mev, k= 39.14, 
(ii) #y=30-50 Mev, k=78.28, (ni) /,=50-90 Mev, 
k=137, and (iv) ,=10-90 Mev, k=100, where & is 
the energy chosen for the theoretical curve in that 
interval. 

Four graphs are presented in Fig. 2(a)—(d) for the 
intervals of photon energies mentioned above. The 
abscissa represents the recoil momentum in dimension- 
less units whereas the ordinate is the number of events 
in arbitrary units. The momentum distribution of recoil 


electron is practically independent of photon energy ; 


for this reason, the number of events observed between 
the limits 10-90 Mev have been plotted along with the 
theoretical curve for k= 100. Because of the small num- 
ber of events observed below 10 Mev photon energy no 
curve has been plotted. Also the number of events for 
qg>0.75 for all energies were too few ; for this reason they 
were not included in the curves. 

It can be noted from the four curves that the agree- 
ment between the theory and experiment for all intervals 
of photon energies are satisfactory within experimental 
error for small values of recoil momentum. However, 
when the recoil momentum increased, the theoretical 
distribution curve lies above the experimental points. 
In this respect our experiment which has been performed 
with G-5 emulsion is in qualitative agreement with 


M. A. S. Ross and B. Zajac, Nature 162, 923 (1948). 

We are indebted to C. H. Blanchard for pointing out that the 
correct expression for gmin should be k+1)/k](Wamin—1)+2/k 
rather than Wg +2/k as given by Suh and Bethe 
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Fic. 2. Energy distributions of recoil electrons. The abscissa represents the recoil momentum in dimensionless units g, whereas 
the ordinate is the number of events in arbitrary units. The experimental points have been plotted after proper normalization 
over the whole area with respect to the theoretical curves given by the solid line 
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the results obtained by Hart ef al., and Gates in hydro- 
gen. One of the possible reasons for this discrepancy with 
the theory below 100 Mev, as has been pointed out by 
Hart and co-workers, is due to the exchange effect which 
has been neglected in the theory. However, it is not 
certain whether the consideration of exchange effect 
alone can explain the discrepancy observed at higher 
recoil momentum. 

The angular distribution of recoil electrons is shown 
in Fig. 3. From the measurement of the projected angle 
y and calculating the dip angle from measured range 
and depth of the track, the cosine of the space angle 
has been determined from the relation cosé= cosy cos@, 
where 6 and 8 are, respectively, the space and the dip 
angle of the recoil electron. Figure 3 gives the curve of 
number versus space angle 6. 

All the events which have been observed for photon 
energy between 10 and 90 Mev have been combined to 
plot the curves. This is admissible because the angular 
distribution is practically independent of photon energy. 

If the triplets are produced in the field of free elec- 
trons, then from the consideration of kinematics, the 
recoil electrons must be emitted at angles less than 90°. 
However, the experimental curve shows nearly equal 
concentration of points in the forward as well as in the 
backward direction. This may be due to two factors: 
(a) scattering of recoil electrons in the emulsion and 
(b) the effect of binding energy of the recoil electron. 
It is extremely difficult if not impossible to correct the 
data taking into account the effect of scattering of very 
low-energy recoil electrons in the composite elements 
of the emulsion. The effect of binding energy of the 
recoil electron on its direction of emission was pointed 
out by Hart and co-workers. If the energy of the recoil 
electron is much greater than the binding energy of the 
atomic electron in whose field the triplets were produced, 
then the electrons can be considered free in which case 
most of the recoil electrons should be emitted in the 
forward direction. These conditions were realized in the 
experiments of Hart ef al. and Gates, and also approxi- 
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Fic. 3. Angular distribution of recoil electrons. The space 
angle 6 between the direction of emission of recoil electron and 
incident photon is represented in the abscissa whereas the ordinate 
gives the number of events. 


mately in the present experiment if the recoil electrons 
of energies > 15 kev are rejected in the plot. Acurve was 
plotted but not reproduced here taking into considera- 
tion only those recoil electrons whose energies were 
>15 kev. The curve showed that about 77% of the 
recoil electrons were emitted in the forward direction. 
However, if the triplets are produced in the field of 
bound electrons, as would be the case in the present 
experiment if very low energy recoil electrons are in- 
cluded, then one may expect backward emission. 
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Isotope Effect in the Nuclear Magnetic Resonance in Rubidium 
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By performing precise measurements of the nuclear magnetic resonance frequencies at constant field of the 
stable Rb isotopes in a metallic sample and in RbC] solution, we determined A= k**/k5? — 1 = (0.3840.03), 
where &5°.7 is the Knight shift of Rb**.’7. 4 is the hyperfine structure anomaly which will be equal to A(s,), 
determined from Rb(5s S;) atomic beam experiments only if the hyperfine interaction responsible for the 
Knight shift arises from s; conduction electrons. The experimental results show that to high precision this 


is the case. 


HEN the nuclear magnetic resonance (NMR) 

frequency of nuclei in a metallic sample is com- 
pared with that of the same nuclei imbedded in an in- 
sulating diamagnetic substance, it is found that the 
nuclei in the metal usually ‘‘see’”’ an effective magnetic 
field which exceeds the applied field. The fractional 
shift to higher fields is commonly called the Knight 
shift k, and is thought to have its origin in the para- 
magnetism of the unpaired conduction electrons. & is 
therefore a measure of the number of conduction elec- 
trons and the magnetic field they produce inside the 
nuclei under study. It can readily be shown that! 


k=axM 2gur, 


where @ is the hyperfine interaction between the nucleus 
and a conduction electron, g is the nuclear g factor, x 
is the sus¢ eptibility of the conduction elec trons, and M 
is the atomic mass. If a is isotropic, & will also be iso- 
tropic. It is generally assumed that a arises solely from 
$3 electrons since the contact interaction for these will 
be particularly large. 

Since s; electrons have a density maximum at the 
nucleus, their hyperfine interaction is sensitive to both 
nucleus and the 
nuclear magnetization distribution,?* and one defines 
for two isotopes (e.g., Rb*® and Rb**) the 


hyperfine structure anomaly 


the electron wavefunction inside the 


SO~¢ alled 


A / a” ig" >) — 1, 


A is of the order of a fraction of a percent for 
The sign and magnitude of A reflects differences in the 
nuclear structures of the two isotopes. 

It can readily be seen from (1 


it lectrons. 


that 7f the 
s, electrons only, 


and (2 
hyperfine interaction arises from 


A(s;)= (k*5/k*7)—1. 


Since A(s;) has been measured to considerable precision 
by atomic beam experiments on Rb atoms which are 
known to be in a pure (5s)? S; state, an experimental 


Radiation Laboratory 
Livermore, California 


*.On leave of absence from Lav 
University of California 
1W. D. Knight, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 93 
? A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950 
Eisinger and V. Jaccarino, Revs. Modern Phys. 30, 528 
1958). 


rence 


verification of (3) would demonstrate unambiguously 
that the hyperfine interaction in the metal involves 
s; electrons only. 


EXPERIMENTAL 


Recalling the definition of & [Eq. (1) ] and using it 


in Eq. (3), one can show that 
A(s;)= (1/R)[(gm® 

where g» refers to the effective nuclear g factor in the 
metal, g is the g factor in a diamagnetic compound or 
solution, and & is the average of k*° and &*’. & is obtained 
from a comparison of g,, and g. g is not entirely inde- 
pendent of the chemical composition of the solution and 
the range of its value in various substances limits the 
precision of &. From an experimental point of view our 
task of determining A can therefore be considered to 
consist In the accurate determination of three ratios of 
resonance frequencies. The three ratios are (g,,°°/gm°"), 
(g*5/g*’), and say, (g..°"/g*" 


The two samples used were Rb* ions in an aqueous 


solution and metallic Rb dispersed in mineral oil. The 
latter sample was made by dispersing the metal by 
means of a high-speed stirrer in an inert atmosphere at 
about 60°C and cooling the sample slowly to room tem- 
perature stirrer still 
coagulation of the small metal droplets 


with the operating to prevent 
The 
sample was a saturated RbCl! solution which was chosen 
because it NMR 
from among the-three Rb salts investigated. The spread 
of chemical shifts between RbCl, RbI, and RbHCO, 
was 3 parts in 10°. If this spread is taken as the order 
of magnitude of the chemical shift, it limits the precision 
to which k (and A) can be determined to 5 parts in 10°. 
As will be seen below, this is too small an error to affect 
the final precision of A. 

The experiments were performed at room temperature 


former 


showed the narrowest line for Rb 


with a wide-band high-resolution, 12-in. Varian spec- 
trometer without superstabilizer. All resonances were 
observed by keeping the rf frequency constant and 
slowly sweeping the magnetic field through its resonance 
value, approximately 4.8 and 16 Mc/sec for Rb*® and 
Rb*’, respectively. The field was monitored by a Varian 
4400 NMR deuterium probe and the Rb and D signals 
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were recorded simultaneously on a Sanborn two- 
channel recorder. 

The metal sample was dispersed finely enough so that 
the skin effect which mixes the X’ and X”” modes was un- 
important, and the probe was tuned to a pure X” signal. 

The observed lines were Lorentzian in shape and the 
half widths of the Rb* and Rb* solution and Rb*® 
and Rb metal resonances were 0.17, 0.12, 1.7, and 1.7 
oe, respectively. The rf power was adjusted to maximum 
value which did not cause saturation, and the modula- 
tion amplitude was set as high as possible without 
causing line broadening. Mieher* has predicted 
I, (Rb*) /7,(Rb*) = 1.027 if the quadrupole interaction 
provides the relaxation mechanism. Our results do not 
bear out that this is the case in either the metal or 
RbC! solution. 

Our precision was limited by the signal-to-noise ratio 
of the Rb* metal resonance line, which was about 30:1. 
We took 18 and 24 traces of the Rb* and Rb*’ reso- 
nances, respectively, half of them with H» increasing 
and the other half with Hy decreasing. The field dif- 
ference between the D and Rb samples was monitored 
and corrected for. Our results are 


gm™/g*= 1.006527+1.2 ppm, 
gm™ g? = 1.006502+0.3 ppm, 
gp g®=1.5898784+0.6 ppm, 


gp g* =0.40913152+0.1 ppm, 


where gp is the effective deuterium g factor and the 
quoted errors in parts per million are the most probable 
statistical errors. From (5) and (6) 


k=3(k*+k**) = (0.651440.0002)% (9) 


with an additional uncertainty of about +0.003% from 
the uncertainty of the chemical shifts. Using (5) and 
(6) in (4) we find 


Moxy = (0.384+0.02)%. 


We estimate that if we include the systematic error 
introduced by a slow change with time in the field dif- 
ference between the Rb and D sample positions in the 
course of an experiment, the total error might be in- 


*R. L. Mieher, Phys. Rev. Letters 4, 57 (1960). 
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creased by 50% so that 


Aexp= (0.38+0.03)%. (10) 


The atomic beam value for A(s;) is obtained from the 
hyperfine interaction ratio® and the present value for 
g®/g*’, obtained from (7) and (8); 


eg” Td = ().2950738+0.0000005, (11) 


which overlaps the value obtained by other workers® 
but is somewhat more accurate. In this way one finds 


A(s;)= (0.35130.003)%. (12) 


DISCUSSION 


The agreement between (10) and (12) shows that 
the electrons responsible for the Rb Knight shift and 
the hyperfine interaction in atomic Rb have the same 
fractional s character. This is so because s; electrons 
are the only ones which could contribute significantly 
to the hyperfine structure anomaly A. Since the valence 
electron of Rb is almost certainly in a pure s; state, we 
may conclude that the Knight shift in Rb metal is 
caused by pure $) electrons because an appreciable 
contribution would make A 
smaller than A(s;). This justifies the assumptions made 
by Townes ef al.’ in explaining the origin of Knight 
shifts. 

The present experiment can also be used as justifica- 
tion for employing the isotope effect of the isotropic 
part of the Knight shift to measure differences in nuclear 
pairs which 
cannot be studied conveniently by the other methods? 
available for such determinations. 


from non-s electrons 


magnetization distributions of isotopic 
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Search for a 38~ Branch in ['*} 
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A mass spectrometric search for a 8~ branch in 4.2-day I™ has been made by examining the isotopic 
composition of xenon from deuteron-irradiated tellurium. The expected 8~ branch, based on nuclear mass 
data and /t values, is 0.017%. There was good agreement between calculated and measured isotopic com- 
position. No Xe™ was detected, so an upper limit of 0.1% was established for this branching. 


I. INTRODUCTION 


HE six lightest isotopes of meteoritic xenon show 

systematic excesses relative to terrestrial xenon.!~$ 
These general anomalies have not been satisfactorily 
explained. It is known that Xe™*, Xe”*, Xe”, Xe’, 
and Xe"! are produced by 8 decay of the corresponding 
iodine isotopes, although such a branch is to date un- 
detected in I'**. If the general anomalies are to be ex- 
plained in part by deuteron or proton irradiation of 
tellurium, the existence of a 8 branch in I'** must be 
established. 

The existence or lack of a 8 branch is of interest 
because 4.2-day I'* lies between the two stable isotopes 
Te and Xe™. Mitchell and co-workers* made a direct 
search for emitted electrons using a 180° magnetic 
spectrometer and found only internal conversion elec- 
trons from the iodine decay products Te™ and Te™. 
They set no quantitative limit to the @~ branch. 

Consideration of atomic masses (doublet method)*® 
indicates energy is available for decay to Xe": 


mass of Xe'™= 123.945320+300 amu, 


mass of Te™*= 123.942400+300 amu. 


The observed maximum kinetic energy of the emitted 
positrons from I'** is 2.136+0.010 Mev, identified as 
decay to the ground state. This corresponds to 0.003392 
amu. Therefore: 

mass of I'*= 123.945792+ 310 amu. 
This shows that 0.440 Mev are available for 8 
to Xe™. 

The log/t value for the observed positron decay to 
the Te’ ground state is 7.9.4 A Fermi analysis of the 
positron distribution of the highest energy group indi- 
cates a shape corresponding to the classified unique 
first forbidden (A/=2, yes). The ground state of I'™* 
has been identified as having spin 2 and negative 
parity.*® Te™ is 0+. 


dec ay 


Since Xe™ is also an even-even 


t Work supported in part by U. S. Atomic Energy Commission. 

1 J. H. Reynolds, Phys. Rev. Letters 4, 8 (1960). 

2 J. H. Reynolds, Phys. Rev. Letters 4, 351 (1960). 

*D. Krummenacher, C. M. Merrihue, R. O. Pepin, and J. H. 
Reynolds, Geochim. et Cosmochim. Acta (to be published). 

*A.C. G. Mitchell, J. O. Juliano, C. B. Creager, and C. W. 
Kocher, Phys. Rev. 113, 628 (1959). 

5H. E. Duckworth, Progr. Nuclear Phys. 6, 138 (1957). 


* 1D. S. Harmerand M.L. Perlman, Phys. Rev. 114, 1133 (1959), 


nucleus, it is expected to be 0+ as well, so the 8” decay 
to Xe™ should be of the same degree of forbiddenness. 

For the unique first-forbidden transformations, it is 
possible to determine the comparative half-life fit, 
knowing the available energy. Davidson’ has shown that 


fi= fola(Z)(W e—1)+(Z)(Wo—1)], 


for any Z and WW». He gives curves for the coefficients 
a(Z) and 6(Z), and a histogram showing that login fil 
is approximately constant for the unique first-forbidden 
transformations. Tables for determination of fo(+Z, 
Wo) are given by Feenberg and Trigg.* Equating the 
log fit value for the proposed 8~ decay to Xe" to the 
average logfi¢ value gives a theoretical branching of 
0.017%. 


II. CALCULATION OF EXPECTED YIELD 


A calculation of the expected yield of Xe™ in adeu- 
teron irradiation of tellurium was made. The 0.017% 
branching ratio calculated above was assigned to I, 

Cross sections for the formation of the compound 
nucleus by deuterons were taken from Shapiro.’ Above 
17 Mev, the high energy approximation was used: 


R 1 
c.=(R+x)|1-(_—) | 
R+AK7 2 


This was adjusted slightly to a smooth fit with the 
tabulated values. The percentage decay of the compound 
nucleus via single, double, and triple neutron emission 
were taken from Balestrini.'’ Extrapolation was re- 
quired above 20 Mev. Balestrini’s curves were obtained 
from consideration of the compound nucleus Xe™. 
In this calculation they were applied to the compound 
nuclei ['%5, [#6 P27, [8 1, and I'* obtained from 
deuteron capture by the stable isotopes Te™, Te™, 
Te5, Te!?6, Te!*, and Te'™. (Te! and Te'™ do not lead 
to stable xenon isotopes so were not considered.) This 
procedure is expected to be valid on the basis of the 
constancy of the binding energy per nucleon within lim- 
ited ranges of A. Using the range-energy curves of Aron 

7 J. P. Davidson, Phys. Rev. 82, 48 (1951). 

®F. Feenberg and G. L. Trigg, Revs. Modern Phys. 22, 399 
(1950). 


*M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
0S. J. Balestrini, Phys. Rev. 95, 1502 (1954). 
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ef al.," 
the target within which the beam energy loss was about 
1 Mev. The total compound nucleus yield was then the 
sum of the yields in all layers. The tellurium target was 
roughly ten times the thickness required to stop the 23- 
Mev deuterons. 


III. EXPERIMENTAL PROCEDURE 


A mass spectrometric search for a 8~ branch in I'*4 
has been made by examining the isotopic composition 
of xenon produced by deuteron irradiation of tellurium. 

Pure (99.999%) tellurium metal was heated briefly 
under vacuum in a graphite crucible to a temperature 
just above its melting point. This evaporated away the 
surface oxide and partially outgassed the sample. The 
tellurium in its graphite holder was inserted in a cyclo- 
tron mount, covered with aluminum foil, and bombarded 
with 23 Mev deuterons for 80 minutes at 5 wa beam 
current in the Crocker laboratory 60-in. cyclotron. 

The sample was allowed to cool for 30 days, after 
which its activity was 20 mr/hr. Then it was vaporized 
at 600°C under vacuum in a rare-gas extraction line 
described elsewhere,” and the xenon was removed on 
activated charcoal at dry ice temperature in a sample 
takeoff. The xenon was analyzed with a mass spectrom- 
eter similar to that described by Reynolds," but without 
an electron multiplier detector. 


IV. RESULTS AND DISCUSSION 


The calculated and measured yields are listed in 
Table I. Figure 1 illustrates this graphically. The calcu- 


TasLe I. Calculated and measured xenon production from 
Te(d,xn) thirty days after bombardment. The measured amount 
has been normalized to the same total as was calculated. 


Measured amount 
(number of atoms) 


Calculated amount 


Isotope (number of atoms) 


Xe!™ 0.0017 108 
Xel# 5: « 10" 
Xe! 23. « 108 
Xel™ u x 10° 
Xe!” 32. < 108 .5 «1088 
Xe!# 12.3 xX 108 5.8 108 
Total 74.0 108 Oo 


<0.01 1018 
8.1 X10" 
23.6 X10" 


"Ww. A. Aron, B. G. Hoffman, 
Energy Commission Declassified 
(unpublished), 2nd revision. 

2 J. H. Reynolds, Geochim. et Cosmochim. Acta 20, 101 (1960). 

'3 J. H. Reynolds, Rev. Sci. Instr. 27, 928 (1956). 


and F. C. Williams, Atomic 
Document AECU-663, 1949 


the yield was computed for successive layers of 
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£2 Calculated 
3 Measured 
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2 


Assuming 

~ 0.017% 

x h 
fi 


PERCENTAGE OF TOTAL YIELD 


re) 
9) 




















Fic. 1. Calculated vs measured xenon yields. Calculated Xe™ 
yield based on a calculated 0.017% branch in I. From the ab- 
sence of detectable Xe!* production, an upper limit of 0.1% can 
be set for the 8~ branch in I'™ 


lated 0.017 
branching 


% 8~ branch was assigned to ['*'. The other 
ratios were taken from the Seaborg tables." 

On the basis of this measurement the 8~ branch for 
I'** must be less than 0.1%, based on the mass spectrom- 
eter noise at mass 124. No peak was found. This is in 
good agreement with the calculated value. Use of 
mass spectrometer with an electron multiplier detector 
would increase the sensitivity for Xe"! detection by 
many magnitude. However, the highly 
anomalous nature of this xenon would so contaminate 
the spectrometer as to render impossible any subsequent 
high-sensitivity xenon analyzes. 

The magnitude of this upper limit excludes deuteron 
or proton irradiation of tellurium as an important 
mechanism for the production of the general isotopic 
anomalies of xenon. 


orders of 
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Calculable Model for Compound Nucleus-Direct Interaction Interference* 
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University of Maryland, College Park, Maryland 
(Received May 31, 1961) 


The formation of the compound nucleus is described. The importance of two-particle excited states is 
stressed and the possibility of experimentally observing the interference between the associated ‘two 
particle resonances” and direct-interaction processes is discussed. Formulas are presented which permit 
the calculation of both the direct-interaction term and the amplitude associated with the resonance 


HE concept of the compound nucleus has been 

used for several decades to explain the existence 
of resonances in the scattering of nucleons by nuclei, 
and a mathematical formalism which permits phe- 
nomenological descriptions of the experiments has been 
developed.! More recently the direct-interaction theory 
has been used to explain some prominent features of 
medium-energy reactions.? While formal theories have 
been developed which contain both possibilities and 
which show some features of their interrelation,’ no 
one has discussed in detail the compound nucleus—direct 
interaction interference, nor has any calculation of this 


FIG. 1 














E (Mev ) 


Fic. 1. Mean-free path of a nucleon in nuclear matter, as 
determined from the measured optical potentials (see Proceedings 
of the International Conference on the Nuclear Optical Model, 
Florida State University Studies, No. 32, edited by A. E. S. Green, 
C. E. Porter, and D. S. Saxon (The Florida State University, 
Tallahassee, Florida, 1959 


* This research was supported in part by the U. S. Atomic 


Energy Commission under contract with the 
Maryland. 

t Present address: U. S. Disarmament Administration, Depart 
ment of State, Washington 25, D. C. 
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'C. Bloch, Nuclear Phys. 4, 503 (1957), G. E. Brown, Revs 
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interference been performed. In this note we wish to 
discuss a simple model which demonstrates the con- 
nection between these two concepts and which permits 
detailed calculations of the cross section for inelastic 
scattering in the interference region. 

With the successful application of the optical model 
and the shell model to nuclear physics, the picture of 
the formation of a compound nucleus has undergone 
serious revisions. The long mean-free path of a nucleon 
in nuclear matter implied by the observed depth of the 
optical potential (Fig. 1) contradicts the older strong- 
interaction picture. In the newer picture a 
entering a nucleus may completely traverse the nucleus 
without suffering a “hard” 
kinetic energy is transferred). Even if the 
no energy during this traversal, it 
There is a finite probability that it will be 
This probability increases 


nucleon 


collision (one in which 
nucleon loses 
may not escape. 
reflected at 
the boundary of the nucleus. 
reduced to 
zero. The resulting multiple reflections at the surface 
path length 
within the nucleus so that it may have sufficient oppor- 
After one or 
two hard collisions the nucleon is likely to have too 
little energy to escape and the system will proceed into 
the “chaotic” state envisioned by the older model. 

Let us consider, for illustrative purposes, 
in which a neutron is inelastically scattered by a target 
consisting of a closed-shell core plus one nucleon. The 


rapidly as the incident kinetic energy is 
require the nucleon to traverse a long 


tunity to transfer energy to the nucleus 


a proce ess 


incident neutron may collide with this outer nucleon 


and immediately emerge from the this is a 
direct-interaction process. At t 


be captured into a long-lived state which subsequently 


target; 


he other extreme, it may 


decays yielding a nucleon; this is a compound-nucleus 
process. According to the picture described above, the 
simplest compound state is a “two-particle excited 
state’® formed after just one hard collision (for in- 
stance, a collision with the outer nucleon in which this 
nucleon is excited the neutron 
energy and is captured). The formation of a two-particle 


while incident loses 


‘In actually 
processes described, all charge combinations should be considered 
Since the Coulomb barrier inhibits proton emission, it acts as a 
“filter’’ which reduces the relative magnitude of the compound 
nucleus contribution. Hence combinations of reactions such as 

n,n’), (n,p), etc., will allow various processes to be distinguished. 

» These states have been discussed previously by K. A. Brueck 
ner, R. J. Eden, and N. C. Francis, Phys. Rev. 100, 891 (1955) 
and G. L. Shaw, Ann. Phys. 8, 509 (1959 


considering experimental observations of the 
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excited state leads to a broad resonance which we may 
term a “two-particle resonance.” If this state decays 
back into the entrance channel, with the target left in 
its ground state or in an excited state, this resonance 
process can interfere with the direct interaction process. 
Alternatively one of the particles may collide with a 
third nucleon within the nucleus. These further colli- 
sions will lead to more complicated excitations having 
long lifetimes and contributing a large part of the total 
reaction cross section. On the other hand, only the 
initial two-particle excitation will have a sufficiently 
short lifetime to interfere strongly with the direct 
interaction process. Our central thesis is that reactions 
proceeding through such two-particle excited states will 
interfere strongly with direct interaction processes and 
further, that their contribution 
calculated. 


can be explicitly 


The interference will be observed in those inelastic 
reactions which require just one hard collision within 
the target. In such reactions the target is left in a state 
whose predominant configuration is a single-particle 
excitation. The experimental distinction between the 
two reaction modes appears in the angular distribution, 
since the direct-interaction contribution will usually 
have the characteristic forward peak, while the com- 
pound-nucleus contribution from a single level will be 
symmetric about 90°. Both the angular distribution and 
the polarization of the outgoing nucleon will be sensitive 
to the interference between these two reaction modes. 

From the picture of compound-nucleus formation 
discussed it follows that two-particle excited 
states will make a significant contribution to inelastic 
scattering when the diameter of the target is comparable 
with the mean-free path, and the energy is high enough 
to reduce reflection at the surface. On the other hand, 
the energy should not be so high that the nearby com- 
pound states are too broad and _ short-lived. These 
requirements are of course closely related, since it is 


above, 


the surface reflection which gives the intermediate 
states their finite lifetime. We have estimated that for 
A<100 and ES6 Mev, the widths of two-particle 
resonances will be ~ 250 kev, while their mean separa- 
tion will be ~1 Mev. Each of these parameters will 
show strong variations with mass number due to shell 
model effects. 

The ground-state configuration of the target nucleus 
should be in the neighborhood of a closed shell so that 
few-particle excitations will predominate at low en- 
ergies. In general the wave function of each inter- 
mediate state may be expanded in terms of a complete 
set of shell-model wave The interference 
between the direct-interaction mode and the contribu- 
tion of a given intermediate state will be proportional! 
to the probability of finding two-particle excited state 
configurations in the intermediate state. Thus interest- 
ing information about shell-model configurations can 
be obtained if the magnitude of the interference term 
can be determined. 


functions. 
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We now want to exhibit formulas which will permit 
the calculation of the scattering amplitude in the pres- 
ence of both reaction modes. This is most easily done 
in the direct-interaction formalism. We introduce the 
initial and final wave functions of the target, denoted 
by ¢, and @», and the distorted-wave functions, 7,“ 
and n;‘~’, representing motion of the incident and out- 
going nucleons in the average field of the target. These 
are usually taken to be solutions of the Schrédinger 
equation in a single-particle optical potential. In an 
approxiination which neglects multiple inelastic colli- 
sions, the amplitude for inelastic scattering is 


M po ia= — (2M /4rh?)T pp 


fay 


where? 


ia= (nN Ha). (1) 


The transition operator /, represents the effective inter- 
action between the incident particle (denoted by 0) 
and target nucleon @ in the presence of the remainder 
of the target. It satisfies the integral equation 


la=Vattal(l/E-H+iella, (2) 


where H=H7r+7 +l, Hr is the Hamiltonian of the 
target, 7) is the kinetic energy of 0, Ly is the optical 
potential for 0, and vq is the potential acting between 
0 and a. In the single-particle or shell model, Hr is 


replaced by 7,+U,, the Hamiltonian for particle a, 
while the total energy F is replaced by the sum of the 
energies of 0 and @ in the initial state. To facilitate the 
discussion we shall assume that this model is valid. 
The second term of Eq. (2) contains a sum over the 
eigenstates of H. These represent intermediate states 
which are reached after a-.single collision between the 


incident neutron and target nucleon a. (Note that 
energy need not be conserved in this collision.) The 
low-energy eigenstates will be characteristic of the 
target nucleus; for instance, they will depend on the 
radius, strength, and spin-dependence of the single- 
particle potential, as well as on the multiplet structure 
of the levels of the target. Low-energy eigenstates of H 
which are bound or which represent low-lying virtual 
levels will give discrete or nearly discrete contributions 
to the sum over intermediate states. They can therefore 
lead to resonant enhancement of the cross section at 
energies corresponding to the positions of these levels. 
The high-energy intermediate states will be nearly 
independent of the target nucleus and may be approxi- 
mated by free-particle eigenstates. We observed earlier 
that in a time-dependent description the direct- 
interaction and compound-nucleus contributions were 
distinguished by the time delay inherent in the latter 
mode. In the present time-independent description the 
analogous distinction is that high-energy intermediate 
states in Eq. (2) contribute to the direct interaction 
mode while low-energy states contribute to compound 
nucleus processes, 
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Fic. 2. Possible configu- 
rations of two-particle ex- 
cited states in the shell 
model. X denotes a filled 
state, © denotes an empty 
state, and the cross-hatch- 
ing denotes filled states 
occupied by all other parti- 
cles. (a) is a discrete eigen- 
state of H, while (b) and 
(c) are continuum eigen 
states. 














222 AeA. 


LLLZ 














To formulate this mathematically, we define a pro- 
jection operator P, which selects the discrete eigen- 
states of H [Fig. 2(a)]. The operator P.=1—Pa 
selects the continuum eigenstates [Fig. 2(b), (c)]. We 
may define a transition operator which contains only 
the continuum intermediate states by 

P. 


Ve — Bl,‘ 
E- et 


Since only high-energy intermediate states are included 
in fq‘°’, it may usually be represented by a short-range 
“pseudo-potential” with parameters chosen to repro- 
duce scattering data at an appropriate energy (this is 
the “impulse approximation”). Some algebra now shows 
that vt. may be eliminated from Eq. (2) to give 


P, 
(4) 


+f 


be’ 


' E-—H—Pi.Patie 


This result is independent of the definition of Py, but 
our choice permits us to give a simple interpretation 
to each part of Eq. (4). The first term is just the direct 
interaction contribution since it contains the high- 
energy, short-lived, intermediate states. The second 
term, containing only discrete intermediate states, is 
the compound nucleus contribution.’ Since this con- 
tribution is obtained by the action of the two-body’ 
operator /,'°' upon the initial state, it is proportional 
to the admixture of two-particle excited state in each 
intermediate state. More complicated excitations are 
included in the higher-order corrections to Eq. (1), but 
are not expected to interfere with /,' 


*Of course the distinction between compound nucleus and 
direct interaction contributions is not this sharp. A practical 
requirement is that the direct interaction contribution be only 
weakly dependent on energy. Thus it may be desirable to include 
the low-lying continuum states in Pz in order to insure that ft.“ 
contains no resonant effects. 

? Strictly speaking, /,‘° is a many-body operator since H acts 
on the coordinates of all particles. Only in the independent 
particle model does ¢,‘°) become a true two-body operator 


a. 
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If the eigenstates of /7 are denoted by X, (these are 
simply linear combinations of products ¢,n;"* having 
well-defined angular momenta), the transition ampli- 
tude may be written® 

1 
T ppia= D | (np do! ta’? | nia) 
a=! 
| ta’ |Xn)(Xn| te! 


E—E, +47 .+i¢ 


(n, 


ae * 


n (discrete) 
The complex ‘“‘energy”’ is given by 


FE, — MU p= (Xn| H+ta' |X). (6) 


This is the Brueckner approximation to the energy.’ 
Although the Hamiltonian H contains no interaction 
between 0 and a, the expectation value of f,\' 
the level shift due to that interaction. Hence the real 
part £,, which gives the position of the resonance, is the 
energy eigenvalue of the state X,. The imaginary part 
r,/2, which gives the width of the resonance, can be 
related to the decay modes of the state X,. The imagi- 
nary parts of l’) and LU’, correspond to the finite life- 
times of excited single-particle states, whether bound 
or unbound, as a result of collisions with the remainder 


x] res 
give 


of the target. (In our case these collisions will lead to 
three-particle excited states.) The imaginary part of 
‘.‘° corresponds to the rescattering of 0 and a leading, 
for instance, to one of the continuum levels [Fig. 
2(b), (c) }. 

Virtual levels very near zero energy may lead to 
striking resonance effects, and should be included in the 
states selected by P, if they are present.® The contribu- 
tions of such levels may be calculated if one approxi- 
mates X, by a bound state wave function and includes 
in the total width the partial width due to leakage 
across the potential barrier. 

Valuable information on reaction mechanisms and 
level structure will be obtained from inelastic scattering 
experiments in the low-energy low-mass region. The 
angular distributions for reactions leading to distinct 
final states should be studied both experimentally and 
theoretically as a function of the incident energy. In 
addition, there are many related questions (such as the 
relation of collective effects to the model described here) 
which require further examination. 
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Level Structure of Sn’* and Sn’’’ from the Decay of Sb Isotopes* 


H. H. Borotrn,f A. C. Li,f anp A. ScHWARZSCHILD 
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The decay of 5-hr Sb"* and 6-day Sb” were studied. The spins, 
parities, and multipole orders of the transitions in both Sn 
isotopes are characterized by 7 — (£2)5— (£1)4+ (£2)2+ (£2)0+. 
Level ordering in both isotopes was determined to differ from the 
previously accepted order. The spins and multipole order 
assignments were determined from angular correlation and 
internal conversion measurements in Sn"* and from a reinterpre 
tation of similar experimental results by Ikegami for Sn®°. All 
8 decay is directly to the 7— states. The levels are at 2.57, 2.32, 
2.28, and 1.23 Mev in Sn" and 2.50, 2.30, 2.21, and 1.18 Mev in 
Sn™. Half-lives determined using delayed coincidence techniques 


I. INTRODUCTION 


HE tin isotopes are magic in proton number 

(Z=50), and it might be expected that the low- 
‘lying excited states can be characterized to a large 
extent by shell-model wave functions. However, the 
number of neutrons is far from magic (68 or 70), and 
in this region of atomic weight other nuclear models 
such as Davydov and Fillipov’s asymmetric rotor 
model! or, in some cases, the near-vibrational model 
of Goldhaber and Weneser,? are capable of giving 
reasonably successful descriptions of the low-lying 
excited states of some even-even nuclei (e.g., Cd!, 
Cd', Cd", Tel, Te!4). It is reasonable to assume, 
therefore, that the tin isotopes may display char 
acteristics that involve both shell-model and collective 
effects. Indeed, the first-excited states of Sn"* and Sn™’, 
2+ states with lifetimes ten times shorter than single- 
particle speed,’ have been interpreted as collective 
levels. 

Kisslinger and Sorensen‘ have calculated the pairing 
correlation effects of two-particle excitation in even 
nuclei with a single closed shell, contributing to the 
interpretation and understanding of levels in this class 
of nuclei. These authors have made detailed calculations 
on the levels of the Sn isotopes. 

The levels of Sn"* and Sn™ populated in radioactive 
decay have been studied by a number of investigators 
over the past few years.*-” In particular, the results of 


*Work performed under the auspices of the U. S. Atomic 


Energy Commission. 

t Present address: Department of Physics and Astronomy, 
Michigan State University, East Lansing, Michigan. 

t Research Assistant from New York University, New York, 
New York. 

1A. S. Davydov and G. F. Fillipov, Nuclear Phys. 8, 237 (1958); 
\. S. Davydov and V. S. Rostovsky, ibid. 12, 58 (1959). 

*G. Scharff-Goldhaber and J. Weneser, Phys. Rev.:98, 212 
(1955). 

3 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 2, 69 
(1957). 

4L. S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 32, No. 9 (1960). 

5M. K. Ramaswamy, W. L. Skeel, D. L. Hutchins, and P. S. 
Jastram, Phys. Rev. 121, 553 (1961) (Sn"8). 


were as follows: (7 (2.340.1) 10-7 sec; (5—), (2.0+0.3) 
X10-§ sec in Sn™8; and (7—), (1.12+0.10)K10—-5 sec; (5—), 
(5.2+0.4) X 107 sec in Sn”. Reduced transition probabilities are 
compared with current theories. No crossover transitions were 
found in either decay except for a weak 1.090-Mev £3 transition 
from the 5— to 2+ levels in Sn'’, which has a reduced transition 
probability close to single-particle speed. Triple coincidence 
experiments determined a 8* to capture ratio of (1.6+0.1) «1073 
in the Sb"® decay yielding an inferred transition energy of 
1.32 Mev 


the investigation of the levels of Sn" * from the decay 
of Sb"*® by Ramaswamy ef al.° suggested that there 
might be certain inconsistencies in the proposed decay 
scheme and assignments. It was therefore felt that a 
careful reexamination of these states was warranted, 
and it was for this reason that the present work was 
undertaken." 

The previous works reported that the decay of the 
5.1-hr Sb" populates the levels in Sn'!® by electron 
capture. These investigators are in agreement that 
four radiative transitions follow the electron capture, 
all transitions being in cascade with no observed cross- 
overs, and sequentially ordered in time in the order 
0.040, 0.254, 1.05, and 1.23 Mev. In addition, the 
branching of the electron decay was reported® to be 90 
10% to the third and fourth excited states, 
respectively. Assignments of spins and parities for all 
levels were made, and the multipolarities of the 
transitions assigned.®* The work on Sn! proposed a 
decay scheme very similar to that of Sn'8,! 


and 


Our measurements began with a careful examination 
of the decay of Sb''’. After our determination of the 
level scheme of Sn'!’, the report of the study of Ikegami 
on the decay of Sb” appeared in the literature.” It 
became apparent that the level scheme of Sn'” might 
be identical in level sequence, spin, and parity, if the 
ordering of two y-ray transitions presented by Ikegami 
were interchanged. Measurements of the time order 
were performed and it was found that indeed Ikegami’s 
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[Bull. Am. Phys. Soc. 6, 50 (1961)] and our final decay scheme 
for Sn"™8 was presented at the 1961 Annual Physical Society 
meeting. 
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and 
Sn’ very similar. The results of the experiments 
determining the ordering are presented in an Appendix 
of this paper. Knowledge of the detailed character of 
the decay is derived from a reinterpretation of the 
experimental work of Ikegami, utilizing our new level 
ordering. The body of this paper is concerned with our 
detailed study of the properties of the Sb!!5—> Sn!!5 
dec ay. 

Scintillation y-Tay and magnetic 8-ray spectroscopy 
techniques were employed in this work to investigate 
the transitions present in the decay. Of considerable 
importance and significance, as it relates to detailed 
model predictions, were the measurements of the 
lifetimes of various excited states by delayed co- 
incidence techniques. The observation of these lifetimes 
has not been previously reported. These results, in 
addition to those obtained for the angular correlations 


ordering was in error, making the schemes of Sn!'* 


SCRWARZSCHILD 


of three pairs of cascade gamma rays, the internal 
conversion coefficients of the transitions, the A/L 
internal conversion ratio and JL subshell internal 
conversion studies, electron capture-to-positron ratio, 
and the relative intensities of the gamma-ray transitions 
are presented. A new revised decay scheme is proposed 
which differs significantly from those reported pre- 
viously, and the assignments of the spins and parities 
of all levels, as well as the multipolarities of all transi- 
tions, consistent with the above mentioned experimental 
results, have been obtained. 


II. SOURCE PREPARATION 


s 


Samples of 5.1-hr Sn''* were produced by the reaction 
In'3(a@,2)Sb'"5 using ~15-Mev a@ particles from the 
Brookhaven National Laboratory 60-in. cyclotron and 
a natural In foil-target. The activity was separated 
from the target material by means of an ether extraction 
from a 7.5.V HC] solution. Weak HC] solutions prepared 
from the source material were used for the scintillation 
spectroscopy. for the internal 
measurements were prepared by back-extracting the 
activity from ether into H.O. The water solution was 
dried on a thin gold backing. 

The @ bombardment of natural In produces no other 
long-lived activities except for 2.8-hr Sb"? [In'>- 
(a,2n)Sb"? }. The details of this decay are well known" 
and present no difficulties in the present work. 


Sources conversion 


III. y-RAY INTENSITIES 


We have the radiative transitions 
following the decay of Sb"'® by scintillation means. 
The singles spectrum obtained with a 3 in. X3 in. Nal 


which presents the low- 


investigated 


detector is shown in Fig. 1, 


TABLE I. Relative intensities. 


Expected 

intensities 
derived from 
dec ay x heme* 


Final total 
transition 
intensities” 


Transition 
energy 
(Mev) 
0.041 
0.254 
(0.294) 


Measured y-ray 
intensities 


0.30 0.98 


0.94 1 
<3x<10"3 


0.29+0.02¢ 
0.93+0.06° 
<3x10°3¢ o° 
1.049 1.0+0.1° 0.98 0.98 
1.090 0.024+0.004" 0.024 0.024+0.004 
1.229 1' 1 1 


1.45+0.15' 
3.240.2) X10 


K xray 
Annihilation 


* Derived from Fig. 11 using theoretical conversion coefficients 
multipoles). 

b Unless otherwise indicated, 
errors are a result of the small experimenta! li 
to levels other than 2.57 Mev 

¢ Determined from singles scintillation spectroscopy 

1 Determined from measured interna! con 
theoretical E3 conversion coefficients 

¢ Assuming theoretical conversion coefhicient capture ratio, 
fluorescence yield of 0.84 

! From triple coincidence 


errors are ss than 1° These 


1 B-decay brane 


s and assumed 


measurements 


McGinnis, National 
S. Govern 


“ Nuclear Data Sheets, edited by C. | 
Academy of Sciences, National Research Council (U 
ment Printing Office, Washington, D. C., 1960 





and high-energy portions of the spectrum. The four 
y rays of 0.040, 0.254, 1.05, and 1.23 Mev are easily 
seen. In addition, the 40-kev line is well resolved from 
that of the 25-kev Sn A x ray. The rather weak transi- 
tion at 160 kev is due to the presence of Sb". 

The relative intensities of the y rays determined from 
the singles spectrum are presented in the second 
column of Table 1. The x-ray intensity was corrected 
for the presence of Sb!'?, Coincidence studies (27~ 2 
X10~7 sec) showed that all y rays were in simple cascade 
and revealed no crossover transitions. 


IV. LIFETIME MEASUREMENTS 


Delayed coincidence studies were made between the 
1.23 and 0.254-Mev y rays using Nal detectors and 
time-to-pulse-height The results 
given in Fig. 2. The ‘prompt’ response curve 
obtained by channelling on the 1.33-Mev y-ray full- 
energy peak and the Compton electron spectrum in 
the region of 0.254 Mev due to the 1.17-Mev y ray 
from a Co source, thus simulating the pulse-height 
conditions of the 1.23-0.254-Mev cascade. From the 
slope of the delayed coincidence spectrum, the 1.23- 
Mev transition was found to be delayed relative to the 
254-kev transition with a half-life of (2.00.3) x 10° 
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Phys. Rev. 120, 162 (1960); R. E. Green and R. E. Bell, Nuclear 
Instr. 3, 127 (1958). 





. 
we 


Ss 


. 


}-PromPT 


COINCIDENCE 


DELAY (10°* sec UNITS) 

l'ic. 3. Time delay curve of the x-ray-0.254-Mev coincidences. 
A conventional delayed coincidence experiment 
(using a resolving time of ~4+X10~7 sec) between the 
K x rays and the 254-kev transition, shown in Fig. 3, 
yielded a half-life of (2.30.1) X10 sec for the delay 
of the 254-kev y ray with respect to the x rays resulting 
from electron capture. Evident also, on the left side of 
this figure, is the delayed slope due to the x rays 
following internal conversion of the 40-kev transition 
being delayed over that of the 254-kev transition with 
the 20-nanosecond half-life found in Fig. 2. The 
prompt component of this curve is due to contributions 
of Compton events of prompt y rays entering the 
energy channels used. Here the “prompt” curve was 
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Fic. 5. Triple coincidence spectrum with annihilation radiation. 
The singles spectrum is shown for comparison. The low-energy 
portion of the spectrum below channel 10 was suppressed by a 
discriminator. 


taken using the 160-kev y ray and the 25-kev Sn 
AK x ray from a separate Sb'’ source, again simulating 
the conditions of the cascade under investigation. 
Other studies showed the 0.040-, 1.05-, and 1.23-Mev 
y rays to be in prompt coincidence with each other 
within <5 X10~ sec. The 1.23-Mev y ray has been 
shown, from studies of the decay of the 3.5-min isomer 
of Sn''*,* and from Coulomb excitation studies,’ 
from the 5.5X10~'-sec first excited 
state to the ground state. The presence of two measur- 
able lifetimes and the prompt character of the 1.05 
1.23-Mev coincidence uniquely determines the time 
ordering of the transitions shown in Fig. 4. This 
scheme is in serious disagreement with previously 
proposed schemes in the ordering of the 40- and 254-kev 
transitions.°*** 


to be 
the transition 


V. ELECTRON CAPTURE AND 3* EMISSION 


The intensities of the 1.23. and 0.254-Mev transitions, 
as observed in the singles spectrum, impose a limit of 
<10% for direct population from Sb"* of any state 
2.57-Mev order to determine 
conversion coefficients accurately, it is necessary to 
determine the 8 branching more precisely. 

In order to determine the branching ratio and energy 
release of the 8 decay from the 5.1-hr state of Sb!!*, 
triple coincidence measurements were made between 
the two annihilation quanta (511 kev) and the nuclear 
gamma rays. Since K/8* ratios vary very rapidly with 
decay energy, the triple coincidence experiment is 
very sensitive to weak branches to lower levels. Due 
to the nature of the annihilation process, the efficiency 
for their coincident detection at 180°, at large source- 
to-detector distance, is sufficiently enhanced relative 


below the level. In 
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Fic. 6. Internal conversion line spectrum obtained with a rv2 
magnetic spectrometer. Only selected regions are shown. Careful 
observation of the 0.040-Mev L line reveals that L1/(Lu+Lin 
=1.5+0.5, indicative of the £1 character of this transition 


to other coincidences to see 8+ emission that is consider- 
ably less than 1°% of the decay. In these measurements, 
each of two 3X3-in. Nal scintillation detectors was 
set to accept only the full energy peak of the 511-kev 
quanta at 180° to each other at a distance of 10 cm 
from the source. A 4X5-in. Nal detector at ~2 cm 
from the source was used to record the triple co- 
incidence spectrum of the 0.254-, 1.05-, and 1.23-Mev 
rays coincident with the annihilation radiation. 

The electronics was arranged so that pulses from the 
511-511-kev detectors were mixed in fast coincidence 
with a resolving time of 2X10~* sec. The pulses from 
the third detector (4-in.X5-in.) were mixed with the 
511-511 coincidence signal using a resolving time of 
2X10-* sec. This slow resolving time must be used in 
order to obtain high efficiency because of the long 
lifetime of the 2.57-Mev state. 

The spectrum obtained is shown in the lower portion 
of Fig. 5. The upper curve is the singles spectrum 
obtained in the 4X5-in. crystal. The highest energy 
peak is that due to the coincident summing of the 1.23- 
and 0.254-Mev y rays. The curve drawn through the 
observed experimental points of the triple coincidence 
spectrum is the singles spectrum normalized to the 
254-kev y-ray peak. It is seen that the triple coincidence 
spectrum has the same shape as the singles spectrum, 
indicating that 8+ emission goes rather exclusively to 
the 2.57-Mev level as shown in Fig. 4. 

Detailed analysis using these data and the triple- 
coincidence detection efficiencies determined experi- 
mentally using a Na” source yielded the 
results. The decay proceeds entirely to the 2.57-Mev 
level with an upper limit of 0.9% for the decay going 
to the 2.32 Mev or lower level. The value obtained for 


following 





LEVEL 


TABLE II. Internal cor 


Transition 
energy 
(Mev) 


0.0407 +0.0010 


Experimental* 
coefficient 
or ratio 


aTr= 2.42+0.25¢ 


0.2535+0.0005 ax = (4.9+0.4) 10 
ayp= (8.4+0.8)X 107 
ay = (2.0+0.3)X 10-* 

ak/ap= 6.0+0.1 

1.049+0.002 


ax = (9.740.5)X10 4.4X10 


1.229+0.002 


1.090+0.003¢ 


STRUCTURE 


OF Sat'* AND Sa*** 


version results of Sn!!5, 


Theoretical 


k2 M1 Assignment 


FA 


2 
5 


fac 


>31 


5.0K 10° 
8.31073 


10°? 
10-3 


3.8X 18X10"! 
4.8X 2.7X10°* 


6.1 7.9 6.7 


1.0X10°% 1.3X10°% 3.0% 10-8 
7.25X 10-4 


Theoretical ax (423) = 2.05 XK 1072 


* Calculated using indicated theoretical conversion coefficient for 1.229-Mev transition 


» References 17 and 18. 
¢ Determined from scintillation spectroscopy. 
Gamma transition not observed. Multipolarity assignment from decay 


the fraction of the decay proceeding by positron 
emission is (1.6+0.1)X10-*. This result is well within 
the upper limit estimates previously reported.® From 
the known functional relationship between the positron- 
to-capture ratio and the energy release involved for 
allowed 8-decay transitions,'® one obtains quite -sensi- 
tively that the energy of the decay populating the 
2.57-Mev level is 1.32+0.01 Mev. Using the 5.1-hr 
parent half-life and these results, a logft of 5.0 is 
obtained for this decay, a value corresponding with 
that expected for allowed decay. 


aS 
S 
a 


VI. INTERNAL CONVERSION STUDIES 


The internal conversion electron spectrum of the 
transitions was studied using a double-focusing mv2 
iron 6-ray spectrometer operated at approximately 
0.25% resolution. The results, for those regions which 
are of interest, are shown in Fig. 6. Included are the 
0.0407-Mev L subshell conversion lines, the 0.2535- 
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Fic. 7. Internal conversion of the weak A line of the 1.090-Mev 
crossover transition. This is shown well resolved from the 1+ / 
line of the 1.049-Mevy transition 


®M. L. Perlman and M. Wolfsberg, Brookhaven National 
Laboratory Report, BNL-485, 1958 (unpublished). Additional 
references are given in this report 


scheme 


Mev AK, L, and M internal conversion lines, and the 
1.049- and 1.229-Mev KA conversion lines, corrected 
for source decay. In addition, a search was made for 
the possible presence of crossover transitions which 
were unobserved in the scintillation y-ray studies. A 
single crossover transition, previously unreported, was 
observed in the form of a weak A internal conversion 
line at 1.090 Mev, shown in Fig. 7. The energy of this 
transition substantiates the level order given in the 
proposed decay scheme of Fig. 4. An upper limit for 
the intensity of the possible 294-kev crossover transi- 
tion, which not observed, Tx (294) /Tx (254) 
<6.4X10-*. Listed in Table II are the various internal 


is 


was 


2 
a, x!O 


254 Mev 


K/L 
0.254 Mev 


a,xio% 


1.05 Mev 


FroTaL 
0.04 Mev 
te2 





tm2 tue 


eo--j7-= 


= or 


o- 


—E! 











° 
e 


\ 

Fic. 8. Schematic representation of the observed and theoretical 
conversion coefficients and A/Z ratio for the 0.040-, 0.254-, and 
1,049-Mevy transitions. 
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Fic. 9. Results of angular correlations between the 1.23-1.05 
Mev and the 1.23-0.040-Mev 4-ray Some theoretical 
correlations are shown for « 


cascades 


ymparison 
conversion 
comparison of these intensities and that of the pure 
#2 1.23-Mev transition, utilizing the relative intensities 
of the transitions given in Table I. The values obtained 
for the A-conversion the 0.254- and 
1.05-Mev transitions are in good agreement with the 
values quoted by Skytte Jensen ef al.* 

Although no attempt was made to derive the L- 
conversion coefficient of the 40-kev transition due to 


coetticients and ratios obtained from a 


coefficients of 


counter-window absorption uncertainties at this energy, 
the relative -subshell 
to assign the nature of this transition. Assuming that 
the A-conversion coefficient of the 40-kev transition 
has the theoretical value for an £1 transition, the 
observed total L-conversion intensity agrees with the 
theoretical £1 value if a transmission of ~60% is 
assumed for our 0.9-mg, cm* counter window, which is 


structure observed can be used 


reasonable. In addition, from the relative intensities 
of the y rays obtained from the scintillation spectrum 
and the exclusive electron capture decay to the 2.57- 
Mev level, the total internal conversion coefficient of 
the 40-kev_ transition obtained. This value is 
listed in Table II. The theoretically expected values 
for the conversion coefficients for various electric 
multipolarities'’'* are presented for com- 
parison. Most of these data are also given in Fig. 8, 
in a semigraphical form allowing a somewhat clearer 
presentation of the multipole designations. These 
results are consistent with the following pure multipole 
assignments: 0.040 Mev, £1; 0.254 Mev, £2; 1.05 Mev, 
F2. These assignments are in agreement with those of 
Skytte Jensen ef al.* The assignment of the 1.090-Mev 
crossover is taken to be £3 from the spin and parity 
assignments described in a later section 


Was 


and 
magnetic 


VII. y-y ANGULAR CORRELATIONS 
Coupling the multipolarity assignments of the 
transitions obtained from internal conversion studies 

Internal Conversion Coefficients, edited by M. E. Rose (North 
Holland Publishing Company, Amsterdam, 1958) 
‘SL. Sliv and [. Band, Leningrad Physico-Technical Institute 
Report, 1956 [ Translation: Report 57 ICC K1, issued by Physics 
Department, University of Illinois, Urbana (unpublished) ] 
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with the results of y-y angular correlation measure- 
ments may lead to unique spin assignments for the 
levels populated in the decay. y-y angular correlation 
measurements were made on three pairs of cascade 
y rays. In these studies, the data were obtained at 
15-degree intervals from 90° to 270° and were taken 
and recorded automatically. The two 3X3-in. Nal 
detectors (for the 40-kev correlation a 1.50.125-in.- 
thick Nal) were placed 15 cm from the centered source 
with each of the two channels sensitive to the full 
energy peak of one y ray of the pair under investigation. 
A fast coincidence resolving time of ~2X10-° sec 
used. The data so obtained were corrected for accidental 
coincidences which were less than a few percent. The 


was 


time spent in completing one 90°-270° cycle was such 
as to make correction for source decay very small. 
The coincidence rate at each angle was normalized to 
the singles counting rate in the movable counter. The 
correlation obtained 
squares analysis of the data'’ and then corrected for 
the finite solid angle of the detectors. All correlations 
were performed relative to the 1.23-Mev y ray. Thus 
the possibility of Compton contributions of higher 
energy y rays in one of the detectors is removed. The 
skipped and double-skipped correlations are sufficiently 


sensitive to determine all the spins involved 


coefficients were from a least- 


A. 1.23—1.05-Mev Correlation 


As these two y rays are the most energetic observed 
in the scintillation spectrum, no other 
radiations contribute to the observed correlation. The 
results are presented in Fig. 9 in addition to being 
listed in Table III. The solid line is a least-squares fit 
to the data and is indistinguishable, in this plot, from 
the theoretical correlation” corrected 
angle, for the 4(Q)2(Q)0. 
comparison are the theoretical correlations for some 
the pure 
quadrupole character of both transitions. Clearly, the 
data correspond to the 4(()2(Q)0 
agreement with the results of Skytte Jensen ef al.* and 


coincident 


for finite solid 
sequence Presented for 


spin sequences which are consistent with 


assignment, in 


rase III 


Angular correlation result 


Theoretical 
coefficients for 
indicated cascades 
cosé) P4(cosé) 


y-Tay 
energies 
(Mev) 


1.229-1.049 


Experimental coefficients 
P.(cosé P,(cosé P 


0.102 0.0091 
$(V)2(Q)0 

0.071 0 

5(D)4(Q)2(Q)0 


0.099+0.009 0.011+0.012 


0.041-1.229 — (0.080+0.014 


0.254-1.229 
Prompt 
Delayed 


0.102 0.0091 
7(Q)5 D)A(Q)2(Q)0 


0.106+0.011 
0.103 +0.009 


0.020+0.014 
0.014+0.013 


»M.E 1953 


Rose, Phys. Rev. 91, 610 
2° L. C. Biedenharn and M. I 
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in disagreement with the results of Ramaswamy ef al.° 
who obtained a somewhat higher coefficient for the P» 
term, prompting their assignment of the 1.05-Mev 
transition to contain a small admixture of M3 radiation. 
Taken together with the present A-internal conversion 
results, the correlation we obtained does not allow any 
mixed multipole assignment for this transition. 


B. 1.23—0.040-Mev Correlation 


In this correlation measurement, the thin scintillator 
used to register the 40-kev y ray was covered with 
three mils of Cu foil to selectively absorb the 25-kev 
Sn A x ray. The 40-kev detector was stationary. 
Present here is the possibility of underlying Compton 
distributions of the 1.05- and 0.254-Mev y rays also 
coincident with the 1.23-Mev transition. To measure 
the extent of this effect, 30 mils of Cu were interposed 
on the 40-kev detector the source, which 
effectively absorbed the 40-kev y ray completely, while 
not affecting the higher energy gamma rays. The 
angular correlation was measured with and without 
the absorber. The effect of the Compton distributions 
was found to be negligible. 

The results are presented in Fig. 9 and Table III. 
The least-squares fit to the data (solid line) is in- 
distinguishable from the theoretical correlation cor- 
rected for finite angle, for the 
5(D)4(Q)2(Q)0. This is a case of a skipped correlation 
with the intermediate transition unobserved.” Again, 
for comparison, the theoretical correlations consistent 
with the multipole assignments obtained from the 
conversion studies are plotted. It is seen that the 
5(D)4(Q)2(Q)0 sequence is clearly most consistent 
with the data. As in the 1.23-1.05-Mev correlation, 
correlation functions involving other spins and including 
multipole mixing would not admit to a fit of the data 
with multipole mixtures in any reasonable agreement 
with the internal conversion results or the observed 
lifetimes of the 40-kev transition. 


side of 


solid sequence 


C. 1.23 0.254-Mev Correlation 


This is a case of a double-skipped correlation with 


the intermediate radiations unobserved. The 
theoretical treatment of this correlation is a natural 
and simple extension of the single-skipped case.” 
There exists the possibility that the lifetime of the 


two 


edited by F 
York, 1960), 


20. C. Biedenharn, Nuclear 
\jzenberg-Selove (Academic 
Part B, Chap. V, p. 732. 

22 Using the notation and formula numbering of reference 21 
for the cascade jo(Lo,Lo’)Ji(Li,Li )J2(L2,L2')J3(L3,L3')js, the 
correlation function is given by a modified form of Eq. (66), 
where W,(0)= 2, A,(0)A,(3)C,(1)C,(2)P,(cos@). The calcula 
tions then proceed in a straightforward manner. However, it 
should be noted that the & which appears in the incoherent sum 
of Eq. (66) is the intensity ratio of the primed and unprimed 
decay modes of the unobserved intermediate transition and not 
of the gamma-ray intensities, this distinction being important 
vhere the intermediate transition is reasonably highly converted 
and is composed of a mixture of multipoles. 
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Fic. 10. Angular correlation between the 0.254- and 1.23-Mev 

rays. Correlations using a resolving time of ~1.5X10°® sec 
were obtained with and without a 30-mysec delay of the 0.254- 
Mev radiation. The points shown have been slightly displaced 
from the designated angle for clarity of presentation. The solid 
line is the least-squares fit to the data. The dashed curve is the 
only other possible correlation [3(Q)5(D)4(Q)2(Q)0] with 
positive P2(cos@) coefficient, assuming pure multipoles. 


2.32-Mev level (2X10~* sec) might be sufficiently long 
to allow the spin orientation of this level to precess 
about any existing internal fields due to the coupling 
of the nuclear magnetic dipole or electric quadrupole 
moments to those fields. This effect would manifest 
itself in a decrease in the measured anisotropy from the 
unperturbed value. This possibility was explored by 
performing delayed angular correlation measurements 
with delay times from zero to 30 mysec, using a weak 
HC! solution for the source. It was found that within 
experimental error, no evidence for such a diminution 
of the measured correlation was observed. 

In addition, there is a contribution to the measured 
correlation from the 1.23--1.05-Mev correlation due to 
the 1.05-Mev Compton distribution underlying the 
(0).254-Mev full-energy peak. Since the 1.17- and 1.33- 
Mev y rays from Co™ 
and 1.23-Mev transitions in Sn 
same angular correlation function, this source was 
used to measure the extent of this contribution. This 
was accomplished with one channel set the same as 
for the 0.254-Mev peak and the other on the 1.33-Mev 
line. The results were used to correct the 1.23—0,254- 
Mev. correlation Since the 1.23-1.05-Mev 
cascade is prompt, the delayed angular correlation 
did not this “background” 


are so close in energy to the 1.05- 


118 


and give rise to the 


observed. 


measurements contain 


correlation. 
Table III, 


The results are given in Fig. 10 and 
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TABLE IV. Transition probabilities in Sn™8 and Sn'”. 


Transition 
and 
multipole 
order tT, 


E 2b 


—— > ()+ 1.229 


5.6X10°! 


0.041 2.0X10 * 


0.254 2.3X10 


1.090 8.7X10 


alculated a ig t 
lishing Company, sterdam, 


1959), I 
mb exc 


Ty(8.P. 


0.097 
‘ 


1.5X 104 


16 0.200 


Sn! 


v4 
r (sec) ry/Ty(8.P 


6.9X 1078 0.097 


0.090 5.210 1.6X 10! 


1.1X107° 250 


1.1 1.12 


not observed 


» Weisskopf estimate given by A. H. Wapstra, G. J. Nijgh, and R. Van Lieshout [Nuclear Spectroscopy Tables (North- 
r . 71), including internal conversion. 


for the internal conversion line of this transition resulted in this lower limit. 


They are consistent only with the sequence 7(Q)5(D)- 
4(Q)2(Q)0. The possibilities of spins 6, 5, or 4 for the 
2.57-Mev state give negative P» coefficients assuming 
a pure multipole nature for the 254-kev radiation. 
If one allows for a small multipole admixture then 
only spin 6 might be fit, but this predicts a negative 
0.04, which is outside our error. 
Also, consideration of transition probabilities shows 
that if the state had spin 6, the possible 6—5 M1 
transition would be retarded by a factor of 2X10, 
which seems unreasonable. ) 
Summarizing the 


Ps coefficient of 


results of the present angular 
correlation measurements and those obtained from the 
other studies reported in this paper, the spin and 
parities so determined are shown in the decay scheme 
of Fig. 11 for mass 118. 

The decay scheme of 6-day Sb” is also presented in 
Fig. 11, and is discussed in the Appendix. 


VIII. DISCUSSION 


The similarity between the level schemes of Sn!!* 
and Sn™ is apparent. This discussion concerns both 
level schemes. Table IV presents the known lifetimes of 
levels in both nuclei and a comparison of the partial 
y-ray lifetimes to the Weisskopf estimates. 

As mentioned previously, the first-excited 2+ states 
have enhanced transitions which are 10 times faster 
than single-particle speed.’ The enhancement of these 
£2 radiations is discussed in detail by Kisslinger and 
Sorensen‘ and predicted rather well by their model. 
The 4+ states might either be interpreted as members 
of the two-phonon triplet which could be expected at 
this energy, or they may be due to an even neutron 
configuration, which from the work of Kisslinger and 
Sorenson would also be expected to be present in this 
energy region. Proceeding higher in energy, it is 
evident that the pairing is broken, in order to account 
for the negative parity states. 


The possible neutron orbitals available in this 
region are fy; 2, 5; 2, and d3 2. The /,; 2 must be present 
in all odd parity states. It is obvious that within this 
scheme the 7— must be characterized by 
(/y1/2,d3 2)7_. The 5— states may have contributions 
from the two configurations (Jj; 2,d3.2)s— and (My1)2, 
5; 2)s-. It is suggested by the rules of Glaubman and 
Talmi*® for the coupling of two identical particles, that 
7— is the lowest state of the (Ay; 
Since the 5— 
one therefore 
(M11 /2,51/2)5—- 

The £2 transitions from the 7— to 5— states are 
most interesting. These are retarded in both nuclei, 
and the retardation differs by a factor of 16 between 
Sn" and Sn™. It would seem that a simple shell-model 
calculation (which ascribes an effective neutron charge 
of the order of the proton charge) would lead to an 


states 


»,@3 2) configuration. 
lower than the 7— 
that it 


state lies state, 


concludes is predominantly 


a-s4 / 
2.57 al 2.3410" sec . 


E2 
0.254 
| 2.0210°° sec 
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hic. 11. Delay scheme of Sb!’ and All energies are in Mev 


73M. J. Glaubman, Phys. Rev. 90, 1000 (1953); I. Talmi, ibid 


90, 1001 (1953) 
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allowed transition in both nuclei or at least a similar 
retardation. The work of Kisslinger and Sorensen‘ 
provides formulas for calculation of the expected 
retardation factors for this transition in Sn'!8 and Sn!™, 
according to their model. Using their formulation and 
the parameters for Sn presented in their paper for the 
states in question, the speeds of these two transitions 
should, indeed, be significantly reduced from single- 
particle speed. However, the values so obtained differ 
considerably from the experimental results. However, 
these predictions should not be taken too seriously 
because the parameters describing population and 
vacancy of the states between which the transitions 
proceed are such that the population parameters of 
Sn!'§ are very nearly equal to the vacancy parameters 
in Sn, and vice versa. In other words, an inversion 
in values of these parameters is undergone between 
Sn'™§ and Sn”. The transition probability depends 
upon the small difference of these two similar quantities. 
A very slight modification in these parameters might 
result in lifetimes in agreement with experiment, 
while having little or no effect upon other characteristics 
of the level schemes of these nuclides. To say the 
on the of the work Kisslinger and 
Sorensen, the lifetimes of the £2 7— to 5— transitions 
may be expected to show variations as large as observed, 
indicating that no other effects need be incorporated 
to explain these results. 

The 5— level decays with a retardation factor of 
~1.5X10' for the -1 transitions to the 44 state in 
both nuclei. Both the (/j;,2,5; 2) or the (Ay1)/2,d3 2) 
configuration of the 5— level absolutely forbid the 
observed transitions, in agreement with the large /1 
retardation factors present. To allow the transition 
to proceed, small admixtures of either other shell 
model configurations or of collective effects could be 
invoked. The £1 transition from the 5— state can be 
ascribed to some admixture of the giant dipole excitation 
as a collective effect built up on the 44 state. It 
seems rather striking to us that the retardation factors 
for the /1 transitions in both Sn" and Sn™, listed in 
Table IV, are essentially identical although no reason 
for the similarity is apparent. 

Similarly, although the £3 transition from the 5— 
to 2+ states in Sn" proceeds with about single- 
particle speed, both possible shell model configurations 
ascribed to the levels forbid an £3 transition. 
The emission of the 1.090-Mev transition in Sn'"'* can 
be ascribed to only a small admixture of the collective 
octopole excitation built on the 2+ core state, resulting 
in an £3 transition of about single-particle speed, 
since the octopole part itself would result in an en- 
hanced transition. The observation of the correspond- 
ing £3 in Sn is more difficult experimentally because 
of the faster speed of the competing F1 transition, and 
was not observed in this work. 

Since the 5.1-hr parent level in Sb"* and the 6-day 
level in Sb decay by an allowed § transition only to 


least, basis of 


5-— 
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the 7— levels in Sn, the spin and parity of these states 
would either be 6—, 7—, or 8—. The odd proton, 
exceeding the closed shell at 50 by one proton, would 
presumably be in the d5,2 orbital. The negative parity 
of these levels again requires the odd neutron to 
occupy the Aji. orbital. Using the coupling rules for 
odd-odd Brennan and_ Bernstein™ and 
de-Shalit and Walecka,” the highest spin, 8—, possible 
from the (/1,;2,d5.2) configuration should lie lowest. 
This (/1; 2,d5,2)s— assignment is quite consistent with 
the 8 decay going exclusively to the (/1,2,d3/2)7 
levels, being the transition of the d; 2 proton to t 
ds. neutron orbital. 

Short-lived isomers of Sb!'* and Sb” 


nuclei of 


he 


are known. In 
both cases, the isomers decay by positron emission to 
the 04 
have therefore been assigned spin 1+. These can be 


and 2+ states in Sn!’ and Sn™. The isomers 


ascribed to the configuration (d3/2,d5,2):,. The position 
of these isomers relative to the long-lived isomers are 
uncertain. For Sb’ the decay energy of the long-lived 
isomers is unknown since no positron emission has 
been observed. For Sb''* two measurements of the decay 
energy of the short-lived isomers exist in the 
literature.’ report 4.12 Mev* and 3.72 
Mev,”' are in disagreement. The long-lived 
isomer of Sb!!* lies 3.89 Mev above the Sn"* ground 
1+ thus remains 
ambiguous. A remeasurement of the decays of the 
short-lived isomers, including a serach for decay to a 
near the known 4+ 


These 
whi h 


state. The position of the level 


possible state of spin 0+ or 24 
states, would be of great value. 

Another interesting measurement which is in progress, 
suggested from the results of our lifetime and angular 
correlation measurements, would be a measurement of 
the magnetic moment of the 5— states by precession 
of the angular correlations. 
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APPENDIX. ORDER AND LIFETIMES 
OF STATES IN Sn'™ 


The lifetimes of the third and fourth excited states 


in Sn” have been measured by Ikegami." As discussed 
in the Introduction, the possibility of error in the 


“M. 
1960). 

25 A. de-Shalit and J. D. Walecka, Phys. Rev. 120, 1790 (1960). 
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Fic. 12. Time spectrum of coincidences between the 0.200- and 
0.090-Mev y rays of Sn™. The lifetime appears on the side corre 
sponding to the late arrival of the 0.090-Mev » ray. 


ordering of the transitions was considered, and for that 
reason we remeasured these lifetimes. 

Sources of 6-day Sb’ were produced by deuteron 
bombardment of natural Sn metal. A thick target was 
used and the bombarding particles were 20-Mev 
deuterons from the Brookhaven 60-in. cyclotron. The 
targets were allowed to decay for about 5 days and the 
Sb activities were separated using an ether extraction 
from 7.5.V HCl. The sources so obtained were suffi- 
ciently intense and free of disturbing contaminants. 


Lifetime of the Third Excited State 


It was possible to use two 2X 2-in. NaI(T1) detectors 
in the measurements, thus essentially removing any 
ambiguity as to the energy of the transitions observed. 
For the lifetime of the third excited state a time-to- 
pulse-height converter of the Green and Bell type 
was employed. Time spectra were obtained using 
energy selection of the photopeaks of the scintillation 
spectra for several pairs of y rays. 

Figure 12 shows one of the time spectra obtained by 
channeling on the 0.090-Mev and 0.200-Mev transitions. 
The prompt curve was obtained using an Na™ source 
and identical energy channels as for the Sn measure- 

rase V. Lifetime measurements Sn™ 
ray energies used ir 
delay measurement 
Early radiation 


listed first 
Mev) 


Observed Tj 
sec) 


x ray-0.20 11.24+1.0)10"* 
x ray—0.09 11.2+1.0X10 * 
0.20-0.09 5.2+0.4)xK10% 
0.20-(1.0+1.2 3+0.6)X10°% 
0.09-1.2 prompt <3X10° 


* Error due to uncertainty in time calibration 
— | n } ! 


Cor peak accepted in late channel 
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ments.”” This spectrum indicates that the 0.200-Mev 
transition does precede the 0.090-Mev transition, in 
contradiction to Ikegami’s ordering. In order to check 
this point further, time spectra were measured by 
channeling on the different sets of y rays as indicated 
in Table V. These results show unambiguously that 
the time order of the transitions is indeed as given in 
our decay scheme of Fig. 11. We take as the half-life 
of the third excited state (5.2+0.4)X10~ sec. This 
value is somewhat the value 
(6.05+0.20) * 10-° Ikegami." Our 
time determined of the 
prompt time spectra of Na” with appropriate delays, 


in disagreement with 
obtained by 


by observation 


sec 
scale was 
and was linear over more than 60 channels. 


Lifetime of the Fourth Excited State and Instru- 
mentation for Measurement of Microsecond 
Lifetimes 


The lifetime of the fourth excited state re- 
measured using a transistorized 400-channel Radiation 
Instrument Development Laboratory pulse-height an- 
alyzer as a direct time-delay analyzer. A schematic of 
the electronic arrangements is sl} 13. The 
address advance oscillator in the standard analyzer 
has a frequency of 2 Mc/sec, 
time intervals for each channel. 
the output of the single-channel 
on the earlier radiation (Sn A x ray 
that this pulse would normally store in channels 390 
to 400 of the pulse-height analyzer. The pulse from 
the second detector is passed through a single-channel 
analyzer and delayed by ~ 20 ysec. This pulse is then 


fed?* to the analyzer to a point which stops the address 


Was 


own in Fig. 


thus resulting in }-pse¢ 
The pulse height of 
analyzer which is set 


is adjusted so 


advance oscillator. If a pulse appears in the early 


detector, and no pulse appears in the second channel 
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Fic. 13. Block diagram of electronics for 
microsecond life-time determinations 


Al: for the 
considered 


27 Positrons from this source were annihilated in 
purposes of this measurement this source may be 
prompt. 

2% A 10-volt negative pulse is imposed on pin 8S of connector 


P4(RA) of the R.I.D.L. model 34-8 or 34-12 analyzer 
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Fic. 14. Time spectrum of coincidences between A x rays and 
the 0.200-Mev radiation in Sn. A small accidental contribution 
of 42 counts per channel has been subtracted from each channel. 


for ~ 200 usec thereafter, the analyzer stores in channels 
390-400. If a pulse appears within this time interval 
in the “late” detector, a pulse is stored in the analyzer 
in a channel appropriate to the time delay. 

Because of the long effective “resolving time’’ of 
this system, very weak sources must be used for these 
experiments to maximize the ‘“‘true-to-chance’’ co- 
incidence rate. The probability of obtaining an 
“accidental” pulse from the delayed single channel 
analyzer within an arbitrary 200-usec interval must 
be appreciably smaller than unity. If this is not the 
case, the accidental spectrum obtained will not contain 
an equal number of pulses per channel but will be 
heavily weighted at low channels, and evaluation of 


is AND Sn"? 


the accidental coincidence contribution to the measured 
time spectrum will be difficult 

To detect the Sn AK x rays, a thin window 1X1-in. 
Nal detector was used. The second (late) detector 
was a 2X2-in. Nal scintillator. The “late” channel 
was set on the full energy peak of either the 0.090- or 
0.200-Mev radiation. The time spectrum 
Fig. 14 was obtained by channeling on the 0.200-Mev 
radiation. The curve shows a “prompt” contribution 
due to coincidences 200-kev radiation 
and the A internal conversion of the 
0.090-Mev 
prompt and delayed parts are in quantitative agreement 
(within <10°%) with the known A-conversion co- 
efficient of the 0.090-Mev transition and the theoretical 
allowed K-to-L capture ratio for the Sb decay. The 
observed half-lives are given in Table V and are in 
(1.18+0.05) K 10-5 


shown in 


between the 
from 
transition. The ratio of intensities of the 


x rays 


good agreement with the value of 7 
sec obtained by Ikegami.” 


Decay Scheme and Spin Assignments 


The spin and multipolarity assignments indicated 
in Fig. 11 for the levels of Sn are obtained from the 
internal conversion results of Ikegami” and from a 
reinterpretation of his many angular correlation 
experiments, using the new level ordering. It can be 
shown that if all transitions are pure multipoles, all 
angular correlations for the cascade 7(yi1Q0)5(y2D)- 
4(y30)2(y,Q2)0 are identical with the cascade 7(y2D)- 
6(yv10)4(y20)2(y4Q)0 suggested by Ikegami. The nota- 
tion (y;), above, refers to the energy of the transition. 
The angular correlation measurements of Ikegami are 
not completely consistent with the assumption of pure 
multipoles. In some 
P,(cos#) terms appear which must be zero for the 


several of his correlations, 


pure multipole assignments. However, we feel that not 
too much significance should be placed upon the very 
small errors Ikegami puts on the small P4(cos8@) co- 


several of his measurements are 
if one interprets the errors 


efficients, since 
internally 


literally. 


inconsistent 
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Angular Distribution of 2.6-Mev Gamma Rays from the Reaction Pb’"*(n,n’y)Pb’"*} 


D. J. DoNAHUE 
Pennsylvania State University, University Park, Pennsylvania 
(Received May 2, 1961) 


Gamma rays produced through inelastic scattering by lead of a collimated beam of fast neutrons from a 
reactor have been detected with a NaI(Tl) crystal. The relative yield of 2.6-Mev y rays from Pb®® was 
measured as a function of the angle between the incident neutrons and outgoing y rays. Good agreement 
is obtained between the experimental angular distribution and a calculated distribution based on a statistical 


model, ar 


I. INTRODUCTION 


TUDIES of the energy spectrum of y rays from 
(n,n’y) reactions have yielded considerable infor- 
mation concerning the location of bound, excited states 
in nuclei. Measurements of the cross sections for such 
reactions help to determine an appropriate model to 
be used in considering the neutron-nucleus interaction. 
An example of such measurements and of their inter- 
pretation is the work of Lind and Day.! 

Satchler® has proposed that by studying the angular 
distribution of y rays following neutron inelastic scat- 
tering, information can be obtained about the angular 
momentum and parity of the nuclear states involved 
in the y-ray transition. Satchler uses a statistical model 
of the system formed by the incident neutron and the 
target nucleus to obtain an expression for the yield 
of y rays from an (n,n"y) reaction as a function of the 
angle between the incident neutron and the outgoing 
y ray. His expression depends among other things, on 
the angular momentum and parity of the nuclear states 
involved in the y-ray transition. This expression has 
been checked by Day and Walt,’ who obtained good 
agreement between experimental and calculated values 
for the differential cross section for production of 0.85- 
Mev ¥ rays from the reaction Fe®*(,n’y)Fe®®. Day and 
Walt used incident neutrons with energies of 2.56 Mev. 

In the work described here, the angular distribution 
of 2.6-Mev y rays emitted from the 3~ state in Pb”, 
in the reaction Pb?*(1,n’y)Pb”*, has been measured, 
and compared with the calculated distribution. Fast 
neutrons from fission were used to excite the lead nuclei. 
Although neutrons from fission can have, for practical 
purposes, any energy from a few kev up to about 10 
Mev, two facts allow a reasonable comparison to be 
made between the measured and calculated angular 
distributions. The product of the shapes of the fission- 
neutron energy spectrum and of the total cross section 
for the Pb”*{ ,n’y(2.6 Mev)}Pb”"’ reaction, calculated 
from the theory of Hauser and Feshbach,' has a maxi- 
mum at about 4 Mev, with a half-width of about 1.5 
Mev. Also, as shown in Sec. ITI, the calculated angular 
distribution of this reaction is not very dependent on 

+ Supported in part by the U.S : 

‘D. A. Lind and R. B. Day, Ann. Phys. 12, 485 (1961). 

2G. R. Satchler, Phys. Rev. 104, 1198 (1956); 111, 1747 (1958 

*R. B. Day and M. Walt, Phys. Rev. 117, 1330 (1960). 


*W. Hauser and L. H. Feshbach, Phys. Rev. 87, 366 (1952). 
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id using quantum numbers 3- for the 2.6-Mev state in Pb’, 


incident neutron energies, for neutron energies in the 
vicinity of 4 Mev. 


Il. EXPERIMENTAL PROCEDURE 


The arrangement used is shown in Fig. 1. Neutrons 
from a pool reactor pass through: (a) a 4-in. bismuth 
plug, which reduces the y-ray background in the experi- 
mental area, (b) an aluminum flange, which keeps the 
water in the pool, and (c) a 3-in. LiF plug, which removes 
thermal neutrons from the beam. A. lead collimator one 
foot long and a paraffin collimator 2 ft long limit the 
diameter of the beam at the target to about 2 in. The 
target is located about 5 ft from the end of the colli- 
mator. The total distance from the bismuth plug to the 
target is about 14 ft. 

Gamma rays produced in the target were detected 
with a 3-in. diameterX3-in. length Nal(Tl) crystal, 
and pulses from the photomultiplier tube were recorded 
in a 128-channel pulse-height analyzer. The distance 
from the target to the detector was from 30 to 40 in., 
so that the angular spread was less than +3°. The angle 
between incident neutrons and emitted y rays was 
varied from 110° to 150°. At angles less than 90° and 
greater than 150°, high background at 
made the collection of data difficult. 


the detector 


Figure 2 shows the y-ray spectrum obtained at one 
angle using a lead target } in. thick. The data plotted 
as dots were obtained with a natural lead target. Those 
plotted as crosses result from a radio-lead target (Pb*”® 
abundance~88%). Gamma rays from well-known en- 
ergy levels at 0.80 Mev in Pb?” and 2.6 Mev in Pb” are 
seen Clearly. The peak at 2.1 Mev results from the es- 
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Fic. 1. Experimental arrangement 





ANGULAR DISTRIBUTION 


cape of a single annihilation-radiation photon following 
pair production in the crystal by a 2.6-Mev y ray. 

From a study of the data illustrated in Fig. 2, we 
have concluded that, within the precision of the experi- 
ment, (a) all of the 2.6-Mev y rays originate in Pb’, 
and (b) no other y rays are present which come from 
Pb*’. Weak y rays, with intensities a few percent of 
the 2.6-Mev y rays, or y rays from Pb** with energies 
less than about 550 kev could not have been seen in this 
experiment. 

The energy level scheme of Pb*°* indicates that it is 
unlikely that the 2.6-Mev y ray is in cascade only with 
y rays with energies less than 550 kev. We have as- 
sumed, in analyzing the angular distribution data, that 
there are no y rays in cascade with the 2.6-Mev y ray 
from Pb*®. 

To investigate the effect on the measured angular dis- 
tributions of multiple scattering of neutrons, distribu- 
tions were measured using targets with thicknesses of 
; in. and js in. No difference in the angular distribu- 
tions was detected. That no difference was observed is 
not surprising, since only about 6% of the incident 
neutrons suffer an elastic collision in a }-in. target, and 
the precision of the individual measurements with differ- 
ent target thicknesses is only about 5%. 

Finally, the possibility that the observed y rays re 
sulted from capture by lead nuclei of thermal neutrons 
was eliminated by looking for the presence of 7.4-Mev 
y rays. These are the predominant y rays emitted in the 
(n,y) reaction in lead, and none were observed in this 
experiment. 

Data were collected as follows: with the power level 
of the reactor fixed, and with the detector at a given 
angle, y rays from the target were counted for a fixed 
time, between six and thirteen minutes. The target was 
then removed and the room background counted for 
the same length of time. Data obtained from a §-in. 
thick target, including the room background, and with 
background subtracted, are shown in Figs. 3 and 4, 
respectively. As indicated in Fig. 3, the room back- 
ground is large. The signal at 2.6 Mev is about 15% of 
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Fic. 2. Gamma rays from Pb(n,n'’y)Pb reaction. The dots 
result from a natural lead target, and the crosses from a radio-lead 
target. Target thickness was }-in. 
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Fic. 3. Signal and background from a }-in.-thick scatterer. 
The 2.22-Mev 7 rays are from the H'(,7)H? reaction. 


the total counting rate. The triangle shown in Fig. 4 
is the shape of the total-energy peak expected at 2.6 
Mev. This expected shape was measured using 2.8-Mev 
y rays from radioactive Na*‘. Figure 4 shows that after 
subtracting room background, some background still 
remains. A measure of this background at 2.6 Mev was 
obtained from the counting rates at energies between 
2.6 and 3.5 Mev (between channels 90 and 120 in Fig. 4). 

The area within the triangle shown in Fig. 4 was used 
as a measure of the intensity of 2.6-Mev y rays. 
Approximately ten measurements of this area were 
made at each of seven angles between 110° and 150°, 
five measurements using a }-in.-thick scatterer, and five 
using a /g-in.-thick scatterer. From a statistical analysis 
of these data, we concluded that the ratio of intensities 
of the 2.6-Mev y rays at two different angles could be 
obtained from a single pair of measurements with a 
standard deviation of about 10%. Since no systematic 
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Fic. 5. Calculated shape of the cross section o(£) of the 
Pb*8{n,n'y(2.6 Mev)}Pb™® reaction, and product o(£)®(£) of 
this cross section with the shape of the fission-neutron energy 
spectrum 


difference could be seen between the }- and ;',-inch 
data, all the data were averaged, so that the final 
standard deviation of the ratio of intensities at two 
different angles is between 3 and 4%. 


III. RESULTS 


In order to compare the experimental and theoretical 
angular distributions, it is necessary to have some notion 
of the energy of the incident neutrons which cause the 
reaction. Figure 5 shows a plot of the shape of the cross 
section for the reaction Pb*{n,n’y(2.6 Mev)}Pb”’, 
calculated from the theory of Hauser and Feshbach.* 
Also shown in Fig. 5 is the shape of the curve which 
results when this cross section is multiplied by the shape 
of the fission-neutron energy spectrum. Only qualitative 
conclusions can be drawn from the shape of this reaction 
rate curve, because the theoretical cross-section curve is 
not well established, and because the energy spectrum 
of fast neutrons from the beam port of a pool reactor is 
distorted somewhat from the fission spectrum. Within 
these limitations, we find that (a) the reaction rate 
curve has a maximum at about 3.5 Mev, (b) about 70% 
of the reactions are induced by neutrons with energies 
between 3.2 and 6 Mev and (c) the median neutron 
energy at which the reaction occurs (half the reactions 
occur at greater energies) is about 4.2 Mev. 

Figure 6 shows the measured angular distribution, 
together with several theoretical distributions, calcu- 
lated from Satchler’s equation for several different 
conditions. Curves A, B, and C were calculated assum- 


ing that the 2.6-Mev state in Pb™® is a 3>- state, as it 
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Fic. 6. Relative yield of 2.6-Mev y rays as a function of |cos6|, 
where @ is the angle between the incident neutron direction and 
outgoing y-ray direction. Curves A, B, and C were calculated 
assuming that the 2.6-Mev state in Pb™* is a 3~ state, and using 
incident neutron energies of 3.5, 4.1, and 6.0 Mev, respectively. 
Curve D was calculated assuming the 2.6-Mev state is a 2* state, 
and using an incident neutron energy of 4.1 Mev. 


is known to be, and using incident-neutron energies 
of 3.5, 4.1, and 6 Mev, respectively. Curve D results 
from assuming that the state in Pb®* has quantum 
numbers 2*, and using 4.1 Mev as the incident-neutron 
energy. The transmission coefficients used were those 
tabulated by Beyster ef a/.° for bismuth. For calculations 
using the 3~ quantum numbers, incident waves with 
i<4 and outgoing waves with /<3 were considered. For 
curve D only neutrons with /<3 were considered. The 
experimental data in Fig. 6 are plotted so that the point 
at 110° falls on the calculated curve. 

From the curves and data shown in Fig. 6 we have 
concluded that, for the particular reaction studied 
here, (a) the energy dependence of the angular distribu- 
tion given by Satchler’s equation is sufficiently small 
that the validity of the equation can be checked 
using neutrons with the energy distribution resulting 
from fission; (b) the experimental angular distribution 
is well described by Satchler’s distribution for a 3- — 0* 
transition ; and (c) the angular distribution is sufficiently 
sensitive to the quantum numbers of the states in- 
volved in the transition that a 3> — 0° transition can 
easily be distinguished from 2* — 0* transition. 
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Classical Self-Consistent Nuclear Model* 
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The Thomas-lFermi method in simplest form is applied to find the radial distribution of nucleons in a 
spherical nucleus in the absence of Coulomb forces. Saturation is obtained by hypothesizing a two-body 
force quadratically dependent on relative momentum. The effective one-nucleon potential energy is therefore 
velocity dependent. Solving the basic integral equation and imposing generally accepted values for the 


average and Fermi kinetic energies in the nuclear matter limit (4 


©) gives a solution exhibiting surface 


and saturated interior regions. Fixing one more parameter (the force range, taken to be #/m,c) determines 
all numerical features (e.g., surface thickness, interaction strength) at reasonable values 


INTRODUCTION 


HIS paper reports the results of a calculation of 

the density of nucleons as a function of the 
distance from the center of an isotropic nucleus of 
finite size, in which four nucleons can occupy a given 
momentum state, but in which there is no Coulomb 
repulsion. The idea is to take seriously and explore 
quantitatively the simplest form of the degenerate 
fermion-gas (or Thomas-Fermi or ‘‘classical’’) nuclear 
model. The two-body force law is assumed to have a 
Yukawa space dependence. A quadratic dependence on 
relative momentum is inserted into the interaction to 
give saturation by roughly imitating the effect of a 
repulsive core in the true interaction. 

We treat a nucleus in its ground state as a degenerate 
gas of nucleons. At each point of configuration space, 
momentum space is filled as densely as allowed by the 
Pauli principle up to the Fermi momentum pr. We 
consider spherical nuclei, in which case the Fermi 
momentum will depend on only the distance r(= r’) 
from the center of the nucleus: pr= pr(r). The nucleon 
number-density is given by 


(42/3) pr(r) }° 


(2xh)* 


n(r)=4 


Now we assume that each nucleon moves in a self- 
consistent potential arising from its interaction with 
the other nucleons. We assume further that the effective 
or average nucleon-nucleon interaction can be written 
as central but dependent on relative momentum. The 
potential energy of a single nucleon will then be 
momentum dependent as well as position dependent. ' 
To calculate the potential energy of a nucleon with 
momentum p at the position r, one must first add the 
energy contributions of the nucleon’s interactions with 
all those nucleons having momenta within the Fermi 
sphere, (FS), at r’, and second add the contributions 


* Supported in part by the Atomic Energy Commission 

+t National Science Foundation Predoctoral Fellow. 

‘'V. Weisskopf, Nuclear Phys. 3, 423 (1957), has shown thet 
the existence of nuclear matter and the independent particle 
description of its properties imply that the average potential 
energy is momentum dependent. 


from different r’ throughout the nuclear volume (NV). 


‘ r / |P—P| F 
U(r,p)=—Uo [ dr f dp'G | —| JF 
NV FS p | 


D 


-, (2) 
(2rh)* 


where U9 is a fixed positive energy giving the strength 
of the interaction. The function G expresses the momen- 
tum dependence of the interaction, F represents the 
spatial dependence, and rp and pp are, respectively, 
length and momentum parameters introduced to make 
the arguments of F and G dimensionless. Integration 
over the Fermi sphere means over all momenta whose 
magnitudes are less than or equal to the Fermi momen- 
tum at the particular configuration point. Integration 
over the nuclear volume implies summing the contribu- 
tions from all configuration space volume elements 
which are within the nucleus. 
We adopt, for F, the Yukawa function, 


F(x)=e-*/x, (3) 


and for G a simple (from the computational point of 
view) quadratic, 


G(x)=1—2". (4) 


For the case of infinite nuclear matter, where pr is 
independent of 7, the assumption of a quadratic 
momentum dependence for the potential energy has 
been examined by Weisskopf! and Mittelstaedt? and is 
known as the effective-mass approximation. In the 
limit of infinite nuclear volume our equations should 
describe nuclear matter and will simplify to the 
effective-mass approximation. 


THEORY 


We seek the density distribution of the nucleons in 
the ground state of a nucleus. We consider only a 
spherically symmetric distribution. Our approach is 
to look for a density distribution which will minimize 
the total energy £7 of a nucleus, subject to the condition 


2. Mittelstaedt, Nuclear Phys. 8, 171 (1958) 
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that the total number of nucleons 4 is fixed. 


4 
wted a. 
1 “FS (2rh)* 
Pp 1 + 
E T -{ ar f dp t U(r,p) ——— 
we (Yrs «(12M 2 (2nh)® 


where U is given by Eq. (2) and M is the nucleon mass. 
We introduce the dimensionless quantities 


(0) 


x=7/T pd, fo 
(7a) 
xo=R/rp, 


where R is the radius of the nucleon distribution,’ and 


U (“") 
(pp/2M)\ hk JS 


Carrying out the integrations in Eqs. (5) and (6) as 


far as we can for arbitrary ¢, we find A and Fr as 
functionals of ¢(x): 


A=Ateo)= f 4nr2dr(4/3)epp®(r)4/(2eh)® 


= (8/ (39))(rppp ay f ¢*(x)xrdx, 


and 


R r 


Er=Er{¢(x)} -f 4rrdr J 4rp'dp 
: ry + 
x | Pr 2M—iU,4 f du f 2ar’*dr’ [ 


1 
” (p+ p"—20pp’) 
0” pray LEP) 
r po’ 


’D 


da 


(r?+-r’2?—2urr’)) 


exp —— ~ 


| (r?+r'2—2urr’)? | 
| rp 


4 | 4 
(2rh)* } (2h)? 


vo (x)a2dx— (5C/6 


+w)) 23 (x) ¢*(y) 


5(e*(x)+ ayy] 


3 We shall argue later that y(x) achieves the value zero for a 
finite value of x, which we call xo and identify as the nuclear radius 


(Y) 


H. BLANCHARD 
To minimize ry while holding A constant, we 
introduce a Lagrangian multiplier Er and require that 
8{ErL o(x)]—ErALe(x)]} =0, 

which is equivalent to requiring that 

0 

—{ Er[ o(x)— ef (x) |+ErALe(x)— F(x) ]} =, 

de 


for arbitrary F(x) in the limit «— 0. 
Carrying out the indicated operations, we deduce 
the following condition on ¢(x): 


X[1-2 (9) — &° (x) lydyt+ 
Equation (10) can be written as 
1 
pv 


Solving for /y and using Eq. (7), we obtain 


(x) [—U(r,pr)+Er] 


2M 


pr (r) 


2M 


Ep +U(r,pp). (11) 


Thus F, is just the Fermi energy, i.e., the total energy 
of a particle having momentum equal to pr(r). [Er 
should not be confused with the Fermi kinetic energy, 
Tr, which is equal to pr*/(2M).] We define 


Er 
pv?/2M 


€r= 
and rewrite Eq. (10) as 
¢*(x) 


C r* 
-f (e~!2-¥!| — e+) 98 (y)(1— 2. (vy) ydyt+ er 
x0 

Cc zo 

~ f (e—!2-vl — e— )) BF (y) ydy+1 
YX v¥o 

This equation serves as the basic working equation 

of our model. Its solution determines, through Eqs. (7 
and (1), the nucleon density distribution. 


(13) 


Physically xo is the distance (measured in units of rp) 
beyond which the nuclear density is zero. Thus to be 
physically reasonable g(x) must vanish for x>42». 
Therefore we proceed to seek a function which is (i) 
u solution of Eq. (13) for O0<x< 
zero for x> Xp. 


ty, and (ii) identically 


It is seen that a function detined in this manner for 
all x still satisfies Eq (13) for «<x». But since Kq. (13) 





CLASSICAL SELF 


lor *> xo is not satisfied by such a function, it would 
appear that we cannot conclude that the energy of the 
particular nucleus considered is minimized by this 
function. However, an examination of the energy 
variation procedure which led to Eq. (13) reveals that 
Eq. (13) occurs multiplied by some common factors, 
one of which is g(x). Thus this factor being zero also 
is a sufficient condition for an energy extremum. 
Thus we are assured that the density function obtained 
by the above described procedure will, for all «, 
minimize the energy of the nucleus being considered. 

We now have a procedure [valid for all 29 assuming 
we can solve Eq. (13) in the region «<<» | for obtaining 
the desired nuclear density distribution and have the 
assurance that the density function, thus calculated, 
is physically meaningful (for the particular nucleus 
considered) in that it minimizes the energy of the 
nucleus and exhibits reasonable behavior for «> x». 

We inject here an interesting point of comparison 
between this calculation and that of the Thomas-Fermi 
(TF) neutral atom. An investigation of Eq. (13) 
reveals that [¢(x) }?, the nuclear density raised to the 
2/3 power, approaches the point 29 (where density 
actually becomes zero) linearly as [ (ao+1)/(x0+2) | 
Xer(%o—2x), while on the other hand, the TF atomic 
potential, the electron density raised to the 2/3 power, 
approaches zero only asymptotically. This feature in 
the TF atom reflects the infinite range of the Coulomb 
force and not quantum mechanical diffuseness. Thus 
the finite range nuclear force leads to the “classical” 
nucleus looking more ‘“‘classical” than the “classical” 
atom, in that its edge is sharp. 

In connection with the previous remarks concerning 
the physical meaningfulness of the calculated nuclear 
density function, the critical test of the proposed 
nuclear model entails the examination of the over-all 
behavior of the solutions for various values of 1, 
more than a scrutiny of the details of the density func- 
tion for a particular value of x». Specifically we demand 
that the solutions of our nuclear model must exhibit the 
saturation effect as is found experimentally, e.g., they 
must support the conclusion that the ‘“‘volume”’ of a 
nucleus is proportional to the number of nucleons 
present. 


APPLICATIONS 
Infinite Nuclear Matter 
The 


negle¢ ted, 


Coulomb energy of the protons has _ been 
thus the working Eq. (13) should be 
applicable to nuclei with arbitrarily large radii and 
uniform density, i.e., to nuclear matter. In this limit 
(¢ being a constant ¢,, and a)— ©), Eq. (13) becomes 
(14) 


€Fa= Ga’ — 2C ga2{1— (8/5) G07}, 


and in the same limit the ratio of Eqs. (9) and (8) 
yields the equation. 


2.= (3/5) ¢0?—Cet{1—(6/5) 27}, (15 
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where the subscript © is used to remind us that we 
are dealing with infinite nuclear matter, and where we 
have made use of a special case of the following 
definition. 


E Er/A 
é=— : (16) 
po? 2M pp?/2M 


We define a dimensionless quantity a such that 


€n= EF». (17) 
According to the Hugenholtz-Van Hove theorem, a 
should be equal to unity, and we make calculations for 
that case only in this work. 
Substituting Eqs. (14) and (15) into (17), we find 
a—3/5 


(18) 


¢x| 2a— 1— (2/5) ¢.?(8a—3) | 


which can be resubstituted in Eq. (15) to give, after 
solving for ¢,,”, 


1—5(E../T r2)(2—1/a) 


(19) 


(18/5) —2(E,./Tr.)(8—3/a) 


The volume term in the Weizsicker semiempirical 
mass formula’ gives E,,= — 15.74 Mev and Hofstadter’s 
nuclear density experiments® suggest that 7’p,, is about 
38 Mev. Substituting these values and a=1 into (19) 
gives the value 0.630 for ¢,. Using this result in Eq. 
(18), we obtain C=3.07. The parameter C expresses 
primarily the strength of the interaction («Up»), and 
we shall retain this value for subsequent calculation 
for finite nuclei. 

We note that E,, and 7'p,, enter into Eq. (19) only 
in the form of the ratio F,,/Ty,, which can be treated 
as a single input parameter in the computation of a 
solution for ¢(x). 

By evaluating Eq. (2) for nuclear matter (pr 
independent of position), we can compare our results 
in the infinite nucleus case with the nuclear matter 
effective mass approximation of Weisskopf' and 
Mittelstaedt,? wherein it is assumed that the energy of 
a nucleon with momentum # can be represented by 


E(p) 


Comparing with (22) we obtain 


= PP /IM+VotVilp/ pr). (22) 


Vo= —2CT r¢.{1— (3/5) ¢,.7}, 
Vy a 2CT pou, 
and thus the ratio of effective to free mass is 
M* T rx 1 
-, (24) 
3 M TretVi 14+2C¢,' 
4N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958). 


5A. E. S. Green, Phys. Rev. 95, 1001 (1954). 
6 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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Using the value of ¢,, given above, we find from (22) 
and (23) with the help of (18) 
Vo=—112.0 Mev, 
Vi=+58.3 Mev, 
M*/M=0.394, 


(25) 


which agree with the values given in references 1 and 2 
for the case A (rearrangement energy) =0, i.e., ~Er=S 
(separation energy). 

The saturation property of infinite nuclear matter 
implies that the volume per nucleon is a constant. We 
write this constant as (4/3)mro*., where rox is a constant 
length. If we now let A be the number of nucleons in 
a sphere of radius Ry», which is completely enclosed 
within nuclear matter, it follows that 


Rim=fooA’. (26) 


Applying the reciprocal of Eq. (1) to nuclear matter 
[pr(r)= pr..] gives a second expression for the volume 
per nucleon, which can be equated to the first to give 


Pre = (9/8) /roe. (27) 
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The Fermi kinetic energy of nuclear matter can then 
be related to ro. through the equation Tr,,=pr..”/2M, 
where M is the nucleon mass, giving 


Tr.= (1 2M )(9x 8)i(h Ti)”. ( 


With the help of Eq. (27) 
we can express Eq. (8) as 


A=3{rp (Tine Sx f gx 
v 


Finite Nuclei 


and the definition of ¢,, 


We turn now to the solving of Eq. (13) for finite x» 
and x<xo. The spirit of the calculation will be to 
treat C as being independent of «) and therefore having 
the same value, C= 3.07, as in the infinite nucleus, but 
to permit er to depend on a. As a) — ©, er(x») should 
approach er, whose numerical value, from Eq. (14), 
is —0.164. 

Employing an iteration method of solution 
rewrite Eq. (13), for a particular value of 20, as 


we 


Lo (y) PA ale OV Fgdy ter (a 


(i.e., large 

(») approach 
respec tive ly. To 
complete the definition of the iteration procedure we 
specify a first which we insert into the 
right-hand side of Eq. (30), and require ¢"(«) to be 
zero for x=x» which determines er’. This procedure 
is iterated until two successive iterants are within an 


with the hope that as n becomes large 
number of iterations) ¢’ 


definite limits, 


and e; 
} 


Say ¢(X) and €r(x 


guess, ¢ v), 





Fic. 1. The variation of » (the Fermi momentum in units of pp 
as a function of x (the radial distance in units of rp) for x<x 
Curves are superposed for six different values of xo, namely: 
4.5, 5, 6, 7, 8, and 10. The value of ¢ in the limit x» — =~ is 


indicated as ¢ 


arbitrary prespecified tolerance of each other for all 


¥<NXo. 


Since we expect the interior of all 
lightest nuclei to have properties 
hypothetical “nuclear matter,” we 


except the very 
similar to those of 
select the constant 
¢ as our first guess, i.e., 


we set 


=o, for 


The iterations were carried 
digital computer, the 


IBM 


integrals 


650 


being 


out on an 


necessary 


“1G. 2. The variation of 
n(x) (density in 107% nu 
cleons per cubic fermi) as 
function of «x near 
»=10. The functional 

lence of n(x) near 
ro can be given as 
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y= 1X 
cdepenc 
=().668 


X{C(r0+1)/ (x04 
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Fic. 3. The variation of the ratio ex/er,. (the ratio of the Fermi 
energy of a finite nucleus of radius xo to the Fermi energy of an 
infinite nucleus) as a function of x». The right-hand legend gives 
the Fermi energy, /r, in units of Mev, where Fr. is taken as 


15.74 Mev 


evaluated numerically by dividing the interval 0 to 
xo into 100 points. 

The solutions for a half-dozen values of «o ranging 
from 4.5 to 10, (we shall show that this corresponds 
to the total number of nucleons, A, varying from 
approximately 30 to 1100) are exhibited in Fig. 1, 
from which it is seen that the inner density 
(proportional to ¢*) of a nucleus is a constant approxi- 
mately equal to the density of nuclear matter and 
essentially (except for the very light nuclei) independent 
of Xp. 

In order to exhibit the detailed behavior of the 
density in the vicinity of x» we have included Fig. 2 in 
which we have selected a particular value of a(= 10), 
blown up the x scale near «=10, and made use of 
Eq. (1) in the form u(«)=0.6676[ ¢(«) > in nucleons 
per cubic fermi. 

In Fig. 3 we present graphically the dependence of 
€y on x». The infinite nuclear matter value, er,, 
(—0.164) is used as a standard for comparison. The 
right-hand legend gives Er in Mev with Fr, taken as 
— 15.74 Mev. er approaches the nuclear matter value, 
€vx, in the limit 4»— ©. The dependence of er (or Fp) 
on A is weak (particularly for higher A) as expected. 

Figure 4 exhibits the dependence of x) on A! 
(plotted in units of V 3rp/roe). The calculated points 
at the higher values of xo lie on a straight line the 
equation of which is graphically determined to be 


xo= 1.67+ 1.00(r0./rp)A*. (31) 


Upon multiplying by rp we have for the nuclear 
radius 


R=1.67rpt+1.00recA?. (32) 


The following remarks apply to those nuclei lying 
on the line in Fig. 4, i.e., those nuclei whose radii are 
given by Eq. (32). (Only the very light nuclei fail to 
fall into this category.) The first term in Eq. (32), 
1.67rp, is independent of A and can be interpreted as 
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Fic. 4. The variation of A! (cube root of the number of nucleons) 
plotted in units of ¥ 3(rp/ro.) as a function of xo (the nuclear 
radius in units of rp). The higher values of A! 
by a line whose equation is giver 


1! can be connected 


the constant ‘surface thickness” of the nuclei. (We 
define the ‘“‘interior’’ of a nucleus as the region remain- 
ing when the surface region is imagined to be removed.) 
From Eq. (32) the radius of the region interior to the 
surface region is proportional to 4! and consequently 
its volume is proportional to A. 

Furthermore, upon comparing Eqs. (26) and (32), 
we see that the coefficient of 4! given by the present 
calculation agrees to within 1% with the coefficient 
deduced for nuclear matter, thus enabling us to conclude 
that the interior of actual (excluding Coulomb effect) 
nuclei is made up of nuclear matter. 

All foregoing results have been deduced as a result 
of assigning numerical values to only two input 
parameters, a and the ratio E/T re. 

In order to determine the value of A corresponding 
to a particular value of xo, it is necessary, as seen by 
Eq. (29), to know a third parameter, rp/ro., which is, 
by Eq. (28), proportional to rp(Tpr.)'. And finally, 
to assign numbers to quantities like the interaction 
strength U» (averaged over the two-body spin and 
i-spin states occurring in nuclei) and the surface thick- 
ness, we must specify one additional constant, for ex- 
ample rp itself. 

In other words the specification of the four constants 
a, 5... Tp,, and rp is sufficient for determining com- 
pletely all other quantities but is not necessary for 
deducing the qualitative results of the model. Using 
for these four constant the values a=1, H,,=-—15.7 
Mev, 7r..=38 Mev, and rp equal to the Compton 
wavelength of the z-meson #/m,c=1.4 fermi, we find 
the following values for other derived quantities: 


Surface thickness (1.67rp)= 
U = 24.8 Mev, 
po=2.26X10-" g cm 

(pp?/2M = 95.7 Mev), 


7o0= 1.13 fermi. 


2.34 fermi, 
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Conversely, given the single model parameter C 
(proportional to the product Ul wo'pp), one needs only 
to solve Eq. (13) for enough successively larger values 
of a» so as to be able to predict the limits ¢, and er, 
[which can be checked by Eq. (14)] in order to deter- 
mine a, the ratio E,,/7r.., and the qualitative saturation 
properties. The additional knowledge of pp (or 
equivalently Up’) is necessary to determine the 
individual quantities E., Tr, and the slope of the R 
versus A! curve. Finally we need rp (or equivalently U's) 
to find the value of A corresponding to a particular 
value of x» and to find the value of the surface thickness. 


CONCLUSION 


Treating the ground state of a nucleus as a degenerate 
gas of nucleons and assuming simple expressions for 
the space- and momentum-dependent potential energy 
between two nucleons (averaged over spin or more 
precisely, differential nuclear volume 
elements) deduced a nonlinear integral 
equation for the self-consistent nucleon spatial density, 
through the of a variational procedure. The 
solutions for all but the very light nuclei show saturation 
1! versus R relation). 


between two 


we have 
use 
e.g., a linear 

We have shown that in the limit of very large nuclei 

1-—+ x) the spatial densities describe nuclear matter 
and moreover, two of the model parameters pp and 
the combination ly p* can be fixed so as to give, in 
this limit, (i) the usual nuclear matter values for the 
Fermi kinetic energy (38 Mev) and the average energy 
—15.7 Mev) and (ii), agreement with the Hugenholtz- 
Van Hove theorem (in our notation a=1). For finite 
nuclei it is possible to define a surface region, whose 
thickness is independent of the size of the nucleons, 
such that the interior (remainder of the nucleus) is just 


nuclear matter. 
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Since rp represents the range of the Yukawa spatial 
interaction, it is natural to evaluate it as the Compton 
wavelength of the + meson. This choice for rp fixes 
(i) the relationship between A and R, (ii) the magnitude 
of the surface thickness (2.3 fermis), and (iii) the 
strength of the interaction, Uy (—25 Mev). 

The possibility of exhibiting saturation with reason- 
able parameter values does not constitute a verification 
of the details of the especially simple nuclear force law 
which we have used. 

We are currently investigating the inclusion into the 
model of the Coulomb repulsion energy of the protons. 

Note added in proof. The present paper shows that the 
gross features of nuclear structure can be exhibited by 
a “classical” model with velocity-dependent interac- 
tions. The treatment above is rather schematic, in the 
neglect of Coulomb effects and in the discussion of the 
surface thickness. The further work including Coulomb 
effects promised above has now been done. Coupled 
nonlinear integral equations for separate neutron and 
proton densities, with Coulomb interactions among the 
protons, have been solved. A Yukawa space dependence 
of the nucleon-nucleon interaction is again assumed. 
The force-range rp is now not a free parameter, but is 
determined by the solution procedure; and it takes a 
value substantially smaller than the #/(m,c) arbi- 
trarily assigned in the earlier work. Nevertheless, the 
surface thickness, now defined as the 90% to 10% 
dropoff distance in nucleon density, retains a value 
close to the experimental value. Quite accurate values 
of binding energies and neutron-proton ratios are found. 
This work will be submitted for publication shortly. 
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Measurements were made of the energy spectra and angular 
distributions of neutrons emitted with laboratory energies in the 
range from 1 to 10 Mev in reactions induced by 160-Mev oxygen- 
16 ions incident on thin targets of aluminum, nickel, copper, and 
gold. Spectra were obtained (at laboratory angles between 30° 
and 150°) by analysis of the proton-recoil pulse-height spectra 
produced by the neutrons in a stilbene scintillation crystal. All 
spectra and angular distributions at these angles are consistent 
with the hypothesis of evaporation from compound nuclei. The 
energy spectra of neutrons emitted from the initial compound 
nuclei were calculated by use of statistical evaporation theory, 
both with and without modification to include (in a classical 


I. INTRODUCTION 


HE evaporation of particles from an excited 
nucleus was first treated mathematically by 
Weisskopf! who based his work on the compound- 
nucleus assumptions of Bohr.? The theory contains the 
level-density function which depends upon excitation 
energy, angular momentum, and other details of 
nuclear structure. The theory predicts that the emitted 
neutrons will have an approximately Maxwellian 
distribution, that the energy distribution of emitted 
charged particles will have a peak near the Coulomb 
barrier, and that the angular distributions will be 
symmetric about 90° if the levels have random phases.’ 
Some experiments confirm these predictions.* However, 
experiments on inelastic scattering show too many 
high-energy emitted particles,® the residual nucleus is 
left in a low-lying excited state more often than is 
expected from the statistical theory, and the angular 
distributions are strongly peaked forward. Explanation 
of these results requires direct or surface interaction 
models, in which no compound nucleus is formed.® 
Nevertheless, the energy spectra of the lower-energy 
emitted particles are consistent with evaporation theory. 
A complication in experimental work at higher 
energies is that the incident proton or alpha particle 
often does not deposit its full energy in the target 
nucleus. Hence a distribution of initial excitation 
energies exists even for monoenergetic incident particles, 
and makes interpretation of results more difficult.’ 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Now at Argonne National Laboratory, Argonne, Illinois. 

1V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 

2.N. Bohr, Nature 137, 344 (1936). 

3H. A. Bethe, Revs. Modern Phys. 9, 69 (1937). 

‘+P. C. Gugelot, Phys. Rev. 81, 51 (1951); E. R. Graves and 
L. Rosen, ibid. 89, 343 (1953). 

’P. C. Gugelot, Phys. Rev. 93, 425 (1954); R. M. Eisberg, 
ibid. 94, 739 (1954); R. M. Eisberg and G. Igo, ibid. 93, 1039 
(1954). 

6 N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 
350 (1953); S. T. Butler, Nuclear Stripping Reactions (John 
Wiley & Sons, Inc., New York, 1957). 

7 R. Serber, Phys. Rev. 72, 1114 (1947). 


approximation) the effects of conservation of angular momentum. 
The dominant effect of conservation of angular momentum upon 
the calculated neutron spectra from the initial compound nuclei 
is a lowering of the nuclear emission temperature for the cases 
and parameters chosen. The measured spectra are compared to 
the spectra calculated both with and without the modification. 
The angular distributions are symmetric about 90° and peaked 
forward and backward. The total cross section for neutron 
production increases with increasing mass of the target atom, 
and is roughly 70% greater for copper than for nickel. This 
sudden increase is probably related to the greater neutron excess 
of copper. 


An alternative way of producing highly excited 
states of the compound nucleus is afforded by heavy-ion 
reactions.» In these reactions, several nucleons are 
simultaneously incident at lower energy per nucleon. 
The compound system is likely to have the maximum 
initial excitation energy that the heavy ion can deposit. 
Also the heavy ion imparts a greater angular momentum 
to the compound system than does a proton or alpha 
particle of the same energy, and thus compound states 
of high angular momentum can be produced. 

Evaporation of charged particles from reactions 
induced by bombarding nickel with oxygen ions having 
an energy of 10 Mev per nucleon was studied by Knox 
et al.®° who found that the most frequently emitted 
charged particles are protons and alpha particles. 
Energy spectra peak below the barrier energy and 
below the theoretical peak energy calculated on the 
basis of statistical theory by Dostrovsky et al." This 
effect may be due to barrier lowering at high excitation. 
The part of the nuclear potential that is produced by 
excited nucleons may appear more at the nuclear edge 
and may make the edge become progressively more 
diffuse with increasing excitation. This effect, which 
has been studied by Fulmer and Goodman” for (a,p) 
reactions, could be included in evaporation calculations 
since the reverse cross section which they employ is 
that for the emitted particle incident on the excited 
residual nucleus and not on the ground state of the 
residual nucleus. Evaporation calculations so far have 
not treated this distinction adequately. The spectra of 
particles emitted from reactions induced by heavy ions 
are also affected by the dependence of level density 

8 J. H. Fremlin, in Nuclear Reactions, edited by P. M. Endt 
and M. Demeur (North-Holland Publishing Co., Amsterdam, 
1959), Vol. I, p. 86. 

9W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev. 
Letters 2, 402 (1959). 

10 W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev. 
120, 2120 (1960). 

11 The method of calculation is described by I. Dostrovsky, 
Z. Fraenkel, and G. Friedlander, Phys. Rev. 116, 683 (1959). 

12C, B. Fulmer and C. D. Goodman, Phys. Rev. 117, 1339 
(1960). 
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upon angular momentum, a dependence which the 
evaporation calculations usually do not include. 

The angular distributions found by Knox e¢ al. 
for protons and alpha particles from nickel bombarded 
with oxygen are nearly symmetric about 90° in the 
center-of-mass system. This distribution is explained 
by an evaporation mechanism for most of the particles 
and a direct or surface interaction for any excess of 
particles in the forward direction. The fact that the 
distribution is peaked both forward and backward 
indicates a tendency for particles to be emitted from 
the equator of the spinning compound system. 

While no previous data on neutron energy spectra 
and neutron angular distributions from heavy-ion 
reactions are known, the total neutron production from 
heavy-ion reactions was measured by Hubbard et al." 
by use of carbon, nitrogen, and neon beams with 
several targets. These investigators found that the 
cross section for neutron production increases with 
increasing atomic number of the beam particle for 
constant beam velocity. This effect is probably 
primarily due to increasing excitation energy. The 
cross section for neutron production also increases 
with the atomic number of the target particle since 
charged-particle emission becomes progressively less 
likely owing to the increasing Coulomb barrier. The 
cross section for neutron production varies roughly 
linearly with beam energy. 


To further the study of heavy-ion evaporation 
reactions, neutron energy spectra and angular distribu- 
tions were measured by use of targets of aluminum, 


nickel, copper, and gold and a beam of 160-Mev 
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Fic. 1. Diagram of photomultiplier circuit with preamplifiers. 
Resistors of 22 kilohms are used between all consecutive pairs of 
dynodes not shown. A 46-kilohm resistor is used between cathode 
(ground) and the first dynode. The first dynode is connected 
directly to the first grid. A type 6810-A photomultiplier is used. 
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oxygen ions produced by the Yale heavy-ion linear 
accelerator. Calculations of the energy spectra of 
particles emitted from the fully excited compound 
nuclei were made and compared to the experimental 
energy spectra. 


II. EXPERIMENTAL METHOD 


A. The Stilbene Scintillation Crystal as a 
Neutron Spectrometer 


The neutron spectra and angular distributions were 
measured by use of a single stilbene scintillation crystal 
as a neutron spectrometer, in the manner described by 
Broek and Anderson."* In this spectrometer, the 
pulse-height spectrum of scintillations produced in a 
stilbene crystal by recoil protons originating in the 
crystal is analyzed to yield the energy distribution of 
the incident neutrons, and pulses due to gamma rays 
and electrons are rejected by utilizing differences in 
the pulse shapes of the scintillations produced by 
electrons and protons.!® 

The measurements were made by use of the tech- 
niques described by Broek and Anderson" except that 
the circuit was modified in order to increase the allow- 
able counting rate. In the original discrimination 
circuit, pulses due to two or more small pulses from 
electrons detected in near could add 
together and produce a spurious gating pulse. This 
pileup effect limited the allowable counting rate. A 
new circuit was developed to decrease pileup effects. 
The basic idea of the new circuit, Fig. 1, is to eliminate 
the fast component entirely in order to produce an 
identification pulse that is roughly proportional to the 
slow component and then by subtraction to compare 
this pulse to the total pulse. If the slow component is 
greater than a certain proportion of the total, the pulse 
is presumed to be due to a proton and the analyzer is 
gated “‘on.”’ 

As in the previous circuits,’ the voltage from the 
last dynode to the anode is reduced to allow space- 
charge saturation to occur. In the new circuit, Fig. 1, 
charge arriving at the fourteenth 
integrated by the interelectrode and stray capacitance 
and decays (through a 1 K resistor) with a 20-nsec 
decay time. Because of space-charge saturation, the 
resulting pulse is negative during and immediately 
after the fast component for the smallest 
pulses, which do not produce space-charge saturation), 
but positive during the slow component since the slow 
component does not saturate the tube. A resistor-diode 
combination eliminates most of the negative spike 
caused by the fast component, and the resulting pulse 
is integrated to obtain a pulse whose height is roughly 
proportional to the total slow component of scintillation. 


coincidence 


(last) dynode is 


(ex¢ ept 
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(1960). 

'R. B. Owen, IRE Trans. Nuclear Sci 
F. D. Brooks, Nuclear Instr. 4, 151 (1959 


NS.5, 198 (1958); 





NEUTRON EMISSION FROM 


An anode follower is used to integrate the pulse and 
invert its polarity. The resulting pulse is then added 
to the ordinary pulse by means of a resistance network. 
(The characteristic impedance of the outgoing signal 
cable is used as one leg of this network.) The resulting 
pulses are negative for about 2 usec for protons and 
for electrons whose energy is so low that only 2 or 3 


photoelectrons arrive at the first dynode of the photo- 
multiplier tube, while electrons of higher energy 
produce positive pulses in this interval. The pulses are 
amplified and inverted and fed into a discriminator 
that allows the largest positive pulses to produce 
gating pulses which gate the analyzer “on.” Pileup of 
very small pulses due to low-energy electrons cannot 
produce a gating pulse unless the pulses come within 
2 usec of each other. The tolerable counting rate was 
therefore higher than before. 

The circuit of Fig. 1 gives two pulses each time a 
charged particle deposits energy in the crystal. One is 
the positive Z pulse proportional to the total light in 
the scintillation, and the other is an identification 
pulse (J pulse) whose negative magnitude is large only 
for proton-induced scintillations. Both of these pulses 
are fed from the target area to the experimental area 
of the laboratory through cables which are terminated 
in matching resistors at the experimental area. 

The J pulse is fed to a Baird-Atomic model 215-m 
amplifier (Fig. 2) which contains an integral dis- 
criminator. The discriminator level is set so that it 
does not trigger for J pulses due to electrons. This 
discrimination pulse. is then inverted by an anode 
follower, and fed to the trigger input of the Radiation 
Instrument Development Laboratories (RIDL) 400 
channel analyzer. 

The L pulse is passed through a 1-ysec delay line. 
This delay compensates for delay in the firing of the 
discriminator, and greatly reduces the possibility that 
a count may be missed. The / pulse is fed through a 
White follower into a simple high-pass resistance- 
capacitance network with a time constant of 50 usec, 
followed by a low-pass resistance-capacitance network 
with a time constant of 0.2 ywsec. The shaped pulses 
are amplified by a TMC model AL-4A amplifier that 
uses a 1-ysec delay line to clip the pulses. The pulses 
are then sent to the analyzer to be analyzed. 
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Fic. 2. Arrangement of delaying, amplifying, shaping, 


and discriminating circuits. 
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Fic. 3. Schematic diagram of the experimental apparatus. 
Not to scale. (a) Accelerator tank. (b) Focusing magnet. (c) 
Analyzing magnet. (d) Energy-defining slit (set to 0.25 in. wide). 
(e) Concrete shielding wall. (f) Scattering chamber with target 
holder. (g) Faraday cup. (h) Stilbene crystal. (i) 6810-A 
photomultiplier. (j) Preamplifiers. 


It was necessary to modify the RIDL 400-channel 
analyzer for this work. Normally the pulse to be 
analyzed turns on a trigger circuit that actuates the 
circuits that perform the analysis. The fact that both 
kinds of pulses can turn this trigger circuit on results 
in much unnecessary dead time when high counting 
a large gamma-ray background. 
Therefore the analyzer was moditied so that the 
discrimination pulse from. the 
t| 


rates are used in 


anode follower turns 
lis trigger on. 

calibration 
available at this accelerator was made by running the 


Be®(a,n 


The most satisfactory neutron energy 
reaction at + Mev. Three groups of neutrons 
were observed whose energies were known accurately. 
A disadvantage is that two to three hours of beam 
time must be used for calibration. Observations were 
made at 0°, where the cross sections have large maxima 
and the variation of neutron energy with angle is small. 

Energy calibration accomplished by 
exposing the crystal to gamma-ray sources, observing 
the pulse-height spectrum due to the Compton effect, 
and then using the data of Broek and Anderson" to 


can also be 


relate electron pulse heights to proton pulse heights. 
Energy calibration is also possible by use of the Pu-Be 
neutron source, but the lack of sharp features in the 
Pu-Be neutron spectrum prevents it from yielding an 
accurate calibration. 


B. Description of the Scattering Apparatus 


A beam of 10.5-Mev/nucleon oxygen ions from the 
Yale heavy-ion linear accelerator (a in Fig. 3) is passed 
through a system of focusing magnets 6 and analyzing 
magnets c, through a target f, and into a Faraday cup 
g where it is integrated. The relatively large distance 
(1.5 m) from the target to the Faraday cup serves to 
reduce the background count caused by neutrons 
produced in the Faraday cup. To reduce background 
further, the Faraday cup is lined with graphite. 
Neutron-producing reactions in the Faraday cup are 





Fic. 4. Transformation factor 
for the double differential cross 
section d°¢/dEdQ as a function 
of angle and reduced energy in 
system b, 


therefore of the type O'°(C,nx). Because of the high 
velocity of the center of mass in this reaction, most of 
the neutrons are emitted forward in the laboratory 
system and have dnly a minute chance of finding their 
way back to the detector. Another reason for using 
carbon is that the total thick-target neutron yield is 
less from carbon than from materials of higher atomic 
number.'® No collimators used (except when 
checking the alignment and focusing of the beam 
since any collimator would produce a large neutron 
background. 

Targets f are mounted in a vertical pipe which 
intersects the horizontal beam pipe off-center. Through 
the center of the vertical pipe is placed a copper rod, 
at whose center four copper plates are mounted in the 
form of a paddle-wheel with the plates spaced 90° 
apart. A hole 2 in. in diameter in the center of each 


are 


plate provides a place to mount a target foil. One of 
the four target positions is left blank so that back- 
ground runs may be On another one of the 
target positions is mounted a collimator which is used 
for checking the aljgnment and focusing of the beam. 
Target were 2.34, 2.26, and 2.44 
mg/cm? for the aluminum, nickel, copper, and gold 
targets, respectively. 


] 
taken. 


thicknesses 2.65, 


The detector assembly (4,i,j) is mounted¥on a 
turntable centered directly under the beam spot. By 
turntable, the detector can be set accur- 
from 30° 150°. A 
wider range of angles can be reached by mounting the 
detector farther from the target if 
counting rate can be tolerated. 


rotating the 


ately at any angle to somewhat 


the decrease in 


C. Treatment of Data 


The background runs are smoothed and subtracted 
from the corresponding target runs. After the back- 
ground is subtracted, adjacent channels are grouped 
together to obtain points with small statistical 
fluctuations. The calibration data are plotted and a 
best power-law calibration is chosen. The derivative 
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of this power law gives the quantity dL/dE,, where L 
is pulse height and E, is proton energy. The number 
of neutrons per unit area per unit energy incident on 
the crystal during the counting interval can be calcu- 
lated by" 

Eat 


dv, dL d 


(1) 


(< dN, 
Nuol(E,)ldE,dL\dF, db 


dE Ent=Ep 
where £,,; is the neutron energy in the laboratory 
system, Vy is the number of hydrogen atoms in the 
crystal, o is the total neutron-proton cross section, and 
dN,/dL is the number of proton pulses per unit pulse 
height interval after background subtraction. 

An approximate correction for wall effects and 
second scattering in the crystal is made by dividing 


the spectrum above and its statistical error by" 


| E ni) Nu 
+-().090— 
T V 


- 
1—0.78 o(FEy: 


Vur 
—c(0.068E,,), 
' 


+-().077 (2) 


r, and V are the thickness, radius, and volume 
of the crystal. 

A program for spectrum analysis, based on Eqs. (1 
and (2), was written for use with the IBM 650 com- 
puter. The total neutron-proton section is 
computed in this program from the formulas of Hulthen 
and Skavlem.'* 

A further correction is made for the dead time of 
the analyzer by dividing the 
spectrum by the estimated value of 


where 7, is the total dead time of the analyzer, Q is 
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calculated neutron 
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Fic. 5. Neutron 
energy spectra from 
the Al??(O'8 nx) re 
action in the labora 
tory system. 
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the charge collected during the counting interval, ¢ is 
time, and /(t) is the instantaneous beam current. 

Then the energy distribution of neutron flux (in 
neutrons per cm? per Mev) is converted into a double 
differential cross section (in the laboratory system) by 
using the appropriate constants 


d*a M.R? dN, 
(4) 


dE nd DNiondEnt 


where M, is the mass of a target atom, D is the target 
density expressed as mass per unit area, R is the 
average distance from source to detector, and J jon is 
the number of ions that pass through the target during 
the counting time. 


D. Center-of-Mass Transformation 


To perform the transformation, center-of-mass 
energies and angles of emission are found as functions 
of laboratory energies and angles of emission, and 
each value of the double differential cross section in 
the laboratory system is multiplied by the trans- 
formation factor and plotted at its appropriate position 
in the c.m. system. Interpolations are usually needed 
to get c.m. angular distributions and energy spectra. 
The derivation of the transformation factor for the 


10° 


Fic. 6. Neutron energy 
spectra from the Ni- 
(O'6,nx) reaction in the 
laboratory system. Each 
curve is intersected by 
a horizontal line at an 
absolute cross section of 
20 mb Mev"! sr“. 
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Fic. 7. Neutron energy 
spectra from the Cu 
(O'* nx) reaction in the 
laboratory system. The 
horizontal lines indicate 
an absolute cross section 
of 20 mb Mev™ sr“. 
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double differential cross section is made by equating 
the integrals over corresponding regions in the two 
coordinate systems : 


d-o » do 
f —— dkyd (« ost; } | 5 dk, d (« 0S6,). (5) 
dE dQ, dE gdQa 


From calculus one has 


d 0 
§ dkyd(cos6;) 
dF ydQ, 


d’a |\0( Ee, Coss) 
: { ; dk,d(cos@,.). (6) 
J dE ydQy, (Eo, cos8,) 


Since the region of integration is arbitrary and the 
variables of integration of the integrals on the right 
are the same, their integrands must be equal, i.e., 


do dao \d(E, cosb) 

- - | (7) 
dEdQ, dF ydQy\d (Ea, cos6a) | 
Evaluating the Jacobian gives, for a Galilean trans- 
formation, 


i 


do Po E.\3 
dF dQ, dF ydQ, k b 
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A plot of the transformation factor as a function of 
angle and of reduced energy is shown in Fig. 4. The 
reduced energy is defined here as 


Fi = F/3M3V?, (9) 


where M, is the mass of the observed particle and V 
is the transformation velocity. The plot is valid for 
any Galilean transformation. To specialize to the case 
of a center-of-mass transformation, let subscripts @ and 
6 refer to center-of-mass and laboratory systems, 
respectively, and let V be the velox ity of the center of 
mass. 


E. Systematic Errors 


The accuracy of the experiments is currently limited 
mainly by two effects: the time variation of the neutron 
background, and the wandering of the beam spot over 
the target. Both effects are believed primarily due to 
drift of the currents in the analyzing and focusing 
magnets. The background spectrum is generally at 
lower energy than the true spectrum. If the back- 
ground varies between the time it is counted and the 
time that then the 
computed true spectrum may be in error, particularly 
at the lower energies. 

Wandering of the beam Spotl over the target changes 
the distance from target to detector and the effective 
angle of observation and can cause errors in both the 
energy spectra and the angular distributions. These 
geometrical errors can cause errors of up to 40% in 
the normalization of one run to and even 
higher errors if the laboratory angular distribution 
varies sharply with angle. 

The Faraday cup used in the experiments had an 
internal diameter of 3.5 in. This is adequate to catch 
virtually the entire beam, provided the currents in 
the analyzing and focusing magnets do not change 
drastically. As a check, the bottom of the Faraday cup 


was lined with 


the total spectrum is counted, 


the next 


paper so that the beam spot at the 
Faraday cup could be observed at the end of a run. 
Electrons were prevented from entering or leaving the 
Faraday cup by a magnet and by biasing the target. 

Another error which is observed at very high counting 
rates is a slight loss of proton pulses at the smaller 
pulse heights as a result of occasional failure to gate 
the analyzer ‘‘on” when a proton pulse comes less 
than 10 usec after an electron pulse. This effect limits 
the allowable counting rate. 


III. EXPERIMENTAL RESULTS 


A. Neutron Energy Spectra and Angular 
Distributions in the Laboratory 
System 


The neutron energy spectra of the Al??(O!* nx) 
reaction in the laboratory system are shown in Fig. 5. 
The velocity of the center of mass is particularly high 
for this reaction and_hence the laboratory angular 
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Fic. 8. Neutron energy 
spectra from the Au!” 
O'% nx) reaction in the 
laboratory system. The 

izontal lines indicate 
an absolute cross section 
of 200 mb Mev"! sr}. 
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distributions are peaked forward strongly. Phe 
trum of 30° is roughly constant at 40 mb Mev" sr 
from 1.6 to 7 Mev. This spectrum does not appear to 
drop off until at least 7 Mev. The spectrum at 60° falls 
steadily with energy and the 150° spectrum falls 
steadily and more rapidly with energy. 

The neutron energy spectra of the Ni(O',nx 
Cu(O!* 2x) laboratory 
shown in Figs. 6 and 7. Horizontal 
drawn at an absolute cross section of 20 mb Mev7! sr 
to facilitate comparison of the curves. Center-of-mass 
effects are smaller than in the Al reaction, but even so 
the curves show an absolute value at 
forward angles and also an increasingly rapid decline 
with energy as the angle increases. 

The neutron spectra of the Au!?(O!® nx) 
reaction in the laboratory system are shown in Fig. 8. 
The horizontal lines have been drawn at an absolute 
cross section of 200 mb Mev sr~'. Center-of-mass 


spec- 


and 


reactions in the system are 


lines have been 


increase in 


energy 


effects are quite small. The spectra at different angles 


have nearly the same shape. 


B. Neutron Energy Spectra in the 
Center-of-Mass System 


The neutron energy spectra of the Al*’(O'®,na 
reaction in the center-of-mass system are shown in 


Fig. 9. The large center-of-mass effect permits 
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measurements from 0.4 to 18 Mev in the center-of-mass 
system while the spectrometer is used only from 1 to 11 
Mev in the laboratory. Center-of-mass angles for the 
30° curve vary from 98° to 46° as energy increases 
over the range of points shown. Similarly the 60° 
curve represents c.m. angles of 124° to 80°, and the 
150° curve represents c.m. angles of 165° to 158°. 
Since the curve at 60° lab represents c.m. angles close 
to 90° and since the c.m. angular distribution varies 
slowly in the neighborhood of 90° (as will be shown 
below), the curve at 60° lab can be assumed to re- 
present an energy spectrum at 90° c.m. This method 
of obtaining a spectrum at constant c.m. angle avoids 
errors that would be produced by interpolating between 
runs whose normalization to one another is not exact. 
The neutron energy spectra for the Ni(O',2x) and 
Cu(O"®,nx) reactions in the center-of-mass system are 
shown in Figs. 10 and 11 together with a calculation 
of the spectrum from the nickel reaction by Dostrovsky, 
et al." The calculation was made by following the 
courses of 6000 evaporations by a Monte Carlo method 
and was normalized by assuming a collision cross 
section of 2.0 barns, a value obtained by interpolation 
from the calculations of Thomas.’ This theoretical 
curve represents the cross section in mb Mev™ sr 
averaged over solid angle. At a value of 20 mb Mev 
sr‘, each curve in Figs. 10 and 11 is intersected by a 
horizontal line to facilitate comparison. The experi- 
mental curves have nearly the same shape, but de- 
crease with energy more rapidly than the theoretical 
curve. The experimental spectra at 55° lab represent 
c.m. angles of 94° to 65°, those at 70° lab represent 
cm. angles of 110° to 81°, those at 90° lab represent 
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Fic. 9. Neutron energy spectra from the Al? (O'¥ nx) 
reaction in the center-of-mass system. 
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Fic. 10. Neutron energy spectra from the Ni(O 2.) reaction 
in the center-of-mass system. The horizontal lines indicate an 
absolute cross section of 20 mb Mev™! sr-!. The top curve was 
calculated for this reaction by Dostrovsky ef al. (reference 11) 
and normalized by use of the cross sections calculated by Thomas 
(reference 17). 


c.m. angles of 124° to 102°, those at 120° lab represent 
c.m. angles of 141° to 129°, and those at 150° lab 
represent c.m. angles of 161° to 155°. The energy 
spectra at 70° lab can be assumed to represent energy 
spectra at 90° ¢.m. 

The Au®?(O!* nx) 
reaction in the center-of-mass system are shown in 
Fig. 12. The curves are intersected by horizontal lines 
at 200 mb Mev sr~. The energy spectrum at 80° lab 
represents c.m. angles of 93° to 84° and hence can be 
assumed to represent the energy spectrum at 90° c.m. 


neutron energy spectra for the 


C. Neutron Angular Distributions in the 
Center-of-Mass System 


From the data of Figs. 9-12, c.m. angular distribu- 
tions were obtained at various c.m. energies. Angular 
distributions for the Al and Au reactions are shown 
in Figs. 13 and 14. Least-squares fits were made to a 
function of the form 1+ By, cos*#,. The fits were made 
under the assumption that d*e/dE.dQ, can be repre- 
sented as a product of a function of energy times a 
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Fic. 11. Neutron spectra from the Cu(O"*,mx) reaction in the 


center-of-mass system. The horizontal lines indicate an absolute 
cross section of 20 mb Mev™ sr“ 


function of angle (i.e., the assumption was made that 
the angular distribution is independent of neutron 
energy). To make the fits, the energy dependence of 
the 90° points on the angular distributions was repre- 
sented by a simple function of energy (a power function 
times an exponential), the differential cross section at 
each data point was divided by the value of this 
function at the energy of the data point, and the 
average quotient at each angle was computed by use of 
statistical errors only. Then data from different angles 
were combined with each other and the systematic 
errors. Data points at energies at which data were 
taken at only one angle were not used. Results of this 
procedure must be regarded as averages over energy 
since theoretically the angular anisotropy should vary 
with the energy of the emitted particle.'® 

Results of the fit give for B, the very rough values 
0.8, 2.0, 1.2, and 0.4 for the Al, Ni, Cu, and Au reactions, 
respectively. While statistical errors are relatively 
small, large systematic errors make the above numbers 
very untrustworthy. 

In spite of the failure to obtain accurate values for Bz, 


18T. Ericson, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1960), Vol. 9, p. 425. 
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the spectra show an obvious symmetry about 90° which 
indicates that the compound-nucleus evaporation 
theory is probably applicable. Hence the applicability 
of evaporation theory has been assumed in order to 
interpret the energy spectra. On the other hand the 
presence of a forward-peaking component of neutrons 
is not excluded, while at angles further forward than 
those at which the measurements were taken it is 
quite possible that direct or surface interactions may 
predominate in production of neutrons. 


D. Total Cross Sections for Neutron Production 


Total cross sections were obtained by dividing each 
data point by 1+ B, cos’@, and plotting the quotient 
against FE, (Figs. 15-18). The resulting spectra were 
integrated and multiplied by 47(1+ 48:2) to include all 
angles and correct roughly for the anisotropy of the 
angular distribution. This procedure is subject to three 
principal sources of error: an extrapolation is made at 
low energies where the differential cross section is high, 
any forward-peaked neutron production by direct or 
surface interactions is ignored, and the normalization 
of most of the runs may be off by as much as 40°. 

Total cross sections of 2.8, 4.9, 8.1, and 25 barns 
were obtained for neutron production from the reactions 
on aluminum, nickel, copper, and gold, respectively. 


re) 
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Fic. 12. Neutron e1 
ergy spectra from the 
Au!®?(O!* mx) reaction in 
the center-of-mass sys 
tem. The horizontal lines 
indicate an absolute 
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Each value is considerably higher than those found by 
Hubbard et al. for bombardment of the same element 
with carbon-12 and neon-20 ions. Two possible reasons 
for the discrepancy are the extrapolation procedure 
used here, which probably overestimates the contribu- 
tions from neutrons at low energies, and the escape of 
neutrons emitted in the forward direction from the 
MnSQ, tank used in the experiment of Hubbard ef al. 
as those authors have pointed out). 

Nevertheless both the data presented here and those 
of Hubbard ef al." indicate that the cross section for 
neutron production increases generally with the mass 
of the target atom (for constant beam energy and type 
of beam particle) but that a sharp step takes place 
between nickel and copper. This step is probably 
related to the change in average neutron excess from 
2.8 for natural nickel to 5.6 for natural copper (while 
the atomic number changes by only one unit), and 
suggests that the cross sections for neutron production 
may be considerably different for the various isotopes 
of nickel and copper. 

According to the Monte Carlo evaporation calcula- 
tions of Dostrovsky ef al." an average of 1.87 neutrons 
are emitted per evaporation cascade from the reaction 
of oxygen on nickel. If the cross section for compound- 
nucleus formation is assumed to be 2.0 barns, a total 
neutron production cross section of 3.7 barns is thus 


expected. This value lies between the value of 4.9 barns 


found in this work and the lower values found by 
Hubbard e¢ al. for carbon-12 and neon-20 beams on 
nickel at 10 Mev per nuc leon. 

The fission cross section for 
on gold has been found to be 1.80.2 barns by Quinton 
et al.'® who also find that the average mass of the 
fission fragments is 101. Most of the remaining mass 
neutron 


the reaction of oxygen 


11 amu) presumably into emission 
since the cross sections for proton and alpha-particle 
emission have been shown by Britt and Quinton” 
be small. Thus a neutron production cross section of 


about 20 barns would be expected from the fission data, 


goes 
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Fic. 13. Angular distributions 
for the Al?7(O'® mx) reactions 
in the center-of-mass system. 
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9 A. R. Quinton, H. C. Britt, W. J. Knox, and C. E. Anderson, 
Nuclear Phys. 17, 74 (1960); H. C. Britt and A. R. Quinton, 
Phys. Rev. 120, 1768 (1960). 

*” H.C. Britt and A. R. Quinton (to be published). 
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Fic. 14. Angular distributions 
for the Au7(O!® mx) reactions 
in the center-of-mass system 
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if the possibility of neutron emission after fission is 
ignored. This value is in reasonable agreement with 
the 25 barns found above. 


IV. INTERPRETATION OF RESULTS 


A. Inclusion of Angular-Momentum Effects 
in Statistical Evaporation Theory 


The nuclear evaporation formula derived by 
Weisskopf' contains a nuclear level density which 
includes all levels regardless of spin values. But (as 
Weisskopf pointed out) because of angular momentum 
and the limited angular 
momentum that emitted light particles may take away, 
it is impossible to reach levels of the residual nucleus 
characterized by certain spin values. Such levels should 
not be included in the nuclear level density used in 
evaporation calculations. These angular momentum 
restrictions are very important in heavy-ion reactions 
at 10 Mev per nucleon, since the average orbital 
angular momentum of the incoming particle is about 
50h. A compound nucleus with a spin of 50 certainly 
cannot reach a level of the residual nucleus with spin 
less than 30 by emitting a light particle, and hence 
most of the levels of the residual nucleus cannot be 
reached. It is incorrect to calculate these evaporation 
cascades by use of evaporation formulas that contain 
the level density summed over all spins. 


conservation because of 


Fic. 15. Neutron energy spectra 
from the Al?’(O' nx) reaction 
in the center-of-mass system, 
averaged over solid angle. (a 
Experimental spectrum. (b) Cal 
culated spectrum from __ initial 
compound nucleus, charged-parti 
cle emission and angular momen- 
tum conservation being ignored. 
(c) Same as (b) but with effects 
of angular momentum included 
Errors shown in Figs. 15-18 are 
statistical errors and do not include 
systematic errors 
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Fic. 16. Energy spectra 
of light particles from 
reactions of O'* ions inci 
dent on Ni. (a) Experi 
mental neutron spectrum 
averaged over solid angle. 
(b) Calculated neutron 
spectrum from initial com 
pound nucleus (averaged 
over solid angle), charged 
particle emission and con- 
servation of angular mo 
mentum being ignored. (c) 
Same as (b) but with effects 
of angular momentum in 
cluded. (d) and (e) Experi 
mental spectra of protons 
and alpha particles emitted 
at 90° in the c.m. system, 


according to Knox ef al., 
reference 10). 
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\ new evaporation formula was derived recently by 
Ericson* under the classical approximations of spinless 
target, spinless projectile, spinless emitted particle, 
and classical addition of the outgoing orbital angular 
momentum and the residual nucleus. 
Ericson calculated the probability per unit time for 
a state of energy E and spin J to make a transition to 
a state of energy Ey and spin J; in the final nucleus by 
emitting the appropriate kind of particle. He found 


i 


statistical weight of the spin of the 


tne 


spin of 


Sx; 


P(IJ;,E) = A®(LIJ)T(Epadl, (10) 


hip-(J) 


where g is the 


Fic. 17. Neutron energy 
spectra from the Cu(O"*,nx) 
reaction in the center-of-mass 
system, averaged over solid 
angle. (a) Experimental spec 
trum. (b) Calculated spectrum 
from initial compound nucleus, 
charged-particle emission and 
conservation of angular mo- 
mentum being ignored. (c) 
Same as (b) but with effects of 
angular momentum included. 
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emitted particle, p-(/J) is the level density of the 
compound nucleus, A“ is unity if the three vectors can 
form a triangle and zero otherwise, / is the orbital 
angular momentum of the outgoing particle, and 
T,(E;) is the transmission coefficient for the outgoing 
particle. Inserting the level density of the final nucleus 
prs(Ey,J), and integrating over all spins of the final 
nucleus gives the probability per unit time per unit 
energy for a nucleus of energy / and spin J to make a 
transition to a state of energy £; in the final nucleus: 


dP 
(J .£,)= 
dk, 


S3-g; 


hp.(J 


xf T (E;) | p(E;,J,)dJ, Vdl. (11) 


Here the assumption has been made that /<J for any 
value of / that contributes appreciably to the integral 
over /. If the level density has negligible variation from 
J—Ilto J+/ (curve a of Fig. 19), the integrals reduce to 


The integral here is proportional to 1] Or 


which appears in the Weisskopf' formulas. If the level 
density varies linearly with angular momentum (curve 
b of Fig. 19) the integrals still reduce to Eq. (12) 
though there will be a directional correlation between 
Zand J. Only when the variation is nonlinear (curve ¢ 
of Fig. 19 gral 
For high J, the 
upward” so that the average value of p,;(Ey,/ 


even 


will the value of inte be changed. 


curve is expect to be concave 
will 
be enhanced, especially for large /. Particles of higher 
energy can be emitted with larger values of / and 
therefore the average energy of the spectrum (from the 
first stage of the evaporation) is raised somewhat by this 
“centrifuging” effect (when J is high). This “‘centri- 
fuging” effect depends solely on the variation of level 
density with spin ; another effect (temperature lowering 
arises from moditied energy dependences 
Equation (11) contains the level density at spins 
near spin J instead of the level density summed over 
all angular momenta, p;(/;), that appears in the 
Weisskopf! formula. The level density at spin J can be 
expanded in the manner of Weisskopf to obtain 
py(Ey,J)=py( Ey max,J explL—¢/T;(1 a 13 
where ¢ is the energy of the emitted particle and the 


nuclear emission temperature 7, is defined by 


[T(Es mex: ) | Inp;(F;,J) 
Ark 


2 T. Ericson and V Nuclear Pl 
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instead of the usual 


d 
~ Inp; (Es) 


d uf 


T(E max) = (15) 


Ef max 


In the material below it is assumed that the variation 
of level density with spin is given by 


py (Ey, J 7) = py (Ey,0)27¢ exp(—J/20,*), 16) 


and that (as shown by Ericson and Strutinski®) the 
spin-cutoff parameter a; is given by 


o72(Ey)= 97 ,(E,)/h, (17) 


where J is the nuclear moment of inertia. Under the 
assumption that the nuclear moment of inertia varies 
with excitation energy much more slowly than does 
the nuclear temperature, the relation between nuclear 
temperatures can be shown to be 


(THE, J NP =[T(E)} 
d 


oP 
+ —1 InT; (Fy). (18 
20/° dk; 
For the reactions studied, Thomas’ * calculated value 
for the average orbital angular momentum of the 
incoming particle is greater than v2; calculated by 
Eq. (17) and so ‘ 
19 


for the first stage of the evaporation when J is large. 
This temperature-lowering effect tends to reduce the 
average energy of the spectrum and counteract the 
“centrifuging” effect. A detailed calculation is necessary 
to see which effect dominates. 


2 rpy' Ey, 
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= amr f 43 Tz J 
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where the integration over /; was done with the aid of 
Eq. (16). Equation (20) may also be obtained from a 
formula of Ericson [Eq. (5.26) of reference 18] by a 
simple integration over directions of the outgoing 
particle and a few algebraic steps. In Eq. (20), A, is 
the deBroglie wavelength of the incoming particle, J is 
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Fic. 18. Neutron energy 
spectra from the Au!?(O!%,n. 
reaction in the center-of-mass 
system, averaged over solid 
angle. (a) Experimental spec 
trum. (b) Calculated spectrum 
from initial compound nucleus, 
charged-particle emission and 
conservation of angular mo 
mentum being ignored. (c 
Same as (b) but with effects of 
angular momentum included 
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B. Calculation of the Effects of Angular-Momentum 
Restrictions upon Neutron Energy Spectra 


Calculations of the neutron spectra emitted from 
fully excited compound nuclei were performed for the 
four reactions studied experimentally. The calculations 
do not include neutrons from lower points on the 
evaporation cascade. Equation (11) was divided by 
the total probability for evaporating any particle, then 
multiplied by the cross section for formation of a 
compound nucleus with spin J. The product 
integrated over J to get the cross section per unit 
energy for emission of a particle of type , 


Was 


x 


[ dl T; exp(—[?/2¢,*) sinh(J1/a,;*) 


x 


dl T, exp(—l*/ 2¢/*) sinh(J1/o 


both its orbital angular momentum and the spin of the 
compound state, and Ty 
for the incoming particle. 


is the transmission coefficient 
The calculation, made under the assumption that 
only neutrons are emitted, was done in the sharp-cutoff 


approximation under which Eq. (20) reduces to 


Ke 


J) f dl exp(—I*/ 20/7) sinh(J1/o;*) 


f de expl —€/T;(F; 


Ke 
eee he dl exp(—P?/2¢,;*) sinh(J1/a/*) 


23 Similar formulas based on the same classical approximations have been used by T. Kammuri and R. Nakasima in Reactions 


Between Complex Nuclei, edited by A. Zucker, F. T. 
p. 301, and by H. W 


Howard, and E. C. 
Broek, thesis, Yale University, 1960 (unpublished) 


Halbert (John Wiley & Sons, Inc., New 


York, 1960), 





W. 








Fic. 19. Variation of level density with spin. (a) No dependence 
of level density upon spin for the possible values of Jy. (b) Linear 
dependence. Correlation in direction between / and J, but same 
average value of ordinate as for case (a). (c) Nonlinear depend- 
ence. Strong correlation in direction between / and J. Enhanced 
average value of ordinate, especially for high values of / 


where 


J nsx? 6./ ah, (22) 


g- is the collision cross section calculated by Thomas,!” 
¢ is the energy of the emitted neutron, and 


K=r,Ath(2M;)}, (23) 


where ro! is the radius of the residual nucleus and M; 
is the mass of the neutron. The radius parameter ro 
was taken to be 1.5 f. 

Table I shows the quantities of interest, beginning 
with the kinetic energy available in the c.m. 
and the maximum excitation energy after emission of 
one neutron. Next are presented the collision cross 
section ¢. and average orbital angular momentum L, 
of the incoming particle, both calculated by Thomas." 
The values for nickel were obtained by interpolation. ) 
However, it is not certain whether collisions involving 
the highest possible angular momenta produce com- 
pound nuclei or not. These may lead to 
fragmentation or grazing such as 
observed by Anderson ef al.** and by Kaufmann and 
Wolfgang”® rather than to evaporation reactions. Thus 
the average orbital angular momentum of collisions 
producing compound nuclei may be less than the L 
used in these computations. 

The quantity L/A is a measure of the extent to 
which the motions of the nucleons are ordered into 
rotation about an axis. This quantity increases with 
mass, and so angular momentum 
effects may be more important for targets of low atomi: 
number even though the total angular momentum is 


system 


( ollisions 


processes those 


4 


decreasing atom 


less. 
The nuclear thermodynamic 


6 


calculated from Cameron’s”® 


temperature ¢~ was 
expressions. The nuclear 


* C. E. Anderson, W. J. Knox, A. R. Quinton, and G. R. Bach, 
Phys. Rev. Letters 3, 557 (1959). 

28R. Kaufmann and R. Wolfgang, Phys. Rev. 121, 192 and 
206 (1961). 

26 A. G. W. Cameron, Can. J 


Phys. 36, 1040 (1958). 
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emission temperature’’ was then found by 


(T(E) } = (2) }- (5/42). (24) 


The nuclear emission temperature at spin J/=L was 
found by use of Eq. (18). The spin-cutoff parameter 
was found from Eq. (17) with a rigid-body moment of 
inertia and a nuclear-radius parameter ro= 1.5 f. 

The results of the computations, done on an IBM-704 
computer, are shown as curves b and c of Figs. 15-18. 
Curves b represent calculated neutron spectra from 
the initial compound nuclei, charged-particle emission 
and conservation of angular momentum being ignored. 
Curves c include the angular-momentum effects 
discussed above. None of the curves include neutrons 
from later stages of the evaporation cascades. The 
results of the computations show that temperature 
lowering is the dominant angular-momentum effect on 
the neutron spectra from fully excited compound 
nuclei for the parameters chosen. 

The computations were repeated with o, reduced by 
a factor of 2 so that, by Eq. (22), Jmax was reduced by 
a factor of 2!. The results show that, for the cases 
studied, this reduction in o, reduces the angular 
momentum effects upon the spectra. The computations 
were also repeated with the values of AK computed 
from different values of the radius parameter. The 
results show that increasing A decreases the average 
energy of the spectra slightly for the cases studied. 
Computations in which the spin-cutoff parameter was 
arbitrarily changed indicate that if the nuclear moment 
of inertia is less than the rigid-body value used in the 
original computations then the angular-momentum 
effects upon the spectra may be more important than 
the effects shown in Figs. 15-18. 


C. Comparison of Energy Spectra 


In comparing the measured neutron energy spectra 
with the calculations, four facts must be kept in mind: 
(a) The calculations are only for the first particle 
emitted in evaporation cascades. (b) The calculations 
assumed that only neutrons are emitted as the first 


TABLE I. Quantities of interest in compound-nucleus reactions 
induced by 160-Mev oxygen-16 ions. 


Target \}?? Ni 
Ec.m. (Mev) 100 126 
Ey max (Mev) 101 108 
o, (barns) 1.71 2.0 

34.4 46 
L/A 


0.80 0.62 

t (Mev) 5.67 4.50 

T;(Ey max). (Mev) 6.10 4.76 
T;(E7 max) (Mev) 4.92 
os 8.14 


*7 The distinction between the nuclear thermodynamic temper 
ature and the nuclear emission temperature is discussed by J. M 
B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) A67, 
586 (1954). 
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particle in the evaporation cascades. (c) The cross 
sections for formation of compound nuclei may be 
less than the cross sections calculated by Thomas!’ 
because of grazing reactions.**?> (d) The nuclear 
temperatures used in the computations may be too 
high.?8 . 

Particles emitted late in the evaporation cascades 
are emitted from nuclei of lower temperature so that 
at the lower energies the experimental spectra should 
be much larger than the calculated ones. This effect is 
seen for all four reactions (Figs. 15-18). 

The high-energy end of the experimental energy 
spectra should be due mostly to neutrons emitted 
near the beginning of the evaporation cascades. 
Emission of some of the neutrons from partly de- 
excited nuclei should make the slopes of the high-energy 
ends of the experimental curves be slightly more 
negative than those of the corresponding theoretica! 
curves. This effect, which is seen for all four reactions, 
makes it difficult to judge whether or not the nuclear 
temperature has been chosen correctly. The evapor- 
ation calculation must be extended to the entire 
cascade to make a good comparison possible. The only 
evaporation calculation carried through the entire 
cascade is that of Dostrovsky et al." for the nickel 
reaction. Their spectrum is shown in Fig. 10. Their 
calculation, which include the angular- 
momentum effects, gives a spectrum which is quite 


does not 


close to the experimental spectra but which decreases 
with energy somewhat less rapidly than the experi- 
mental ones. 


28D. B. Beard, Phys. Rev. Letters 3, 432 (1959). 
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The experimental spectra are lower than the 
calculated ones at the upper end of the spectrum for 
the aluminum, nickel, and copper reactions. The most 
likely explanation is that charged-particle emission 
presumably competes with neutron emission at the 
start of the cascade. For the Ni reaction, emission of 
protons and alpha particles from compound nuclei has 
been studied by Knox et al.'° Their spectra at 90° c.m. 
(curves d and e in Fig. 16) show that charged-particle 
emission has quite a large cross section. Other ex- 
planations for the discrepancy between the high-energy 
ends of the experimental and theoretical spectra are 
that the cross sections for compound-nucleus formation 
may be less than the values used or that too high a 
temperature may have been used in the calculations. 
For the Au reaction, the emission cross sections for 
protons and alpha particles are 0.46 and 0.76 barn, 
respectively, according to Britt and Quinton,” and not 
all of each cross section 
compound 


is due to emission from a 
nucleus. Hence evaporation of charged 
particles is much less probable than that of neutrons. 
Thus the experimental and calculated curves in Fig. 18 
should be expected to meet at their upper ends. Data 
at higher energies are needed to test this expectation 
although the present data are consistent with it. 
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Continuing the program developed in a previous paper, a “superconductive” solution describing the 
proton-neutron doublet is obtained from a nonlinear spinor field Lagrangian. We find the pions of finite mass 
as nucleon-antinucleon bound states by introducing a small bare mass into the Lagrangian which otherwise 
possesses a certain type of the ys; invariance. In addition, heavier mesons and two-nucleon bound states are 
obtained in the same approximation. On the basis of numerical mass relations, it is suggested that the bare 
nucleon field is similar to the electron-neutrino field, and further speculations are made concerning the 


complete description of the baryons and leptons. 


I. INTRODUCTION 


N Part I of this paper’ we have proposed a model of 

strong interactions based on an analogy with the 
BCS-Bogoliubov theory of superconductivity. It is 
characterized by a nonlinear spinor field possessing 7; 
invariance, and simulates some important features of 
the meson-nucleon system. The basic principle under- 
lying the model is the idea that field theory may admit, 
as a result of dynamical instability, extraordinary 
(nontrivial) solutions that have less symmetries than 
are built into the Lagrangian.’ In fact we have obtained 
as an extraordinary solution a massive fermion and a 
massless pseudoscalar boson as idealized proton and 
pion, together with other heavy mesons. 

If we now try to make our model more realistic, a 
number of problems spring up naturally. First of all, 
we would have to account for the isospin and strange- 
ness quantum numbers. It seems rather obvious that 
these degrees of freedom have to be built into the theory 
from the beginning, although there may be some 
possibility of utilizing both the ordinary and extra- 
ordinary solutions to enlarge the Hilbert space. as will 
be discussed later. 

These quantum numbers will not yet be enough to 
determine our theory satisfactorily, as we expect to 
have more additional symmetries which are at least 
approximately satisfied. Among other things, we have 
postulated the ys invariance as a cornerstone of our 
previous model. What would be the proper generali- 
zation of the ys invariance? Then there also arises the 
inevitable question of any possible symmetry among 
baryons of different strangenesses. Since such a sym- 
metry is at any rate only approximate, the test of the 
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''Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961 
referred to hereafter as I. Y. Nambu, Proceedings of the 1960 
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theory will depend on its ability to account for the 
violation of the symmetry as well. 

Finally, we face the problem of the baryon versus 
the lepton, the electromagnetism, and the weak 
processes. Here our theory creates a particular incentive 
for speculation concerning the baryon-lepton problem, 
since the ordinary and extraordinary solutions im- 
mediately remind us of these two families of particles. 

We do not profess to have any clear-cut answers to 
these problems. In the present paper we shall again 
content ourselves with a rather modest task. We will 
first discuss a generalization of our model which in- 
corporates the isospin for the nucleon and guarantees 
the existence of the pion. This can be done by de- 
manding a y;Xisospin gauge group with a slight 
violation so as to give the pion its finite mass. We find 
that the bare mass necessary to achieve the latter end 
is at most several Mev. On this basis a suggestion is 
made that the bare nucleon field is essentially the same 
as the electron-neutrino field. 

The complete picture of the baryon symmetries and 
the baryon-lepton problem is largely beyond the scope 
of the present paper, but some relevant discussions on 
this subject will also be presented, especially those 
concerned with the Sakata model and the general ys 
symmetry. 


II. MODEL LAGRANGIAN FOR THE NUCLEON 


First we would like to observe that the nonlinear 
spinor field adopted in I is not an essential element of 
our theory, as is the case with the Heisenberg theory 
but is rather a model adopted to study our dynamical 
principles. At least in the present stage of the game, 
the controlling factors are the symmetry properties 
and qualitative dynamical characteristics of the basic 
fermion-fermion interaction, and whether the inter- 
action is due to some fundamental boson, or funda- 
mental nonlinearity (or something entirely new) is of 
secondary importance. Nevertheless, we have to choose 


3H. P. Duerr, W. Heisenberg, H. Mitter, S. Schlieder, and K. 
Yamazaki, Z. Naturforsch. 14, 441 (1959); W. Heisenberg, Pr: 
ceedings of the 1960 Annual International Conference on High 


Energy Physics 
p. 851. 


at Rochester (Interscience Publishers, Inc., 1960), 
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some model, and naturally there will arise certain 
predictions specific to the particular model. We take 
notice of the fact that the pion, the lightest of the 
meson family, is pseudoscalar and isovector, whereas 
its isoscalar counterpart of comparable mass does not 
seem to exist.‘ If the pion is to be intimately related to 
a symmetry property as in our previous model, this 
would imply that the model of nucleons should allow 
an (approximate) invariance under the ysX isospin 
gauge group of Giirsey,® but not under the simple 
(Touschek) ys gauge group, at least not so well as in 
the former case. For this reason, we would altogether 
consider the following gauge groups: 


yen, J 
Y — exp(it-a’)y, 


> Pe-ia, 
y— VP exp(—iz-@’), 


¥— exp(iyst-a”)y, Y— WP exp(iyst-a”), 


where 7 denotes the nucleon isospin matrices. 
Obviously, the first two are generators of the nucleon 
number gauge and the isospin transformation, respec- 
tively. The second and third transformations combined 
form a four-dimensional rotation group on the four 
components composed by the proton and neutron of 
both handednesses.° Thus we may also replace Eqs. 
(2.1a) and (2.1b) by the following transformations 


vr’ 
Yr—exp(itle;y., prt! 


Vr — exp(it-ar)Wr, >Wr' exp(—it-ap), 


exp(—it-a@,), (2.2) 


where Yr and y, are the and left-handed 


components. 


right- 


As the simplest Lagrangian that meets our require- 
ments, we adopt the form 


L=—Wy,0W~—-UMy 
T gow —-> bystWwyst |. 


(2.3) 
If the bare mass operator M°=0, this Lagrangian 
possesses, in addition to Eq. (2.1), an invariance under 
the discrete “‘mass reversal’’ group: 
Yor, vhs 
The bare mass operator M° is a possible agent for the 
breakdown of the Giirsey group, and will be related 
to the finite pion mass.® For the moment, we will 
assume M°=0. Before going to solve the self-consistent 
equation for the mass, we give the result of the Fierz 
transformation on Eq. (2.3): The interaction becomes 


: 1 gol WW —dystaysrw ] 
+ tel dyibr—orar 
— tgol drwy — daw | 
+320 vo. touw—Your owt |, 


*It may not be impossible that the ordinary ys invariance is 
violated more strongly than the Giirsey y; invariance so that the 


(2.4) 


| er 


(2.5) 
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which is a rather complicated combination of all kinds 
of terms. 

We now apply the linearization procedure of I to 
Eqs. (2.3) and (2.4), and obtain the self-energy 


m 1 
m= (1+4)g0 


10g0 dpm _ 
— F(p,A). 
(27)! ptm 
Note that the trace refers to both spin and isospin 
variables. This differs from Eq. (3.6) of I only by the 


change of the effective coupling go — 5go/2=go’. So we 
can simply take over the previous formulas, namely, 


go pe” 4m? 3 
1=— f ine(1- ). 
4° 4m? K2 


for the nontrivial solution if the dispersion integral 
(4.7) of I is used. 


Tr p\™ (0) 


(2.0) 


III. DETERMINATION OF MESON STATES 


Since the interaction Lagrangian in Eqs. (1.1) and 
(1.3) contains a number of different couplings, we 
expect to get various kinds of “mesons” as bound 
nucleon-antinucleon pairs in our simple ladder approxi- 
mation. As was explained in I, this is the proper 
approximation to match our self-energy equation at 
least for the pseudoscalar meson which is expected to 
have zero mass; moreover, even for other types of 
bound states we may reasonably trust its qualitative 
validity in predicting’ the existence and level ordering 
of possible bound states to the extent that our inter- 
action is regarded basically as a short-range potential 
between spinor particles. 

For general discussion, it is convenient to follow the 
procedure given in the Appendix of I. The 
equation to be considered is of the type 


basic 


l(p+3q, p—3qg)=yti Ding, 


xf TrlOnS p(p'+3g)0 (p' +39, P’— 39) 
XSr(p’—3q) |d*p’, (3.1) 


where the summation on the right-hand side is over the 
various tensor forms in the interaction Lagrangian. 
The ‘vertex function” I'(p+ 39, p—3q) reduces to a 
bound state wave function when it becomes a homo- 
solution (y=0) for a particular value of 
qg’=—uwu’. We will briefly discuss those two-nucleon 


geneous 
states for which there is a possibility of binding. 


A. Pseudoscalar, Isovector Meson 
Unlike the case in I, only the pseudoscalar interaction 
~Wyst¥vys7.v contributes to this state. Assuming 
mass of the xo? meson may come sufficiently high. But to achieve 
this end by means of a bare mass does not seem to be feasible. 


5 F. Giirsey, Nuovo cimento 16, 230 (1960 
® For its possible origin, see Sec. V. 
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yst, U?, we obtain 


rP=yP+Pr [i — gl? (q*) ], 


go A2 dx? 4m? i (3.2 
cas Mere ears | 
4? Sam: P+K , 


where, of course, Eq. (2.7) was utilized. This has a 
homogeneous solution for g7=0, corresponding to the 
zero-mass “‘pion.’’ This pion-nucleon coupling is of 
pure pseudoscalar type, which can be calculated from 
the inhomogeneous equation with y?=go'ysrT;, as was 
done in the Appendix of I. We get, namely,’ 


Gp?/ 44 = go'[4eT? (0) 


M2 dx? 4m? #77 
: -| ( -— ~) ; 
— A 


B. Scalar, Isoscalar Meson 
With the ansatz T=I* we have 


rs=y¥ S457 5(¢*), 


go fee —4m? 4m?\3 
n@)=— f -de'(1- +) 
4x? Yam: FP +K Kw 


=1—(g?+4m’*)I?(¢). 
This leads to a zero-binding state: y= —4m? with the 
scalar nucleon coupling constant 


G2 /4m=go'[4eI?(—4m?2) >. (3.5) 


C. Vector Mesons 


There are two vector mesons, with isospin 1 and 0. 
The isovector meson arises from the tensor interaction 
~ Pout Wo..7y with the wave function of the type 


Ty.’ =oyq70". 


The mass is determined from® 


, 


£0 + 6 4m? ? 
ELAD 

60a? J 4m? x —p" a 
| etme —se( 2+ 


which has a solution (for sufficiently small A*) 
yu? 2> 10m?/3. 


The coupling of this meson to the nucleon is necessarily 
of the derivative type. 

7 Note that this is half the value of I because a pion (e.g., ro) 
consists of two substates pp and fin, which changes the normali- 
zation of the pion wave function. 

8 The ambiguity about the subtraction of the most divergent 
part was discussed in I, section 4. The gross qualitative feature is 
not altered even if we do not make a subtraction. 
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To the isoscalar meson, both vector and tensor 
interactions contribute, the former being attractive 
and the latter repulsive. The wave function will have 
the form 
r,"=7,l 1 "+e,9¢.'2", 
which yields a coupled equation for IT; and T.. This 


coupling, however, is rather small, so that we get a 
solution by neglecting T.: 


gy’ M2 dk? 4m?! 2m 
ee ApS 
15x? Jam? 2—p? 2 x 
p?> 20m?/7. 


The nuclear coupling will be 
derivative. 


predominantly non- 


D. The “‘Deuteron”’ States 


As in I, we can discuss the nucleon-nucleon states in 
parallel with the meson states. The interaction may be 
written conveniently in the form 


Lint= bool vy ev —Yo pw Pow 
+ Wy. 6T yy uY5T y ]. 


This is seen to lead to two bound states: a pseudovector, 
isoscalar (J=1+, T=0) coming from the first two 
interaction terms, and a scalar, isovector (J -+0*, T=1), 
coming from the last term. For the /=1*, T=0O state 
(deuteron) the main contribution from the 
attractive tensor interaction, and we get 


comes 


DP =Oprgql a’ 


ai : 4m?» } 2 
- f (:- +) [+ (4m) | 
4 J 4m? Pr — K° 15 


p> 1im?/5. 
For the /=0+, T=1 case we have 


T=ysy-gl* ; 
1=$m?I?(—y"), 


u? > 16m?/5. 


IV. VIOLATION OF vy; INVARIANCE 


Let us now discuss the violation of the ys invariance 
as indicated by the finite mass of the real pion. It 
would be senseless, of course, to talk about the in- 
variance if the observed pion mass implied a large 
departure from our original Lagrangian, for example, 
due to a bare nucleon mass as large as the observed 
mass. So we need to estimate the amount of violation 
in the Lagrangian. 

In general, the bare mass operator, which does not 
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violate nucleon number conservation,® can have the 
following form 


M°=m)°+m.2-n+m;iyst+m Yyse-n’, (4.1) 


where n and n’ are arbitrary unit vectors in the isospin 
space. The observed mass generated by Eq. (4.1) will 
also have a similar form. Because of the invariance of 
the rest of the Lagrangian under the transformations 
(2.1), we can choose it to be 
M =m 4+ mors+m3tys, (4.2) 
which gives two eigenmasses 
m »=( (mit m2)?+ m2? }}, 
m,=((mi—m2)?+m? }}. 
The self-consistent self-energy equation to be solved 
is now 
M = M+ go{TrS¢ M (O)— sri TrLys7iSr 1) (Q) 
+hys TrlysS er” (0) J—374 TririS er" (0) J}. (4.4) 
iMquat ing the respec tive coefficients of both sides, we get 
m=mP+1[m,4+ Ime, 
Im, 


1 
5 


= > a — 
My = My 54M» 


I 
m;=m3;—%Im;, 


O=mP+Imsz, 
where 


sLI (m,)+1(m,) ], 


(I (m,)—I(m,) |, 


Sign’ d‘p 
i(a)=—— f ——eeifibeh). 
(2r)§¥ p+m? 


We are interested in a small change of the non-trivial 
solution due to M°. From Eq. (4.5) it is clear that 
m;=0 unless 


m3)=— (+I me 0. 


The term ms; implies a violation of time and space 
reflections. Since we are not interested in such a vio- 
lation, we will assume m;=m.°=m,=0 from now on. 
We further note that 


1=1(m,)+O[(m2/m,)?], [=O[me/my]. 


In fact, up to the first order in m2/m,, we may put 


m,=m +1 (m,)my, (4.6a) 


my= me — 41 (my) +21 (mime mo, (4.6b) 


®The most general form of the self-energy Lagrangian (neg- 
lecting isospin dependence) is 
WLix pXi (P2)+2Z2 (p*)+iy: preXs (fP*)+ivs Ds (7) V 
tw Liv p Us (p) +26 (p*) +i: prs Zr (p*) +5 Zs (p*) iV 
+H « 


We do not attempt to study such a problem at this place. 
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where 
I'(m) = dI (m)/d(m?) <0. 


Equation (4.6a) determines m, in terms of m;°. 
The self-consistency condition required, for m,°=0, 
is that [(m)=1. We may thus expand J(m): 


T(m,)=1+1'(m)(m2—m?), 
and obtain 


Am? = m~— m= —m,"/(mI'(m) }. (4.7) 


Since J’(m) is of the order of —I(m)/m? (see below), 
this means 
Am= (4.8) 


m,;—m=my)". 
From (4.6b), then 
mo~me{1—2[14+-1'(m)m? |} 
=m», (4.8’) 


We note that originally there were two solutions + |m|, 
which now split into opposite directions according to 
Eq. (4.7) or (4.8). The meaning of this is as follows. 
Under the strict ys invariance, there is a complete 
degeneracy with respect to the transformation (2.1c). 
The perturbation m,° removes this degeneracy, so that 
the energy of the vacuum will depend on the orientation 
of the ‘“ys spin” of the negative energy fermions present 
in the “vacuum” with respect to this preferred direction. 
Obviously, the self-consistent procedure, which is 
similar to the variational method, gives the two 
extremum configurations corresponding to parallel 
(mo/m>Q0O) or antiparallel (m)/m<O) ys5-spin lineup. 
The parallel case has the larger ‘gap parameter” |m 
than the antiparallel case, so that the former will 
correspond to the stable ground state. The latter, on 
the other hand, should correspond to a metastable 
world. 

It is perhaps interesting to see the general behavior 
of the self-consistency equation for arbitrary magnitude 
of m,°, assuming m.°=0 for simplicity. The relevant 
equation, 


m[1—I(m) ]=m’, 


is plotted schematically in Fig. 1. 

Note that the trivial branch of the solution, which 
goes through the origin, has mo/m<0. In other words, 
even in this case the self-consistent solution is quali- 
tatively different from the simple perturbation result. 
As m® increases, it approaches the metastable nontrivial 
solution, and finally both go into the complex plane. 


Fic. 1. The three self 
consistent mass solutions m 
(ordinate) as a function of 
the bare mass m? (abscissa 7 
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We now come to the meson problem. The pion mass 


will be determined from 


remiss f Tri riS e(p’+4q)PSr(p’—4q) ]d*p’, (4.9) 
but 


oa P VU 


sospinl 7 


Ti F 


Tr 


~~ 1sOspin 


The second term yields convergent results, and is 
O[(Am/m)?)}. To the order Am/m, therefore, only the 
first term is important ; moreover, 


Spore +S pom 2=S p™, 


In other words, there will be no first-order mass splitting 
of the pion. The mass is then determined from 


1=J »1' ~——: 


we had originally 


For m,°=0, 


which should now be replaced by 


/ 
m," gy 
eel aa f 
m, 4s 
according to Eq. (4.6a). 
From Eqs. (4.10) and 


4 


4.11) follows 


) 


m,° 
_— (.- ) (4.12 
my 
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For the observed value of y?/4m?~1/200 we then 
have, for the stable solution 


(4.13) 


mS m,/200= 5 Mev. 


The amount of bare mass needed to produce the pion 
mass is thus surprisingly small. 

On the other hand, the metastable solution 
(m,°/m<) produces an imaginary pion mass, indi- 
cating the unphysical nature of the solution. 

The pion-nucleon coupling constant at the pion pole 
becomes [see Eq. (2.3) ] 


GY ‘Sor = go [Ar pl —p") } 


which is changed from the old one only by an order 
u?/me~my/my. 

The other heavy meson states can be treated simi- 
larly. We see easily that the changes induced by m,° 
are quite small: In general Ay?/m,?=O(m,°/m,) and 
AG?/G*=O(m,°/m,). Thus the effect of M® shows up 
dramatically only in the pion mass because it was 
originally zero. 

Finally we remark that instead of a bare mass, we 
could assume slightly different coupling constants g 
and g, (<g,) for the scalar and pseudoscalar interaction 
terms in the Lagrangian (2.3). The nature of the 
solution is somewhat different from the previous case 
because the Lagrangian still retains the mass reversal 
invariance y— ys¥, and the solution is twofold de- 
generate (+m). The fractional change of the coupling 
necessary to produce the pion mass is again small: 

Ag/g! ~p?/4m,?. 


V. IMPLICATIONS OF THE MODEL 


Let us now discuss the relevance of our present model 
to the physical realities of the nucleons and mesons. 

1. We have seen that our Lagrangian (2.3) leads to 
the nucleon of isospin 3 and the pion of isospin 1. The 
pion-nucleon coupling constant (pseudoscalar) depends 
on the cutoff parameter. For the observed large value 
(15) of Gp*/4x, we see from Eqs. (1.5) and (2.3) 
that A must be of the same order of magnitude as the 
nucleon mass itself. This is not unreasonable, since the 
effective nucleon-nucleon interaction in higher approxi- 
mations would proceed with the exchange of nucleon 
pairs. 

A third parameter, the bare mass, enters our picture 
in order to make the meson mass finite. It would seem 
rather unsatisfactory and embarrassing that after all one 
has to break the postulated symmetry in an ad hoc 
manner. In order to clear up this point, the origin of 
the effective bare mass then becomes an interesting 
and important question. Since the required bare mass 
(Eq. (4.13)] seems to be quite small, a tempting 
possibility suggests itself that the bare nucleon field is 
the same as the electron-neutrino field. The electron 


mass itself could be either intrinsic or of electromagneti: 
, 
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origin.’° Under this assumption, the bare mass operator 
would have the form M°=m,°(1+7;)/2, where the word 
“bare” is used relative to the interaction under con- 
sideration. According to the results of the previous 
section, it is only the isoscalar part of M® that produces 
the large shift of the pion mass, and the amount of 
violation of the isospin invariance will remain small. 

2. Besides the pion, we have also derived vector 
mesons of both isoscalar (7=Q) and isovector (T=1) 
types, and a scalar isoscalar meson which is actually 
unbound. No state corresponding to the isoscalar pion 
(0°) is found. Of course, these results should depend 
sensitively on the choice of the interaction in the first 
place, and to a lesser extent also on the degree of ap- 
proximation. At rather 
interesting and satisfactory feature of the model that 


any rate, it seems to be a 
these same vector mesons have been anticipated 
theoretically from various grounds,'' even though there 
do not seem to be convincing experimental! indications 
of their existence as yet.” 

The mass values obtained here are rather high, and 
these mesons should actually decay into pions very 
quickly. The coupling constants are generally of the 
same order as the pion coupling constant, which means 
a very strong interaction for the vector and scalar 
mesons. These results, however, may be considerably 
altered in a better approximation. For one thing, the 
heavy mesons are coupled strongly to many-pion states 
which would make the former mere resonances of the 
latter. Moreover, the nucleon-nucleon and meson 
meson interactions can go through long-range forces 
due to the exchange of these same mesons, which would 
in turn change the meson states themselves. These 
processes (the so-called left-hand cuts in the language 
of the dispersion theory) have not been taken into 
account in our ladder approximation. 

This is a highly cooperative mechanism, and if one 
wants to handle it in a systematic way, one may be led 
to the same dispersion theoretical approach that is now 
widely pursued in pion physics. As a result of such 
effects, it is then conceivable that the masses of the 
vector mesons, for example, may come down.’* Al- 


0 The electromagnetic interaction is invariant under the simple 
ys transformation, but not under the Giirsey transformation since 
it fundamentally distinguishes between the charged and neutral 
components. Thus there is a built-in violation which can eventu 
ally produce the pion mass. 

1 W.R. Frazer and J. R. Fulco, Phys. Rev. 117, 1609 (1960); 
Y. Nambu, ibid. 106, 1366 (1957); G. Chew, Phys. Rev. Letters 
4, 142 (1960); J. J. Sakurai, Ann. Phys. 11, 1 (1960). 

2]. A. Anderson, Vo X. Bang, P. G. Burke, D. D. Carmony, 
and N. Schmitz, Phys. Rev. Letters 6, 365 (1961); A. Abashian, 
N. Booth, and K. M. Crowe, ibid. 5, 258 (1960) 

‘Ss A crude way to see the general tendency will be to argue as 
follows: The T=1 vector meson is coupled to the nucleon mainly 
through tensor coupling, so that it will cause a nucleon-anti 
nucleon interaction of the type g2(01-O2t1° t2)e-#"/r. This 
tends to raise 7=1, J=O* and 7=0, J=1~ meson states, and 
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ternatively, it is also conceivable that we have more 
than one resonance having the same quantum numbers, 
of which we have obtained the higher ones. These 
high-energy poles may in turn determine the low-energy 
resonances. 

T=0, 
resonance, which has also been postulated by 
some people.’* We should try to check these predictions 


In addition to the vector mesons, we expect a 
J=0t 


against experimental evidence, such as the character- 
istic Q-value distributions and angular correlations in 
meson production processes. 

Turning to the nucleon number 2 states, we expect 
two bound states (T=0, J=1+ and T=1, J=0+) with 
comparable masses to those for the vector mesons. 
This is a qualitatively satisfactory feature in view of 
the observed deuteron and the singlet virtual states, 
even though the actual binding is considerably weaker." 

3. As was already mentioned in I, our particular 
model was motivated by the approximate axial vector 
conservation observed in the nuclear 8 decay and the 
role of the pion in it.°'® The only difference from I is 
that (a) we now have the conservation of the isovector 
axial vector current iWyyysrW instead of the simple 
axial vector current iPy,ysy, and (b) a small violation 
of conservation is explicitly introduced. The general 
treatment of the problem will be completely analogous 
to the previous case. 

Assuming that the 6 decay occurs through an addi- 
tional term in the Lagrangian 


tH.c. [ry=3(ri tire) ], 


> 


where /, refers to the lepton current, the nuclear £- 


lower T=0, J=0* and 7=1, J=1>~ states. Any change in the 
binding force, however, will be offset by the corresponding change 
in the nucleon mass, which automatically adjusts the pion mass 
to lie where it should be. The exchange of the T=0, J=1, and 
J=0 mesons, therefore, would not be so important in determining 
the relative shift of the meson levels. 

4 J. Schwinger, Ann. Phys. 2, 407 (1957); M. Gell-Mann and 
M. Lévy, Nuovo cimento 16, 705 (1960); S. Gupta, Phys. Rev. 
111, 1436 (1958), Phys. Rev. Letters 2, 124 (1959); M. H. 
Johnson and FE. Teller, Phys. Rev. 98, 783 (1955); H. P. Duerr 
and E. Teller, ‘bid. 103, 469 (1956). The o meson mass obtained 
here is independent of the cutoff A, so that there may be some 
point in arguing that it is more reliable than for the vector mesons. 
If so, we may expect a nucleon-antinucleon resonance near zero 
kinetic energy (taking account of the mass shift due to 47°). The 
width may be quite broad. 

15 In fact, both 7=0 and 7 =1 vector meson exchanges work 
in the direction to reduce the binding relative to the nucleon- 
antinucleon case. 

16S. Bludman, Nuovo cimento 9, 433 (1958); F. Giirsey, Ann. 
Phys. 12, 91 (1961); Y. Nambu, reference 1; M. Gell-Mann and 
M. Levy, reference 14; J. Bernstein, N. Gell-Mann, and L 
Michel, Nuovo cimento 16, 560 (1960); J. Bernstein, S. Fubini, 
M. Gell-Mann, and W. Thirring, ibid. 17, 757 (1960); Chou 
Kuang-Chao, J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 703 (1960 
[Soviet Phys. JETP 12, 492 (1961) ]. 
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decay vertex becomes 


V.=galiversFyi(g?)—ioy.gqetsF ve(@)+ (iversrs 
+[2mrysqurs/ (G+ue’) f(P)}Fa@)I, 


where g is the momentum change. In the ladder 
approximation, Fyi(¢" from the vector-type 
nucleon pairs, and Fy,;(0)=1 (in accordance with the 
Ward identity, applicable to the isospin current, which 
shows that Fy;(0)=1 in general.'’) 

In the axial vector part, F4(g?)=1 in our approxi- 
mation. f(g) arises because of the violation of the 
Ys invariance, but it deviates from 1 only to the order 
m,°/m,~u/m2, as was already seen in the previous 
section. For practical purposes, therefore, the axial 
vector current has the desired form which would lead 
to the Goldberger-Treiman relation!’ 


arises 


2miga~ v2Gzg-, 
where gi=gsl’4(0) and G,, g, are, respectively, pion- 
nucleon and pion-lepton couplings. 

In higher orders, however, F.4(g*) will be present, 
and in general F,(0)#1 even under the strict y5 
invariance. People have conjectured in the past that 
F,(0)=g,4/gv=1 as u.—0, but this does not seem 
to be easily guaranteed. The generalized Ward identity 
for the axial vector current” suffices to prove the 
Goldberger-Treiman relation, but is not enough to 
make F4(0)=1. In order that the latter should come 
out rigorously, we would need a more subtle mechanism. 
Nevertheless, we can try a working hypothesis that 
ga/gv=1 under the strict invariance, and then estimate 
the deviation due to the violation. This scheme is 
carried out in the Appendix. 


VI. FURTHER PROBLEM 


We will consider here some of the general problems 
which have not been explored, but which seem to be 
important in a more comprehensive understanding of 
the elementary particles. 

1. The hyperons. In order to incorporate the strange 
particles into our picture we would have to increase 
the dimensions of the fundamental field unless we do 
further unconventional things (see below). The simplest 
possibility from the point of view of quantum numbers 
would be to add a bare A-particle field as was originally 
proposed by Sakata.” We would then postulate, in 
addition, the generalized y; symmetry, which would 
mean the invariance of the left-handed and right-handed 
components separately under the unitary transfor- 
mation among the three fields or some subgroups of it. 
The mass splitting of the three baryons will be obtained 

17 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 
(1958). 

1M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 
1958). 

19 J. Bernstein e al., reference 16 

20S. Sakata, Progr. Theoret. Phys. 
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Kyoto 16, 686 (1956). 
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from bare masses of similar magnitude, which destroys 
the otherwise rigorous symmetry. 

This approach will produce easily the pions and 
AK mesons and probably more, and their masses can 
again be related to the baryon bare masses. But we 
do not yet have a comparable dynamical method to 
predict Y and = particles. Consequently, we shall not 
be able to say whether or not the present model is 
dynamically satisfactory in this respect. 

2. The leptons. In connection with the above model 
we are naturally led to the lepton problem. Gamba, 
Marshak, and Okubo” have pointed out an interesting 
parallelism between the pA and vey triplets. As was 
remarked in the beginning, our theory gives a special 
incentive for speculation about this relation because 
we have obtained two solutions: one ordinary and one 
extraordinary, differing in masses. Could they both be 
realized in nature simultaneously? According to our 
results in I, the answer is no because they belong to 
different Hilbert spaces. Moreover, the trivial solution 
gives rise to unphysical mesons at least under the 
assumption of fixed cutoff, with a large mass (—y?2 A’ 
but not necessarily a coupling (G?SA‘/y!). 
Nevertheless, it would seem too bad if Nature did not 
take advantage of the two solutions. A straightforward 
way to make the two solutions co-exist in the same world 
is obviously to postulate that the world is represented 
by the direct product of two Hilbert spaces”: 


weak 


(6.1) 


HLS SH 


" 400) Ka FC(m 
Wr 


built upon the vacuum state 


2Q=QM%OQLQ™, 6,1’ 


It is true that this is effectively the same as doubling 
the fields, but here the choice of the two solutions 
(particles) is dictated by the dynamics of the original 
nonlinear theory. In order to describe this situation, 
we may adopt an effective Lagrangian 


L=L®+L®, 


6.2 


where each of the L“ has the same form, only differing 
in the charge assignments of the respective triplet 
fields. The Lagrangian obviously yields four subspaces 


" ( ap ( 1 n) D> ) ~ ( 
Ay @K ° ” JC’ & Hy OIC»? 


Ko 


and 


According to our plan, we must say that we happen to 
live in the first subspace. [In the second space, the 
masses of vey and pnA are interchanged, whereas in 
the third (fourth) case we have two kinds of leptons 
(baryons). | 

21 A. Gamba, R. EE. Marshak, and S. Okubo, Proc. Natl. Acad. 
Sci. U. S. 45, 881 (1959); Z. Maki, M. Nakagawa, Y. Ohnuki, 
and S. Sakata, Progr. Theoret. Phys. 23, 1174 (1960) 

# S. Okubo and R. E. Marshak, Nuovo cimento 19, 1226 (1961), 
have independently proposed a similar idea. We thank the authors 
for valuable communications 
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So far there is no interaction between leptons and 
baryons (except the electromagnetic, which is trivial). 
To introduce the weak interactions, we may, for 
example, add to Eq. (5.2) a third nonlinear term 
involving all the (left-handed) fields. This would 
complete our program of dealing with the strong and 
weak interactions. 

But, of course, it is not yet a truly unified theory ; 
the weak interaction is introduced only as an ad ho« 
additional know the 
mathematical consistency of such a procedure, because 
the additional interaction, if taken seriously, may 
qualitatively affect the baryon and lepton solutions we 
already have. 

There is an alternative, but less drastic scheme; 
namely, to assume six different fields from the be- 
ginning, of which three (becoming eventually the 
baryon fields) have additional strong interactions in 
the Lagrangian. This may not be devoid of elegance 
if the interaction is mediated by a vector Bose field 
coupled to the baryon charge. The intermediate bosons, 
including the photons and possibly also the weak 
bosons, could then be interpreted as the agents that 
distinguish between different components of the bare 
fermions, which otherwise would enjoy a high degree 


process. Moreover, we do not 


of symmetry. 

We would like to throw in another remark here that 
there may be also a possibility of utilizing the ordinary 
and extraordinary solutions in distinguishing between 
electron and muon, or baryons” of different 
strangenesses. 

3. The ys invariance for general systems. In our 
theory the ys invariance is a very essential element. 
It is a particular symmetry which exists in the 
Lagrangian, but is masked in reality because of the 
(approximate) degeneracy of the vacuum with respect 
to that symmetry. We have used the pion and the 
8 decay in support of the assumption. In order to firmly 
establish its validity, however, we must try to find 
more evidences. For one thing, the induced pseudo- 
scalar terms in nucleon 8 decay and yw capture should 
be examined more closely. 

Furthermore, if such a symmetry is to have a general 
meaning, we must be able to consider partially con 
served currents for processes suc h as 


Hy 
L$, 
N¥ 
> v 
A. 
\n elementary definition of the ys transformation for 
the general system is obvious: When the wave function 
of a system is expressed in terms of the fundamental 


(bare) spinors obeying the rules Eq. (2.1), the trans- 
formation is unambiguously defined for each com- 


ELEMEN 


PARRY PARTICLES 


ponent, and thereby the total axial vector current is 
determined. 

For superallowed transitions with spin 3, the problem 
is particularly simple, since it is the same as for the 
neutron case. Thus for H*— He* we have the same 
Goldberger-Treiman relation 

My T M we) g ,(H,He 


V2G,(H,He)~g,, (6.4) 


where ga, 


G, now characterize the 8 decay and the 
(unknown) pion coupling for the transition under 
consideration. 

Similar relations hold for the = 


D-E case, we have 


decays.” For the 


2myg a(2Z)/G,(ZZ) ~ ge. (6.5) 
l’or the X-A case, the axial vector vertex becomes” 
D4 Liyyyst (mst ma)ysqu/ (gtx) 14 (q?) 
+17 50 url's 4 (q*) 
(myst+ma)F14(0)/G,(SA) ~¢,, 


56 


(6.6) 


if the relative S-A parity is even. The vector current 
conservation is also violated because of the =-A mass 
difference, and it looks as though this would predict a 
corresponding scalar meson term. However, the analogy 
is rather superficial. Firstly, the violation disappears 
if ms=m.,, in which case there would be no need for a 
scalar meson. The Y-A mass difference itself might be 
due to the breakdown of the y; symmetry. Secondly, 
it is an ‘‘unfavored” transition (AT=1), so that the 
vector part, corresponding to the off-diagonal element 
of the isospin current, should vanish in the ideal limit 
of strict isospin invariance and g— 0. In other words, 
we expect 


Py =(eiy.— (ms—ma)qu VF iv (g)+ougFov(¢). (6.7) 


In case the Y-A parity is odd,” the vector and axial 
vector parts will interchange their roles. The vector 
part, which now looks like the axial vector current, 
would have the form 


Py = C@ivuyst (mst ma)ysqulF iv (q*) 


(6.8) 


4 1y 5T pr Gul? oy (q"). 
The axial vector part can similarly be put in the form 


[iy uw Jy\Ms— mM) (q° t uy) f gq’) F, i(g° 


t Cur Gul s ‘ (g°). (6.9) 


But f(g) need not be =1 if the =-A mass difference is 
also due to the violation of the ys symmetry. 

There are other processes for which the chirality 
conservation can be tested in a direct way. Although 


31.. B. Okun’, Ann. Rev. Nuclear Sci. 9, 61 (1959); M. Gell 
Mann, Proceedings of the 1960 Annual International Conference on 
High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960), p. 522. 

24 We have in this case three independent terms. 

25 See S. Barshay, Phys. Rev. Letters 1, 97 (1958); Y. Nambu 
and J. J. Sakurai, ibid. 6, 377 (1961) 
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extraordinary solutions are in general not eigenstates 
of chirality (even under strict y; invariance), the 
conservation law should still apply to the expectation 
values of chirality. In fact, we can express the chirality 
conservation law (Y¥;)=(X 
for example 


for any reaction i— f; 


ptr ptr, ptrtn’, etc., 


PTri— PTD, P+rP+s, etc., 
as a relation between the change of nucleon chirality 
and the magnitude of the pion production amplitude. 
The ideas outlined in this section will be taken up 
in more detail elsewhere. 


APPENDIX 


We calculate here the renormalization of the axial 
vector (Gamow-Teller) coupling constant g, for 
nuclear 8 decay under the following assumptions: 


1) Under strict ys; invariance (Giirsey type), there 
is no renormalization, namely ga=gao (=gvo=gr), 
where go is the bare coupling constant. 

(2) The violation of the invariance gives rise to the 
finite pion mass as well as the deviation of the ratio 
R=g4/gao=ga/gv from unity, so that there is a 
functional relation between the two quantities. 


Let us first consider the isovector axial vector vertex 
I’, in the usual perturbation theory. In our model, it 
consists of various graphs, some of which are shown in 
Fig. 2(a) and (b). The “ladder” graphs 2(a) have been 
considered in I as well as in the present paper, since 
they are intimately related to the ys; gauge trans- 
formation. In I (Appendix) we found that R>1 when 
both pseudoscalar and pseudovector type interactions 
are present.”° The graphs 2(b) have not been considered 
yet. These will come into our consideration as soon 
as we take corresponding higher-order approximations 
for the self-energy, which was briefly discussed in I. 
The chain of bubbles in these graphs will act like a 
meson when there is such a dynamical pole [Fig. 2(c) ] 

The (divergent) renormalization effect due to 
intermediate mesons is always negative,?’ irrespective 
of the type of the meson, so that the effect of these 
meson-like bubble graphs is also expected to be similar. 
When the chain does not produc ca pole, however, the 
effect can be opposite. 

Combining all these effects, we have no way to predict 
the resultant magnitude and sign of the renormali- 
zation correction. So we simply assume these contri- 
butions to cancel out under strict ys invariance. 

Next let us suppose that the invariance is slightly 
violated. This will cause changes in the propagators 
26 See also Z. Maki, Progr. Theoret. Phys. (Kyoto) 22, 62 (1959 
27 We owe Dr. J. de Swart the mathematical check on this point 
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(ce) 


Fic. 2 


I'vpical graphs considered in the evaluatio 
of the axial vector vertex 


in all these graphs. Most of these changes are, however, 
quite small, being of the order of m°/m 
will be clear from the results of Sec. IV. The largest 
effect is naturally expected to come from the “pion” 
contribution in Fig. 2(b), as this is a change from zero 
mass (infinite range) to a finite one. 

Let us accordingly take the effective pion graph from 
Fig. 2(c) with an arbitrary pion mass y. Call its con- 
tribution to the vertex renormalization (for zero 
momentum transfer) A(x). Then ac 
assumption 


ry 4m, as 


ording to the above 


Al 


The difference . which turns 


out to be 


(* ue | 


A(p —A(Q) 
167° m?| 


l6u 4 
~ tan! 
vam 


where G is the 
constant. 

As was expected, this goes like (y?/m? 
small yw, which is more important than the contributions 
from the neglected processes behaving like yu?/m?. 

With (G?/4r) (v2? 0.08, } \2 


phenomenological pion coupling 


In(m?/u*) for 


gIVeS 


$9927 f?/ Ar 


0.18 
} \3 
0.24 


The first figure is the entire contribution from Eq. 
(A2), while the second is the contribution from the 
leading logarithmic term alone. Experimentally, R is 
estimated to be ~ 1.25." 

Novey. G. R. Ringo, and 
1961 


2*M. T. Burgy, V. E. Krohn, T. B 
V. L. Telegdi, Phys. Rev. 120, 1829 
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rhe renormalization of time-ordered Green’s functions is carried out without reference to Feynmar 
diagrams. The arguments are entirely based on the generalized unitarity condition and the parametri 
dispersion relations. The renormalization of the meson-nucleon interaction is studied, and then a close 
examination is given of the renormalization of quantum electrodynamics in a special gauge. Finally the 


connection between the subtraction constants in dispersion relations and rer 


clarified in a simple model 


I. INTRODUCTION 
N a series of papers’ the formulation of field 
theories based on the generalized unitarity condition 
dispersion relations has been 
developed. In particular in reference 2 the connection 
between the renormalizable Lagrangian theory and the 
present approach was established in the perturbation 
theory. One of the main results obtained in that paper 


and the parametric 


was that there is a one-to-one correspondence between 
an interaction term in the Lagrangian and a subtraction 
in the parametric dispersion relation for the corre- 
sponding function. Roughly speaking the 
coupling constants of elementary interactions were 


Green’s 


introduced into our framework theory as the sub- 
traction constants in the parametric dispersion relations. 

The subtractions in the dispersion relations serve to 
introduce interactions into the theory in the lowest 
order perturbation theory. As the order of approxi- 
mation proceeds, the subtractions in turn 
eliminate divergences from the dispersion integrals. If 
the number of subtractions assumed in the beginning 
is not sufficient to eliminate divergences from the 
dispersion integrals in the higher orders, this is an 
indication that the theory does not possess any con- 


serve to 


vergent solution in the perturbation theory, and the 
theory is called unrenormalizable. 

It is important and interesting to clarify the criterion 
for the renormalizability of a theory in our scheme. 
Our result naturally agrees with that of the conventional 
Feynman-Dyson theory, but it is perhaps worthwhile 
to mention that the renormalizability condition can be 
derived without reference to Feynman diagrams. 

In Sec. II the generalized unitarity condition and the 
parametric dispersion relations are briefly recapitulated. 
Then the renormalization of the meson-nucleon inter- 
III. The renormalization of 
quantum electrodynamics will be carried out in a 


action is discussed in Sec. 


special gauge. This problem is not so simple as one 
anticipates, and it will be discussed in Sec. IV putting 
a special emphasis on the characteristic features of 
quantum electrodynamics. 

* This research was supported in part by the joint program of 
the U. S. Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1K. Nishijima, Phys. Rev. 114, 485 (1960). 

2M. Muraskin and K. Nishijima, Phys. Rev. 122, 331 (1961). 

3K. Nishijima, Phys. Rev. 122, 248 (1961). 


ormalization constants is 


Our formulation is in some sense rather abstract, and 
for this reason the physical meaning of subtractions in 
the parametric dispersion relations is investigated in 
Sec. V. It will be shown that the subtractions in the 
dispersion relations really replace the renormalization 
procedure Ss. 


II. GENERALIZED UNITARY CONDITION AND 
PARAMETRIC DISPERSION RELATIONS 


Our arguments on renormalization are based on the 
generalized unitarity condition and parametric disper- 
sion relations. Although these subjects have been 
repeatedly discussed in references 1-3, we shall briefly 


} 
t 


recapitulate them for the sake of completeness. 


Take for simplicity the neutral scalar field g(x), and 


define the 7 functions by 


-Kz,(0| TL e(x1): ++ (an) ]/0), (2.1) 


where A, denotes the Klein-Gordon operator and 0 
Then the generalized unitarity 
oupled equations of the 


the vacuum state. 
condition is given by a set of 


form 


T(t: ** 


() 


? 


-d'u,, (dv)=d'v,:--d*v,, and 7* is 
means to take the sum 
over all possible combinations which divide «1, Pe 
into two groups, one ente ring into r and the other into 


0 and k=n. ' 


where (du d =a 


the complex conjugate of 7. 3° 


7*, excluding k 


A) is defined by 


rhe contraction function 


1A (u—v) 


= ! ! ! ! 
DY oO] o(u) | ppl e(2) (0 


1 
fev e 
(27) 


where the summation is taken over all single-particle 


O(po)b(p?+m?), (2.4) 
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Fic. 1. Path of integration in the complex ¢ plane used in the 
derivation of Eq. (2.8) from Cauchy’s formula. The analytic 
continuation of G() from the upper half-plane to the lower 
half-plane is made through an infinitesimal gap between the cuts 
along the positive and negative real axes. 


states with energy-momentum , and 6(po) is the 
ordinary step function defined by @(p0)=1 for po>9, 
and =0 for po<0. 

The Feynman diagrams contributing to a 7 function 
are in general disconnected, and we shall call the sum 
of contributions from connected Feynman diagrams 
the p function. The relationship between 7 and p 
functions is given by a recursion formula 
T(XN Xn) =plX1° + + Xp) 

+ ¥ p(xx'-- 


comt 


’ 
*Xe)T Xe °° 


where the summation is extended over all possible ways 
into two groups, one entering into p 
and the other into 7, excluding k=n. 


to divide Xi°°°Xe 


The Fourier transform of p is introduced by 


"G(Pi°** Pn). (2.6) 
lar products of p’s and will be 
reafter. Then G satisfies, irre- 
number of variables, the dispersion 


P f . 
TLe A: 
where is a common scaling parameter to be multiplied 
into all the scalar products. When a subtraction is 
needed we differentiate both sides of Eq. (2.7) with 
respect to & In Eq. (2.7) all the scalar products paps 
are assumed to be real, but then G( paps: &) can be 
defined for complex values of € with the help of the 
dispersion relation (2.7 


of s¢ 


denoted by G(paps) h 


i 


GC is a function 


} 
spective ol! the 
| 


relation 


ReG(paps:é 


ImG (paps: &'), (2.7) 


 £e.. 
1 , dt’ 
G{ Paps: §)= 


T 


(2.8) 


It is clear from Eq. (2.8) that G(paps: &) is the boundary 
value of an analytic function of £ with cuts along the 


positive and negative real axes: 


G(é)=limG(é+ie) for £E>0, 


(2.9) 
=limG(é—ie) for £&<O, 
0 

and 


ImG(0)=0. (2.10) 


Equation (2.8) is nothing but Cauchy’s formula when 
the path of integration is taken as in Fig. 1. 


III. RENORMALIZATION OF MESON-NUCLEON 
INTERACTION 


In reference 2 the power counting theorem in the 
simplest scalar theory was proved, and in this paper 
this theorem will be generalized so as to cover more 
interesting cases. 

First the essential ideas involved in the previous 
paper will be recapitulated. The most important point 
in the discussion of renormalization of Green’s functions 
is the recognition that divergences occur only in the 
dispersive parts but never in the absorptive parts. 
This fact facilitates the separation of divergences. In 
the perturbation theory we can proceed to higher 
orders step by step by combining the generalized 
unitarity condition and the parametric dispersion 
relations. The former is used to calculate the absorptive 
part of a Green’s function from the lower order Green’s 
functions, and the latter enables us to calculate the 
dispersive part of that function from its 
absorptive part. Clearly the application of the unitarity 
condition in the calculation of the absorptive part of a 
higher order Green’s function does not any 
divergences, but the dispersion integral used to calculate 


Green’s 


cause 


the dispersive part from the absorptive part does not 
Thus we introduce 
subtracted dispersion relations in some cases. We have 
already learned in reference 2 that subtractions in the 
parametric dispersion relations for Green’s functions 
introduce interactions into the perturbation theory. If 
more and more subtractions are needed to eliminate 
divergences from the dispersion integrals as the order 
of approximation proceeds, i.e., if an unlimited number 
of subtractions are needed in higher orders, the theory 
is not renormalizable. Therefore, when we introduce 
subtractions, and consequently interactions, there must 
be a guarantee that the originally assumed subtractions 
are sufficient to make all the dispersion integrals 
converge in all orders of perturbation theory. This 


necessarily converge. have to 


guarantee, called the renormalizability condition, is 
the subject of this section. 

In order to solve the renormalization problem we 
have to postulate certain high-energy behavior of the 
G functions. In connection with the parametric dis- 
persion relations we have to know the behavior of 
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G(paPs:&) for large values of ~, and we introduce the 
following postulate: 

Postulate I. For large values of & the asymptotic 
behavior of G(Paps-&) is governed by a power law: 


G (Paps: t)~ EX", (3.1) 


provided that all the scalar products are real. More 
precisely this equation must be understood as that the 
proportionality factor may depend on p’s but the 
power a/2 should be independent of p’s in almost all 
configurations of p’s. 

This postulate is satisfied in the conventional 
perturbation theory.4 Furthermore it should be men- 
tioned that functions like Ing are counted as £°, or more 
precisely Eq. (3.1) states that for an arbitrary given 
positive ¢ the following equations hold: 


; GI aps’ &) 
lim 
: 1 


om iieobe 
The power a/2 of course depends on the number of 
variables and species of fields entering into the defi- 
nition of the G function under consideration. 

In what follows we shall write the power law in a 
more intuitive but not rigorous manner, i.e., 


G( Paps) ~ p*. (3-2) 
In this formula we do not distinguish between different 
p’s since the purpose of the power law consists in the 
discussion of the subtractions in the parametric dis- 
persion relations. 

For simplicity we shall start from the discussion of 
the neutral scalar theory. The power a then depends 
on the number of variables and will be denoted by 
c(n). 

We now study the necessary condition for the 
renormalizability of the theory, and for this purpose we 
start from the generalized unitarity condition (2.2) 
since the ordinary unitarity condition, which does not 
allow the scale transformation used in the parametric 
dispersion relation (2.7), does not meet our present 
need. Let us retain in (2.2) only those terms that 
correspond to connected Feynman diagrams; then as 
has been mentioned already in reference 2, the con- 
nected part of 7-+7* is p+p* and its Fourier transform 
is the absorptive part of ImG. 

The connected part of the last term in (2.2) is 
obtained by expanding 7’s into p’s and picking up only 
In this 
way we find the generalized unitarity condition for the 
connected p functions. This new form of the generalized 


connected terms in the sense of reference 1. 


* The validity of the power law seems to be wider than that of 
the perturbation theory. For instance, this law is obeyed by 
certain Green’s functions calculated in the ladder approximation. 
See in this connection the following articles: S. F. Edward, 
Phys. Rev. 90, 284 (1953); P. Federbush, M. L. Goldberger, and 
S. B. Treiman, ibid. 112, 642 (1958) 


ORDERED 


GREEN’S Fl 


unitarity condition reads: 
2 
p(Xy-* Xn) +p* (ay Xn) + YO’ & — | (du) (dv) 


comb l=1 1 


K play’ + xy ty: AP (uy—2;) +» - AM (uy — 2) 


XK p* (xp aa’+ + -e,/01- + +02) + (trilinear and further 


? 


multilinear forms in p and p*)=0. (3.3) 


Now let us examine the high-energy behavior of the 
Fourier transform of Eq. (3.3). The power of ImG‘” 
which is the Fourier transform of Rep(«1---«, 
exceed c(7), the power of G 


) cannot 
"), Next we have to examine 
the power of the nonlinear part of Eq. (3.3) and 
compare with c(). This is, however, not an easy task 
unless we introduce another postulate which is less 
valid than the power law. 

Postulate IT, The power of the nonlinear part in the 
unitarity equation (3.3) is given by the highest one of 
the powers of all the terms in the nonlinear part. 

This postulate is certainly restrictive and probably 
valid only in the perturbation theory as illustrated by 
the counter example 

1+<a Inp+ (a?/2!)(Inp)*+ ---=exp(a Inp)= p*. 
The power of this series is given by a, whereas the 
power of each term in this series is zero. Once this 
postulate is taken for granted the derivation of the 
renormalizability condition is straightforward. First it 
can be concluded that the highest power in the bilinear 
part of Eq. (3.3) should not exceed c(), and this 
condition can be written down explicitly. 


c(n)+4(n—1)>max[c(k+)+c(n—k+)) 
4(n+2/—2)]—6l. (3.4) 
well as 
from the 
Eq. (2.6). “max” 
means to pick up the highest power from the sum over 
various values of the &’s and /’s in the bilinear part of 


The term 4(7z—1) on the left-hand side as 
4(n+2/—2) on the right-hand side 


definition of S”’ 


stem 
from p(%1-°°°Xn) 


? 


Eq. (3.3). 61 on the right-hand side comes from (dz), 
(dv), and A (u—v). 

There is one important observation concerning the 
structure of Eq. (3.3), namely the two-point p function 
never appears in the nonlinear part of Eq. (3.3). 
Therefore we study the inequality (3.4) subject to the 
conditions k+/>2, n—k+/>2. The special case n=2 
will be discussed after all others are settled since the 
two-point p function is completely decoupled from all 
others. This situation is characteristic of the present 
approach and has already been mentioned in reference 2. 

Another important observation is that if we take 
trilinear or further multilinear terms we get another 
inequality involving three or more c’s on the right-hand 
side but this new inequality is always satisfied provided 
that (3.4) is satisfied. In other words, the inequality 
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> 


3.4) already represents the necessary condition for the 
renormalizability. 

Having established the mathematical method of 
discussing this problem we shall now switch from the 
simple scalar theory to the more interesting problem 
of the meson-nucleon interaction. We assume that the 
meson is a spinless particle and the nucleon a Dirac 
particle. Then the most general 7 function in this case 
is defined by 


—i)*Kry-++Kr.Dus-++DyDa--+De 


«(0 The(ai)- ++ (rah (n1)- + Wyn) 
x (21): --W(2s) 1/0), (3.5) 


where D,=7y0,+M,D,=y"70,—M,and M isthe nucleon 
mass. From the conservation of nucleon number, this 
r function must involve the same number of ’s and w’s. 
functions for the 


Furthermore the contraction 


nucleon field are given by 
—1S (x—y) 


—i(yd.— M)A® (x—y, | 


tS (x—y) 
—(y70,+M)A™ (x—y, M), 


(3.6) 


tinucleon intermediate states. 
Let us denote the G function corresponding to the r 
where n=a and m=2b. We 
the power law for G‘""” as 


3.5 by ote 


Clam pein S nD: 37) 
j aa 9 a } > ‘oa 


inequality (3.4) for the scalar theory i 
> max{ k+l], k’+') 
I m—k'+1')+4(n+m-+ 214 2I'—2 


—6(I41) +1} 


+-m—1 


(3.8) 


he restrictions 


l+e’4+l’>2, n—kt+l+m—k’'+l'>2. (3.9) 


ight-hand side of (3.8) results 
of S* or S® for A®. The 
due to the absence of the two- 


from the substitution 

restriction . are 
i [ tions in the unitarity condition. Put now 

(3.10) 


nm) =c(nym)+n+3m—4; 


is simplified and is given by 
b+] B’ 4 ld 


+d(n—k+l,m—k'+l')}. (3.11) 
* The power of each term in the bilinear part of the unitarity 
condition is not necessarily given by the right-hand side of (3.8 
This is not a contradiction to postulate II, but due to the over- 
estimation of the power of some terms in the bilinear part. For 
instance, for n odd and m=0 the Green’s function G‘°¢4 must 
have an even power of p, and an odd power of p cannot appear 
[ Lorentz invariance. Therefore if we write the 
3.8) simply maxA, then for » odd and m=0 
must be replaced by max2[A/2], where 
A, =(A—1)/2 for odd A. 


because of the 
ao Eee” 
right-hand side of 

the right-hand side 


If we further define 
d(n)=maxd(k, n—k), 
then this d() satisfies 


d(n)>max[d(k+])+d(n—k+/)!,  (3.11a) 


again subject to k+/>2, and n—k+/>2. From (3.11a) 
we can conclude for n> 2 that all d(7)’s are nonpositive, 


d(n) <0, 
or, in terms of ¢(#,m), 
c(nym) <4—n— 3m. 


So far the arguments are based solely on the generalized 
unitarity condition, and (3.13) is a necessary condition 
for the satisfaction of the unitarity.® The power equation 
(or inequality) (3.11) possesses generally many solu- 
tions if no other condition is posed. 

In order to narrow the solutions of the power equation 
we have to introduce the parametric dispersion rela- 
tions. We shall first list those combinations of » and m 
for which the upper limit of c(,m) can be nonnegative 
and consequently G‘"*" might imply subtractions. 


(i) n=3, m=0: upper limit for c(z,m)=1; 


(ii) n=4, 0: upper limit for c(m,m)=0; 


(iii) m=1, m=2: upper limit for c(n,m)=0. 


The above list shows that the generalized unitarity 
condition implies that the G functions other than those 
listed above should satisfy unsubtracted parametric 
dispersion relations and that for the G functions listed 
above one subtraction suffices to make the dispersion 
integral converge. In what follows, the significance of 
this result will be studied in the language of the La- 
grangian theory. 

First one subtraction for ¢ 
the corresponding Lagrangian theory the 
2 or ¢, but the subtraction for G requires a detailed 
elucidation as to the nature of the interaction. For the 
sake of definiteness let us 
pseudoscalar; then G"” will 
cussed in Sec. IV of reference 2, into a sum of invariants: 
G(q,p,p’)= iys Ge(q,P,P’) tigy'Ga 1,p,p 


a 
t+ouPuls’Sr(q,P,P') I, 


or G"’ introduces in 
} 


interaction 


ssume that the meson is 


a 
il be decomposed, as dis- 


where G(q,p,p’) is the Fourier transform (2.6) of 
p(xyz)= (—i)K-DyDJAO T{ g(a 


We already know in reference 2 tha subtraction 
for Gp introduces the pseudoscalar coupling and that 
for G4, the axial vector coupling. On the other hand, 
we also know from the above discussion that the power 
of G for large values of g, p, and p’ is at highest zero. 
This means that we can introduce a subtracted dis- 


6 This condition corresponds to Dyson’s Ex 


5) of his paper 
on renormalization; F. J. Dyson, Phys. Rev 7 


75, 1736 (1949) 
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persion relation only for Gp and that Ga and Gr should 
satisfy unsubtracted dispersion relations. Hence the 
unitarity condition allows us to introduce only the 
pseudoscalar coupling in the perturbation theory. 

Once we introduce one subtraction for a certain G 
function, then in the lowest order perturbation theory 
its power is zero, and this gives a restriction or a kind 
of boundary condition to solve the power Eq. (3.11). 
If this restriction can be incorporated into the power 
equation, then the theory may be called renormalizable 
provided that the two postulates are satisfied. In what 
follows, we shall study various combinations of sub- 
tractions (or interactions) case by case. 


Pseudoscalar Meson Theory 


In the pseudoscalar meson theory G®” is absent 
because of parity conservation and we shall assume 
subtracted dispersion relations for 
precisely for Gp in (3.14)—and for G 
that in the lowest order G"* and G" 


more 
”. This implies 


0) 


G*?)—or 
1 
are constants 
and hence 

c(4.0)>0, EtLziee 


’ 


(3.16) 


d(4,0)>0, d(1,2)>0. 


Then the power equation for d(1,2) and d(4,0) is given 
by 


d(njm)>max[{d(k+l, k’+1') 
+d(n—k+l, m—k’+l’'),0]. (3.17) 


All other d’s satisfy Eq. (3.11). In these equations we 
naturally retain d’s only for those values of 2 and m 
for which G°"™ $0. 

Equation (3.17) already involves a kind of boundary 
condition (3.16) and determines the solution of the 
coupled power Eqs. (3.11) and (3.17) uniquely, 1.e., 
the only solution is given by 


d(nym)=0, or c(njm)=4—n—3m. (3.18) 


It is clear that even in higher orders the originally 
assumed subtractions are sufficient to make all the 
dispersion integrals converge. Thus this theory may be 
called renormalizable. One has to notice, however, 
that the above arguments do not guarantee the exist- 
ence of the solution in the perturbation theory since 
the whole arguments are based on the assumed existence 
of the solution satisfying the two postulates. 

The solution (3.18) also determines the powers of the 
absorptive parts of two-point Green’s functions. They 
are given, respectively, by 


6{(20)=2.. c{0.2Z)=—1. (3.19) 


These powers are consistent with the Kallén-Lehmann 
representation’> as has been discussed in reference 2. 
This problem will be discussed in further detail in 
Sec. V. 


7G. Kallén, Helv. Phys. Acta. 25, 417 (1952); 26, 755 (1953). 
8H. Lehmann, Nuovo cimento I1, 342 (1954). 
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Pure Meson Theory 


For simplicity we shall discuss here a neutral scalar 
theory interacting with itself. Then the power equation 
is given by Eq. (3.4) or in terms of d(m)=c(n)+n—4 by 


d(n)>max[d(k+1)+d(n—k+l) ]. (3.20) 

(a) One subtraction for n= 3. 

If we assume one subtraction for SG and no 
subtraction for all others, the power equations are 
given by 

d(n)>max[d(k+/)+d(n—k+l), —1] (3.21) 
for ” 


3 since c(3)=0 implies d(3)=—1, and by Eq. 


(3.20) for all »>3. Then the only solution is given by 


d(n)=2—n, or c(n)=6—2n. (3:22) 


This is renormalizable in our terminology. 

(b) One subtraction for = 4. 

In this case all G’s with » odd vanish, and as one 
can easily check the only solution is given by 


d(n)=0, or c(n)=4—n. (3.23) 


(c) One subtraction for »=3 and n=4. 
The only solution in this case is given by 


d(n)=0 for even 7 


—1 for odd n. (3.24) 


Scalar Meson Theory 


shall meson field 
interacting with the nucleon field. As the most general 
case we assume subtractions for G7”, G®, and G@.” 
corresponding to the interactions pe, ¢*, and ¢* in 
the Lagrangian theory. The power equations are given 
in this case by 


Finally -we discuss the scalar 


d(n,jm)>max[d(k+l, k’ +1’) 
t+d(n—k+l, m—k'+l') 
where 


do(nm)= 0 for n 


QO forn 
—] for n=3, m 


for all others, 


expressing the boundary conditions built in by means 
of the subtractions. 

If one tries to solve the above power equation one 
finds that Eq. (3.25) possesses no solution at all, but 
this is not a serious difhiculty because Eq. (3.25) is not 
the correct power equation. The correct equation can 
be given if one remembers the remark in reference 5, 
i.e., for n=odd, m=O the right-hand side is over- 
estimated and one has to modify the right-hand side 
following the prescription in reference 5. Then we find 
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that the solution is given by 


d(njm)=—1, for n odd, m 


0 otherwise. 


In all cases we have discussed, the solutions of the 


power equations suggest that the inequality signs in 
power equations can be replaced by equality signs. 
This means that in all examples that we discussed the 
absorptive part of a G function must have the same 
power as that of the whole G function if there could 
exist solutions at all satisfying the both postulates.™ 

When a theory is not renormalizable in the sense of 
this paper it does not necessarily mean the absence of 
the solution. For instance, take the vector coupling of 
a neutral scalar field to the nucleon field 


(3.38) 


at 


then this theory 


is unrenormalizable in our terminology, 
1e exact solution of this theory 
canonical transformation.’ 
ates that the power law is not 
nor is it obeyed the 
representation for the 
propagation 


coy 1 the other hand tl 
» foul nd | DV Means 5 of a 

! Xact soluti ion ind 
obeyed in this piiiio 
Lehmann 


Killén- 
two-point nucleon 
function. In quantum electrodynamics a 
imilar situation seems to be present 


the next section. 


as we shall see in 


IV. RENORMALIZATION OF QUANTUM 
ELECTRODYNAMICS 


In discussing the renormalization of quantum electro- 
dynamics, the problem of gauge is a very serious object 
one tries to accommodate the 
that v vas fully utilized in Sec. ITI. 


“ty previous papers 


ie ir as power law 
quantum electrodynamics was 
discussed in a special gauge which we shall refer to as 
.llén gauge.’ This gauge was so chosen as to make 
il-time commutators between potentials vanish, 


0 for (4.1) 


is gauge i set I juat 


ions called W-T equations 
iracterize the gauge-invariant 


s been der rived 


interactions: 


xTLA 


It is perhaps worth mentioning that Eq. (4.2) is valid 
only in the Kiallén gauge. As a special case of (4.2) 
note added 
9S. Okubo, Progr. Theoret. Phys. (Kyoto) 11, 80 
G. Kallén, Handbuch der Physik 
Berlin, 1958), Vol. 5. 


= vet in proot 


(1954). 


(Verlag Julius Springer, 
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we shall write down an equation which is important in 
the discussion of the renormalization of 
electrodynamics, i.e., 


quantum 


0 

—Pruve(xysw) =0, (4.3) 
OX, 

where pyyo is the generalization of the 

defined in Sec. II for the scalar case, 


p function 
1.e., It is given by 


fom 


Pryuve (xyzw’) = (-—i)* WJ JO: yO. zuiu 


«(0 Sitecey (y)A, a(W) ]|O)conn. (4.4) 


Another important characteristic of 
that the contraction function is given by 


this gauge is 


+2M 0?/dx,0x,)D° 


Out 


where D™ is the A™ function for zero mass, and M is 
a certain finite constant expressible in terms of the 
polarization operator.” It is just this contraction 
function that prevents us from applying the power law 
in the discussion of the renormalization of quantum 
electrodynamics. If we set up a set of power equations 
in this gauge, no solution can be found. This does not 
mean the absence of the solution in this gauge, but it 
just indicates the failure of the power law in this gauge. 
This is a situation similar to the one discussed at the 
end of the previous section. 

In order to discuss the renormalization problem 
along the line presented in Sec. III, it is necessary to 
find the right gauge in which the power law is obeyed. 
The gauge transformation properties of Green’s func- 
tions have been discussed by several authors,!!— and 
under gauge transformations Green’s functions are 
multiplied by exponential functions of some singular 
gauge functions. This clearly suggests that if the power 
law is obeyed in a special gauge, this property will be 
lost after a gauge transformation. So what one has to 
try is to look for a suitable gauge transformation which 
carries the Killén gauge into the 
which the power law is obeyed. 

The appropriate gauge transformation which meets 
our requirement was given by Rollnik et al. If we 
denote the renormalized field operators in the Kallén 
gauge by A and ¥, and the operators in the special 
gauge by and wy, they are connected by the 
transformation 


(x—y), (4.5) 


special gauge in 


gauge 


A 1+ MO?A,/0x,0%,, 


a fees ; (4.6) 
y=exp(teM0A,/dx,)p 
We shall call this special gauge the Dyson gauge.’® In 
this gauge the equal-time commutators between po- 

1S, Okubo, Nuovo cimento 15, 949 (1960). 

* B. Zumino, J. Math. Phys. 1, 1 (1960). 

I. Bialynicki-Birula, — cimento 17, 951 (1960). 

4H. Rollnik, B. Stech, and E. Nunnemann, Z. Physik 159, 
482 (1960). 

16 This is exactly the gauge used by Dyson in his proof of the 
renormalizability of quantum electrodynamics, reference 6. 
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tentials do not vanish, but this is not important in the 
present discussion. Furthermore, the form of Eq. (4.2) 
is modified in general. Nevertheless one can show that 
the Eq. (4.3) is still valid in the Dyson gauge.’® But 
among other things it is most important that the 
contraction function is given by 


5D (x—y). (4.7) 


The absence of the derivative term in the contraction 
function enables us to use the power law again. 

If we define 7 function by (3.5) with g(«) and K, 
replaced by A,(x) and 0, we can assume the power 
law for the G function which is the Fourier transform 
of the connected part of the 7 function (i.e., the p 
function) : 


Ginm~ pe n,m ; (4.8) 


where is the number of potentials entering into 7 
and m the number of spinor operators. First from the 
charge conjugation invariance it follows that 


gm =0, (4.9) 


for odd, m=0. 


From the construction of the power equations it is 
clear that the structure of the power equations and 
consequently the solution thereof for quantum electro- 
dynamics are identical with those for the pseudoscalar 
meson theory.'’ Thus quantum electrodynamics is 
renormalizable. 

Having established the renormalizability of quantum 
electrodynamics, we shall examine which G functions 
need subtractions. From the solution of the pseudo- 
scalar meson theory we can pick up G functions which 
might need subtractions; namely, the nonnegative c’s 
are given by 

c(1,2)=c(4,0) =0. (4.10) 


We first study the G function corresponding to the case 
n=1, m= 2, i.e., the Fourier transform of the expression 


(—1)0,DyD0| TTA, (a)o(y)P(z) | 0). (4.11) 
This G function which is denoted by G,(k,p,p’) is 
decomposed into a sum of invariants, 

Gulk, pp") = —truGolk, pp’) +ouksGr(k,p,p’), 
with k+p+ p’=0. Equation (4.10) tells us that the 


asymptotic behavior of G, is given by 


Gu~ ap 


Gul xyz) 


(4.12) 


and consequently 
Go~p’, Gre~p. 


Therefore only Gp needs a subtraction. As discussed in 
references 1 and 3, a subtraction for Gp introduces the 


(4.13) 


‘© M. Muraskin (unpublished). This can be shown by using 
the technique developed in reference 13. 

‘In this connection it is important to notice the absence of 
G° for parity conservation in the pseudoscalar meson theory 
and for charge conjugation invariance in electrodynamics. 
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Dirac interaction —ie¥y,W-A, and that for Gp the 
Pauli interaction 7Avo,.W-F’,,, and the renormalizability 
condition excludes the latter. 

Next we examine the case n=4, m=0. The Fourier 
transform of the p function (4.4) will be denoted by 
Cy ol klk BR). 


OAuva 


(4.14) 


(1) The asymptotic behavior for large values of k’s is 
supposed to be expressed by 


Cw”, 


(4.15) 


(2) This G is completely symmetric in the variables 
(kX), (R’u), (Rv), and (k’"c). This symmetry property 
poses the so-called crossing relations. 

(3) Equations (4.3), which is valid in both Kallén and 
Dyson gauges, implies 


Ry Gruvo (kk RR’) =0. (4.16) 


In order to study this problem further, one has to 
decompose this G function into a sum of invariants: 


Garuve ’ G (4.17) 


where a denotes an invariant, and the coefficient Gs is 
a function of the scalar products of k’s alone. Typical 
examples of a’s are given by 


es oe he, RrRukvRe, ete. (4.18) 


Since we can substitute either one of k, k’, k”, and k’” 
for the k’s in (4.18), there are indeed many independent 
invariants, and we shall not try to exhaust them. Let 
us denote the coefficients of the (4.18) 
respectively by G, G®, and G“, or more precisely 
there are many coefficients that are indiscriminately 
denoted by the same notations SG’, G”®, and §”. 
Then it is clear that the asymptotic behaviors of these 
coefficients are given by 


invariants 


COnrR, COnk- Vw R-4, (4.19) 


” needs to be studied. Now if 
can be 


and only the first one, S 
we use Eq. (4.16), one easily finds that § 
expressed in terms of G°’, and, very roughly speaking, 
G® is obtained from G® by multiplying scalar products 
of k’s by G®. This shows that G 0 if all the scalar 
products of &’s are equal to zero, or! 


S (Rakg- &)=0 if € (4.20) 


Thus, integrating the subtracted dispersion relation, 


(4.21) 


. 


P ~ 2 0 dé’ 
: we 
J a [ ImS (kakg: &), 
/ ' 
ry 0 J» I(E —€)° 


18 In what follows, kakg denotes a scalar pr 


of k, k’, k”, and k’”. 


oduct of any two 
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with the boundary condition (4.20), we get 
ReS (Rakg: &) 

dé’ 


g " f 
T e i. x , (fg 


oF as BY 
s s 


ImG (Rakg: =’). (4.22) 


This shows that although one needs a subtraction for 
G”’s one cannot introduce any arbitrary constant, and 
that the quadrilinear interaction 4,?- 4,’ is not present 


in the corresponding Lagrangian theory.” 


V. SUBTRACTIONS AND RENORMALIZATION 


In the foregoing sections it was shown that both 
spinless meson theory and quantum electrodynamics 
are renormalizable, but in order to understand the 
connection between the present dispersion approach 
and the conventional renormalization procedure it is 
necessary to investigate the relation between the 
subtraction constants in the dispersion theory and the 
renormalization constants in the conventional theory. 
For this purpose we shall take a simple model defined 
by the Lagrangian 


Ob* Ab 
+ \f ‘s*e ) 
0 y OX) 


2\0 vr OX) 


Then the unrenormalized field equations are given by 


O-M2)=g6¢, (O—M?2)b*=g,*¢, 
and 
go: 0"@:. 
The field nass renormalizations are given 
by 
Pren= Zz, 

and 

M?=M 


+6M?, m?=mPe+dm. 


From now on we use only renormalized field operators. 
The two-point G functions are defined by 


(—iP? KK ™ 0 T( r )p* y) | 0) 


fae err Ws P"). 


Then the G’s are given in terms of the Lehmann weight 


8 This statement can be verified by using the argument pre 
4 of reference 2 and Eq. (4.22): i.e., the vanishing 


sented in Sec 
the vanishing of ReG 


of ImG 


implies 


NISHIJIMA 


function’ o by 
o2(x*)dk* 
_ pet (etary f a 
q o-TK te 
o3(K")dk* 


G3(p?) = —| p?+m*+ (p?+m f ne 
P+ne—ie 


These two functions satisfy dispersion relations with 
two subtractions, and in order to calculate the sub- 
traction constants we shall first refer to Lehmann’s 
relations®: 


Zs 1—{+ fos K*)dx*, Z 


and 


G2(p*) = 


om -Z;| (x°—m-*")oa 


The absorptive part of the G2 function is given by 


ImG2(~° —T 


where 


Let us first apply the unsubtracted dispersion relation 
to ImG2; then with the help of Eq. (5.9) one finds 


1 ‘ dé’ 
- | ImG2(p’é’ 
TL “4 J, 1i’—-1 


{= 


**ReG2(p?)” 


(5.10) 


. 


On the other hand, the subtracted dispersion relation 
c 


ul {- as 
. h--+ 


f 


or Eq. (5.5) gives 


ReG2(p*) -|p + M2+ (p (5.11) 


5.10 


(5.11) 


dispersion 


If we take the difference between and 


we can learn what is subtracted in tl] 
approach. 


“ReG2(p?)”— ReG (p”) 


(par tf on(ayax + | (M?—x)o2(x)da 


= (p?+M2)Z2°+6M? Z; 


Hence it can be concluded that the two subtractions 
for the two-point G functions are nothing but the mass 
and Z renormalizations. Since Z;! never vanishes, 
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we always need two subtractions in the parametric 


dispersion relation. 


Next we study the three-point G function. From the 


result of the previous section we take it for granted 
that G obeys the power law 


(5.13) 


G(Paps)~ P. 


Krom the unrenormalized field Eq. (5.2), the equation 
for the wnrenormalized vertex function is given by 


(O.—m?+6m’)(0| TL o(x)&(y)b* (2) || 0) 
goO| TLb(y)b* (x) ]| 00} TLb(x)b* (z) ]/ 0) 


+ gO TL: * (x)(x) : ,P(y) ,b*(z) ] @)sonn- (5.1 4) 


In the momentum representation this equation can be 
written in terms of the renormalized G functions as 


f 6m 
(1- - )ocep.p 
k?+-m’?—ie 
oo(x)dx 
= goL 223 (1 + (p?+M?) ) 
J p+x—ie 


oo(x)dx igoZoZ 37} 
x(1 + (p” par) f - ) + 
P+x—ie 


(29)! 
G(q, k—4, P, P’) 
x fag . 2 es, 
[g?-+M?—ie][(k—g)*+ M?—ie] 


(5.15) 


Now put p?>=—M?*E, p?=—M’E, k?=—m?*E and take 
the limit £— ». Since the renormalization constants 
are treated as if they were finite, it may be reasonable 
to assume 
bm? 
lim 0. 


f-* —m?t+m? 


(5.16) 


The last term on the right-hand side of Eq. (5.15) is 
except for the multiplicative constant 
factor, and with reference to the result of the last 
! for 


convergent 
section this term is supposed to decrease as & 
large values of & Now define G(&) by 


(£)= G(R =— mt, P= — ME, p?=—M?E), (5.17) 


and take the limit — ~ ; then we get 


C(%)=goZ2Z3- 122°. (5.18) 


The last factor Z2~* results from the limiting value 


oo(x)dx 
lim (: (pear) f , ) Zs. (5.19) 
ee pP+x—te 


Hence our result is given by 


C(0) = goZ2'Z3"t> go. (5.20) 


We can also express this result in terms of the renormal- 


ORDERED 


GREEN'S 


ized coupling constant g, i.e., 


G(1)=g= 9021 'Z22;', 
and one gets 
G(x ) 


eZ 122 22; e Sizz) 
Z, is the renormalization constant for the amputated 
vertex” and may be defined by 

C(0)/G(1)=2Z,Z57°Z 31. (5.23) 
The subtracted dispersion relation yields”! 

&—-1 7* ImG(é’)dé’ 
Reo(t)=g+ 
. (¢’ 


th__¢ 
s s 


Tv 0 


and in particular for = ~ we get 


1 * ImG(é 
G(»)=g¢4 
+ 


T 
1 
ReG(é)=S(x )+ 
Te 


and the subtraction constant G(2) is given by 
Generalizing Eq. (5.26) we find 


[a4 »/ 
(& \dé 
/ 


P ¢*ImG 
ReG (paps) =SG(%)+ f 
T “9 


c 
s 


Y ” e.7 dé’ 
- f - f ImG(paps:&). (5.27) 
ree, J_, Jt’(t’—1) 


This shows that also in the case of three-point G 
functions the subtraction constant is a kind of renormal- 
ization constant. In the present model the subtraction 
constant gZ,Z2°Z;"! is finite in all the 
perturbation theory. 

Note added in proof. In order to show that the per- 
turbation theory really reproduces the right powers of 
the Green’s functions deduced in Sec. III one has to 
prove that the absorptive part of a G function has the 


orders of 


Same power as that of the whole G function. For this 
purpose it is useful to use the dispersion relation 


r “ dé’ 
g 
ReG( paps: &)= f - f | i/n TmC( papa: &’) 
O\PaYvs's ri i i )\Pa} Ss /) 
=" ( . ese —t 


< 
< 


where 7 is a certain positive integer. This equation is 
true in all orders of perturbation theory, provided that 
the dispersion integral converges for the given positive 
integer . If one takes this modified dispersion relation 
for granted, one can regard the subtraction condition 
discussed in the text as the necessary and sufficient 
condition for the renormalizability of a theory. 


20Tf ['() denotes the amputated vertex defined similarly to 
(5.17), Z; is given by ['(*)/"(1)=Z2Z;. Notice here that both 
G(£) and I'(é) are real for $=1 and = « 

21 Notice that Im G(¢)=0, for <0 
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\ definition of a relativistic generalized potential is given, 
suitable at arbitrary energies for a pair of particles whose elastic 
scattering amplitude satisfies the Mandelstam representation. 
It is shown that the generalized potential plays a role in the dy- 
namics analogous to that of the ordinary nonrelativistic potential 
in a Schrédinger equation and determines the scattering to the 
same extent. Below the threshold for inelastic processes the gen- 
eralized potential is real and its energy dependence in the elastic 
region is expected for certain particle combinations (such as the 
icleon) to be weak. In such cases one may uniquely 
define, for use in the Schriédinger equation, an energy-independent 
ordinary potential that coincides with the potential of Charap and 


W should like to propose in terms of the analytic 
continuation of the S matrix a relativistic defini- 
tion of a generalized two-body “‘potential” that appears 
to have three useful properties: (a) Its role in the dy- 
namics is analogous to that of an ordinary potential, 
and in the nonrelativistic limit its relation to the poten- 
tial defined by Charap and Fubini' may be established. 
(b) Its long-range and medium-range parts may be 
evaluated for arbitrary energies in terms of one- and 
two-body S-matrix elements. (c) It allows a precise 
and physically helpful distinction between pure “‘poten- 
tial scattering’ and scattering associated with “inde- 


nucleon-ni 


pendent” partic les. 

Our definition is made within the Mandelstam frame- 
work, which describes the scattering amplitude for 
three different two-body reactions by a single analytic 
function.2 Suppose the two particles whose mutual 
interaction is of interest are called a and b. Then we 
label the three Mandelstam channels as follows: 


I. a+b— a+b (barycentric energy squared 
Il. a+d—5b+b (barycentric energy squared=‘), 


III. a 


+h— a+b (barycentric energy squared =). 


Roughly speaking, channel II provides the “direct” 
forces for channel I, while channel III provides “ex- 
change” forces. More precisely, we define the generalized 
direct potential V1"!(t,s) as the channel II absorptive 
part, A2, minus the contribution from pel, the 
elastic double-spectral function for channel I. That is, 


Vi" (t,s) =A o(t,s 
—(1/x ffeo 2) (s’ t)/s’—s]. (1) 


The generalized exchange potential has a corresponding 
definition in terms of channel III and p,,!”. 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 
1 J. Charap and S. Fubini, Nuovo cimento 14, 540 (1959 


2S. Mandelstam, Phys. Rev. 112, 1344 (1958). 


Fubini. In general, when the potential is complex and energy 
dependent the dynamical problem involves iteration of an integral 
equation deduced by Mandelstam. The generalized potential may 
be decomposed according to range and it is shown that keeping 
only the long- and medium-range parts, corresponding to transfer 
of one or two particles, is almost equivalent to the “strip approxi- 
mation.” Finally, a general definition is given of ‘‘pure potential 
scattering” as opposed to scattering associated with “independent” 
particles, either stable or unstable, and a variety of experimental 
situations are discussed with respect to this distinction, which is 
shown to be susceptible to experimental test. 


The elastic double-spectral function for channel I 
is given by the Cutkosky graphs of Fig. 1.5 If we diagon- 
alize the S matrix in channel I with respect to all in- 
ternal quantum numbers (isotopic spin, strangeness, 
etc.), then the Cutosky recipe’ gives us (if spin complica- 
tions are ignored) 


Pat *!(s,t) 


1 1 1,* (t's). 
a. J fee 
TeV K3(q2 


1 1 ” A3*(u’, 
+ ff du'du”’ 
T q VY Ss K:? gd 


fo , aut ‘yf 


K(¢°,t,,0") =F +07+0"°— + £'t!") — 1t't"/q?, 


where 


with a corresponding formula for p,,.'‘*! (s,w) in which 
tis replaced by u and the bilinear combinations A.*A, 
and A;*A_ appear. The range of integration in (2) is 
restricted to the region in which K is positive. These 
formulas were first derived by Mandelstam from the 
elastic unitarity condition.’ 

Now, by definition, 


A»(t,s) 


> VE (u,s) 


+-(] n) fas ont su s’—s |, 


I 


Az(u,s) 


so if the generalized potentials V;"' and V1!" are given 
one may compute the elastic double-spectral functions 
by iteration of formula (2), as originally emphasized 
by Mandelstam.’ All statements to this point have been 


3R. E. Cutkosky, J. Math. Phys. 1, 429 
Letters 4, 624 (1960) 


1960); Phys. Rev. 


264 
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formal and, correspondingly, exact. We now consider, 
in order, the three aspects of our generalized potential 
that were listed in the first paragraph. 

(a) If one considers nonrelativistic scattering by 
a superposition of Yukawa direct and 


potentials? : 
e rvt 
Vair(r)=— f dt gair(t) , 
r 


e ~7TrV u 
Viy=— f au Lex(u)——, 
r 


then, except for trivial questions of normalization, if 
Vi'"(t,s) is replaced by gair(t) and Vy!""(u,s) by gex(u), 
the equations determining the double-spectral functions 
differ from Eqs. (2) and (3) above only in the replace- 
ment of the factor 4/s by M,+ MM). Thus our generalized 
potentials determine the dynamics to the same extent 
and in much the same way as an ordinary potential. 
In fact it is easy to show that although the “potential”’ 
defined by Eq. (1) is in general energy-dependent 
and complex, it becomes real for s below the inelastic 
threshold, and when M,2, M,2>>m,2, as in nucleon- 
nucleon scattering, the dependence on s in the elastic 
region is weak (especially for small ¢). It has been pointed 
out to us by J. Charap that in such a case, if one wishes 
to use the potential in a Schrédinger equation, some 
modification is required because even when gq,” is small 
there are contributions from large values of s’ in the 
integral on the right-hand side of Eq. (3). Such con- 
tributions behave like an extra term in a nonrelativistic 
potential, and can be calculated in a simple way from a 
knowledge of the generalized potential.® Once this is 
done, one obtains the nonrelativistic potential already 
defined by Charap and Fubini.' Of course if one works 
directly with the integral equations (2) and (3), as 
one must in w-7 and z-.V scattering, this modification 
is unnecessary. 

(b) The Cutkosky recipe’® tells us how to compute 


exchange 


Fic. 1 Cutkosky graphs for pst!). To obtain p,,!°! 
the lines for d and 6 should be interchanged. 


*R. Blankenbecler, M. L. Goldberger, N. N. Khuri, and S. B 
lreiman, Ann. Phys. 10, 62 (1960). 

5 The correction may be calculated up to any finite value of / 
by a finite number of iterations of Eq. (3), taking the difference 
between relativistic and nonrelativistic values of the integral as 
the correction to the potential. In practice, in the N-N problem, 
if one wishes to calculate only the one- and two-pion parts of the 
potential (t<9m,?) a single iteration suffices. We are extremely 
grateful to M. Froissart for assistance in clarifying this question. 
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Fic. 2. Cutkosky graphs providing double-spectral functions 
for the two-body “direct potential.” A subtraction term corr¢ 
sponding to J=0 in channel II must also be included. 


the generalized potentials in terms of analytic continua- 
tions of S-matrix elements. It is convenient to classify 
contributions according to “range,”’ that is, in terms 
of the masses of the various intermediate states in 
channels II and III. The very-long-range one-particle 
contributions are trivial, as usual, and require no special 
comment. The medium-range two-particle contributions 
to Vy"! are associated with the graphs of Fig. 2, where 
the omission of the box diagrams should be noted. The 
latter are contained in p,,!‘°? and must be eliminated 
according to formula (1). Formulas for the graphs of 
Fig. 2 will be similar to formula (2) above, with s and ¢ 
interchanged and a A function that depends on the 
masses of the exchanged particles. Thus, a sufficient 
knowledge of the absorptive parts for the appropriate 
two-body reactions will allow a calculation of the part 
of the direct potential associated with two-particle 
transfer; the exchange potential can be handled in a 
similar way. Keeping only the one- and two-particle 
contributions to the generalized potential is essentially 
equivalent to the “strip approximation” described 
in an earlier Letter.6 The equivalence is not precise 
because, for example, in the strip approximation one 
includes terms in the direct potential of the type of Fig. 
3, which correspond to the transfer of more than two 
particles. If we have made a physically correct identi- 
fication of the range concept in defining our generalized 
potentials it appears superfluous to carry such terms 
when multi-particle transfer is not systematically 
calculated. (On the other hand, their inclusion should 
do no harm and may give some estimate of the im- 
portance of short-range forces. ) 

We may comment here that the approximation of 
neglecting or treating phenomenologically the exchange 
of more than two particles does not depend for its 
validity on the energy. The approximation appears just 
as plausible at high as at low energies, so, as explained 
previously,® the “peripheral” approach is by no means 

6G, F. Chew and S. C. Fr 

1960); Phys 123, 1478 


Phys. Rev. Letters 5, 580 


1utschi, 


1961 


Rev 
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Fic. 3. Cutkosky graph in- 
cluded in the strip approxima 
tion but corresponding to the 
transfer of more than two 
particles in the generalized 
direct potential. 


/ \ 


restricted to the elastic region. Our direct “potential,” 
for example, automatically develops an imaginary part 


equal to p,,''™ for s above the inelastic threshold, where 


put pati. 

This imaginary part causes the proper reduction in the 
modulus of the scattered wave to compensate for in- 
elastic processes. However, the mechanism is not quite 
the same as for a complex energy-independent potential 
in a Schrédinger equation, where time-reversal is 
sacrificed. Energy dependence is intimately associated 
with the imaginary part of our generalized potential, 
and time reversal is thereby preserved. 

(c) We finally discuss a matter of principle, assuming 
that somehow V1"! and Vy'!! are completely known. 
Our comments here are a synthesis of remarks made at 
various times by others but never, to our knowledge, 
collected in one place. It has been shown above that a 
knowledge of the generalized potential for channel I is 
equivalent to a complete knowledge of the double- 
spectral functions as well as a knowledge of the single- 
spectral functions for channels II and III. In order to 
define the amplitude completely, however, we further 
require, in addition to any over-all subtraction constants, 
the single-spectral function for channel I (i.e., the elastic 
absorptive parts of a finite number of low partial waves 
in channel I). Here there arises the well-known CDD 
ambiguity,’ which is now recognized as equivalent to 
the possibility of unstable elementary particles with 
the quantum numbers of channel I. One way to charac- 
terize the ambiguity is in terms of the .V/D technique 
of partial-wave calculation introduced by Chew and 
Mandelstam.* Let us briefly réview the essential fea- 
tures of this method. 

One starts with a knowledge of the complete discon- 
tinuity across the unphysical cuts of the partial-wave 
amplitude and of the inelastic discontinuity on the 
physical cut. All this information can be obtained once 
our generalized potentials are given and the dynamical 
Eqs. (2) and (3) have been solved by iteration. The 


, Dyson, Phys. Rev. 101, 453 
1956 


5G Phys. Rev. 119, 467 (1960 
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inelastic discontinuity is obtained directly by projection 
from the imaginary part of the generalized potentials, 


1 “i 
i) d cos@ P,(cos@) 
24_) 
1 ImV{!'(¢, 
x< fo 
= {'—i 


1 . 


ImV 1!!! (2',s) 
fa 
T ut —tu 


while the complete unphysical discontinuity of 

to be projected in the usual way out of 1» and 
Froissart has shown how an equivalent purely clastic 
problem can then be constructed, with a modified dis- 
continuity on the unphysical cut and a modified phase 
shift. We make our discussion here in terms of this 
modified problem, where the elastic unitarity condition 
is exact. The denominator function may then be defined 


by 
S—s§ - 
D \S) exp _ [ ds’ 


7 


ImA E")(s) 


where 6; is the equivalent elastic phase shift [6)(s))=0 | 
and separate dispersion relations may be written down 
for numerator and denominator functions." These dis- 
persion relations, once established, lead to a linear 
integral equation, singular at most at infinity, whose 
solution if it exists at all is unique for the given dis 
continuities,* but there is an ambiguity with respect to 
the number of subtractions. Unitarity restricts 
asymptotic behavior of the quotient .V, D), 
arbitrary number x 
provided it is matched by a corresponding number in 


the 
but an 
of subtractions in D, is possible, 


V,. It is possible to associate the 2” subtraction con- 


stants with the positions and residues of ” pairs of poles 
on the unphysical sheet.” These we wish to call unstable 
“independent” particles. Poles on the unphysical sheet 
that occur even when no “extra” subtractions are made 


we wish to call ‘dynamical resonances.” 

For nonrelativistic scattering an unambiguous dis 
tinction can be made.‘ If one wants the .V, D solution 
that corresponds to “pure” 
writes the dispersion relation for D; with no arbitrary 
constants: 


potential scattering one 


} 


We propose that this prescription be extended to the 


* M. Froissart (to be published 

10 A recent preprint by R. Omnes gives an alternative approacl 
entirely in terms of the function D; The content of 
approaches is equivalent, although the Omnes method 
advantage of exhibiting explicitly the unphysical sheet. 

1! The 2n constants have some restrictions on their range of 
values, corresponding to the requirement that the poles not appear 
on the physical sheet 


the two 


has the 
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relativistic case as a definition of pure potential scat- 
tering. Such a solution (if it exists) is completely deter- 
mined once the generalized potential is given, and cor- 
responds to the condition 5;— 6;(*) as s—> 2%, where 
5,(*)<a, as may be seen from Eq. (5): 


Ins+constant J«s®!*) /*, (7) 


lim D,(s)=exp 


us 


Evidently, making » arbitrary subtractions in D, cor- 
responds to 


nw <6;(%)<(n+1)x. 


To complete the argument, we consider the possi- 
bility of a stable particle with the quantum numbers of 
channel I. With a sufficiently attractive force, a zero of 
the function D,(s) given by Eq. (6) may move to the 
real axis of the physical sheet at s=s,, 55 <0, correspond- 
ing to a bound state of mass 1/s,. [In such a case the 
function D;(s) given by Eq. (6) differs from that defined 
in Eq. (5) by a factor (s—s,)/(so—sy)..] The position 
and residue of the pole in the amplitude associated with 
this zero are completely determined by the generalized 
potential. In contrast, a stable “independent” particle 
of mass \/ Sp brings with it two new constants. One may 
either introduce a pole into the numerator function at 
s=s, or make a single subtraction in both V, and D; and 
adjust the two constants to make D,(s,)=0 while at the 
same time .V;{s») yields the desired residue of the pole. 
These two ways of constructing the amplitude are easily 
shown to give exactly the same result. (The former 
yields the function D;(s) defined by Eq. (5) while the 
denominator function from the latter differs by a factor 
(s—S»y)/ (So—Sp); however the two numerator functions 
differ by exactly the same factor.) The former method 
is more convenient from a computational standpoint, 
but the latter shows clearly that a CDD pole is an inde- 
pendent particle that happens to be unstable. 

We are aware that when unitarity in channels II 
and ITI is included in the discussion (as well as crossing 
symmetry, if one or both of these channels correspond 
to the same reaction as channel 1), then the inclusion 
or exclusion of unstable independent particles in channel 
I is not completely arbitrary. For example, Froissart 
has recently shown that over-all unitarity (in all three 
channels) uniquely determines all but the S and P 
waves once the complete double-spectral function is 
given.’ Even the P wave is determined if one accepts 
the Pomeranchuk high-energy relations, and if the no- 
tion of “saturation” of the unitarity condition® is 
added there may be no arbitrariness left in the S matrix. 
Nevertheless it seems to us helpful to have a clean 
definition of pure potential scattering that can be 


2 This asymptotic behavior was pointed out to us in a private 
conversation by M. Froissart (Physics Department, University 
of California, Berkeley) 

M. Froissart, Phys. Rev. 123, 1053 (1961 
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applied in all situations. The prescription proposed here 
has often been privately discussed by workers in the 
field,’ but never with relation to a precise definition of 
the “potential.” 

To illustrate the significance of our criterion let us 
consider some specific pairs of strongly interacting 
particles. Historically, the first interaction to be studied 
was that between two nucleons, and it has been found 
that an energy-independent potential, employed in a 
Schrédinger equation, gives an approximately correct 
description. Thus we expect that when the S-matrix 
approach is employed there will be no need for “‘inde- 
pendent” particles of nucleon-number two. The deu- 
teron, of course, is a dynamical bound state. The pion- 
nucleon interaction has also been studied in detail and 

, J= 3 there is a resonance. The 


in the state of J=3 

Chew-Low formula for the (3,3) phase shift corresponds 
to the pres ription of Eq. (6),!5 so its success in pre- 
dicting the width of the resonance implies that we are 
not dealing here with an independent particle. The long- 
range attractive exchange-force due to single-nucleon 
transfer is chiefly responsible. By contrast, in the 7.V 
state with /=}, J=} there may be a stable independent- 
particle pole in the sense of our definition, associated 
with the nucleon. This is not known to be a dynamical 
bound state, but the necessity for such a pole could be 
inferred from crossing symmetry once the generalized 
potential, with its single-nucleon exchange term, is given. 
The position and residue are therefore determined by the 
generalized potential. 

Passing on to the rz interaction, there have been two 
resonances indicated experimentally, one at an energy 
~2m, with 7=0, J=0 and one at ~5m, with J=1, 
J=1.'® Some theories treat either or both of these 
unstable particles as independent of the pion, but the 
calculations of Chew and Mandelstam’ and their pro- 
posed extension by the present authors,® for example, 
have been based on Eq. (6) and therefore correspond 
to the assumption that such states are dynamical res- 
onances of the 27 system. It remains to be seen whether 
such calculations will be successful in predicting the 
positions and widths of the resonances or whether these 
parameters must be introduced as independent con- 
stants. A similar remark may be made about the reson- 
ance in 7K scattering.’ 

In systems such as the wA, where the first inelastic 
process is also a two-body reaction (K.\), caution must 
be exercised in applying the above simple criterion. 
The most satisfactory approach is to employ a matrix 
V/D method" including all the competing two-body 
reactions and treating only multi-particle states as 
inelastic. In such a spirit almost all models for the Y* 


4 For example, by M. Gell-Mann and S. Mandelstam. 

15 G, F. Chew and F. Low, Phys. Rev. 101, 1570 (1956). 

16 For a survey of recently discovered resonances, see the Pro- 
ceedings of the 1960 Berkeley Conference on Strong Interactions 

Revs. Modern Phys. 33, July (1961)]. 


J. D. Bjorken, Phys. Rev. Letters 4, 473 (1960) 
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currently under discussion would be classed as dynami- 
cal. li, however, one concentrates on the wA system then 
the Dalitz-Tuan model makes the Y* an independent 
particle, whereas the model based on global symmetry 
rests on an attractive force between the m and the A.!6 

The chief reason for writing this paper is our impres- 
sion, perhaps erroneous, that many workers in the 
strong-interaction field do not realize that in the S- 
matrix framework any distinction can be made between 
different types of resonance elastic scattering. The dis- 
tinction emphasized here, even if the words used in the 
description do not appear appropriate to all readers, is 
subject to experimental test. A closing observation that 


VOLI 


ME 12 


FRAUTSCHI 

we find difficult to resist is that to date most such tests 
point away from the notion of independent-particle 
scattering. It is plausible, therefore, that none of the 
strongly interacting particles are completely independent 
but that each is a dynamical consequence of interac- 
tions between others. In such a situation, when the en- 
tire § matrix is considered, there would be no arbitrary 
dimensionless (coupling) constants and presumably 
only one dimensional constant to establish the scale of 
masses. However, when one concentrates on a small 
part of the over-all problem, asking about the elastic 
interaction of a particular pair of particles, the discus- 
sion presented here should still be meaningful. 
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ences of 
radiative decay mode: K® 


1.3 10° sec 


the particle mixture theory of the neutral K meson are in 
»>y+~7. The two photon decay rates of the K,", K2° 
bbo and Ferrari) and ~ {1.6X 105/(gy,x2/42)} sec 


mesons are 


10° sec™!. It is shown that a 


time-dependent net circular polarization of each of the two photons results from the interference between 


the K, al 
exhibit a simi 
m which t 


y explored 


I 


— unusual properties of the neutral AK meson 
complex were first predicted by Gell-Mann and 
Pais': the double lifetime behavior, and by Pais and 
Piccioni®: the regeneration phenomenon. Such _ pro- 
perties have since been observed experimentally,’ * and 
theoretically have been shown to hold independently 
of the failure of parity conservation and of charge 
conjugation conservation in decays induced by the 
weak interactions.°:® 

One further phenomenon peculiar to the neutral 


National Science 


¢ This work was supported in part by the 
Foundation 

* National Science Fo 

1M. Gell-Mann and 

2 A. Pais and O. Piccioni, Phys 


ation Postdoctoral Fellow, 1960-1961 
Pais, Phys. Rev. 97, 1387 (1955 
' Rev. 100, 1487 (1955): see also 
hid. 106, 591 (1957). 
Lande, E. Booth, Impeduglia, L. 
cy, Phys. Rev. 103, 1901 (1956 
Muller, R. W. Birge, W. B. Fowler, R. H. Good, 
R. P. Matsen, L. Oswald, W. M. Powell, H. White, and O. 
Piccioni, Phys. Rev. Letters 4, 418 (1960) and Proceedings of the 
1960 Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York, 1960); 
R. W. Birge, R. P. Ely, W. M. Powell, H. Huzita, W. F. Fry, 
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M. L 
r Lederman, and W. 


W. Hirsch, 


Lee, R. Ochme, 


nnels feeding the 2y state. The correlated linear polarizations of the two photons also 
pendent behavior. The possibility of experimental detection of the effects discussed, 
as well as the magnitude of the K,°, K2° mass difference can be determined, 


is very 


K mesons is the predic ted time de penden e of the rate 
of appearance of the neutral A-derived leptons,’ an 
oscillatory effect occurring with a frequency given by 
the mass difference Am=m, between the A,’ and 
K.°. Analogous oscillatory effects associated with the 


— mM: 


double lifetime 
behavior have been used‘ to fix the order of magnitude 
of |Am| as |Am| ~1/r7(K,°). 

In this note we point out another curious neutral K 
phenomenon which is encountered in the rare radiative 
decay mode: K® > y+7. 


regeneration phenomenon and _ the 


II 


With respect to the strong interactions, the neutral 
K mesons are best described by one non-Hermitian 
field—that of the K® and K°® mesons—while, with 
respect to the weak interactions, two Hermitian fields 
those of the K,° and K,° best characterize 
the neutral K meson decays. Immediately after a K° is 
created the corresponding state can be viewed as a 
coherent mixture of a K,° anda K, 


mesons 


7S. B. Treiman and R. Sachs, Phys. | 
see also S. B. Treiman and S. Weinberg, i 
a discussion of analogous effects in the 


neutral K derived 3 states. 


103, 1545 (1956); 
116, 239 (1959) for 
of appearance of 
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K°)+PC| K° 


kK, \ aoe 
v2 


K°)—PC| K° 


V2 


re 


where PC is the product of the parity and the charge 
conjugation operators. With the assumption of PC 
invariance (7 invariance by the 7PC theorem’) the 
dominant channels for the A,° and the K»° decays, 
and their mean lives,® are: 


, 
r; (A,)7=7(K)°) 
(1.00+0.04) X10~” sec, 


att+a +7 
0 | 0 1 p 
’ P +9 +7 ; 
Rf—>+_, : r3 (Ac) t=7(K2") 
| r+ ety 
wt+ erty 


(6.1+1.4) 10-8 sec. (2b) 
Both the A,° and the K,° can decay into a photon 
pair by “internal annihilation”’ of the mesons”: 


oe 


K,° 
es 


Pity 


— rr’ 


Since a weak interaction is 
necessary as one step leading into the 2y channel, 
we expect: 


as illustrated in Fig. 1. 


[Rate(Ky° — y+) J/Ai= (1/137), 
[Rate(K.° > y+7) |/A2= (1/137) 
two-body phase space volume) 
x 
three-body phase space volume) 


(1/137)? 300, 


5 See, e 


g., G. Luders, Ann. Phys. 2, 1 (1957). 
* See, e.g. 


, W. H. Barkas and A. H. Rosenfeld, Proceedings of 
the 1960 Annual International Conference on High-Energy Physics 
at Rochester (Interscience Publishers, Inc., New York, 1960). 

10 Since a virtual weak interaction is involved in the 2y decay 
and since PC is considered a good quantum number for all 
decays (27, 3r, muy or rev, 27), it is appropriate to discuss the 


2y decays in terms of the A,°, A2° fields 
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NEUTRAL K 


(bo) 


1. Some typical processes leading to the 


two-photon decay of the neutral K. 


so that 


[Rate(K.° > y+) ]/[Rate(Ki > y+7) ] 


300A2/A1= 0.5. 
Actually, an estimate by Cabibbo and Ferrari" yields: 


Rate(K 1° — y+y)=[4 (1/137)? JA: =1.3X 10° sec, 
while an estimate that we have made in the Appendix 
gives 
Rate(K.° — y+7) = {(1.6X 10°) / (genx? 


10° sec 


tr) sec”? 
(6X10-*)\o, 

so that 

{[Rate(K.° 


>y+y) |/LRate(K,— y+7) }} 


(5X 10?)A2/A1 = 0.8. 
It is therefore clear that the 2y decay rates of K,° and 
K.° should be the same to within an order of magnitude. 

The major interest in the radiative decay modes of 
K,°, K.° lies, however, not in the numerical 
values of the corresponding 2y decay rates but rather 


exact 


in the unusual time-dependent interference phenomena 
in the 2y channel. To interference 
phenomena we note that PC invariance necessitates 
that the resultant two-photon state 


discuss these 
is characterized 
by PC=-+1 if it originates from a K,° decay and by 
PC=-—1 if it originates from a A," decay. The most 
general Lorentz-invariant and gauge-invariant transi- 
tion matrix elements for the 2y decay of K,° and K.° 

1'N. Cabibbo and E 


Ferrari 


Nuovo cimento 18, 928 (1960). 
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p| gie =f (CEO P—CH (x) Py gi (a)d8x! Ky ’ 


<n ;p gsc f 2E(0) Ha) oa v)d 


¥ pera or 


is a two-photon state characterized by 
git =-+ (PC) ¢1(PC) ‘and 
are Hermitian field ampli- 
; g, and go are taken as 
and 3.—8,=38, always simply related 
to 6,—see Eqs. (11), (16 allows properly for 
the phase difference between the matrix elements T>,, 


and T 2 We note that: 
PC) (E2— HP) (PC 


where yy; 
the polarization p; ¢1 
go= get = — (PC) ¢2(PC 
tudes associated with A,°, Ae 
real and positive; 
below 


+ (E°— H?), 


—E-H, 


and so the two photons from K,° emerge in a J=0, 


PC)(E-H) (PC 


() state while the two photons from K,° are 
created ina J=0, L=1,S 

While the linear polarization properties of the two 
emitted photons are obvious from inspection of the 
expressions E?—H? and E-H, the circular polarization 
properties are more transparent if one uses the identities 


E?— H?=3[(E+iH)?+ (E—iH)*], 


L=V. § 
=1 state. 


(0) 
2E-H=[(E+7H)?— (E—iH)?}/2:, 
since the field amplitudes (E+i7H), (E—iH) = (E+7H)t 


right cir¢ ularly polarized photons, re- 
is clear from Eqs. (4) and (6) that the 
numbers of left and of right circularly polarized 
photons generated from either a pure K,° beam or a 


create left 
spec tive ly. It 


beam are equal. Also, by Eq. (4), the planes of 
the two photons emitted in an 


pure A, 
linear polarization of 
individual K,°, A2° decay tend to be parallel, perpen- 
dicular. However, a pure A,° beam or a pure K,.° beam 
is never directly created in a strong interaction. 
Instead, a time-dependent coherent mixture of a K,° 
and a K.° results as an aftermath of the birth of a K® 
[see Eq. (1) ], and so an investigation of this mixing 
effect on the 2y de ay rate and on the photon polariza- 
tion is in order. 
III 


To discuss the time dependence of the various 2y 
decay phenomena associated with an initially produced 


2 Since the rgy of certain of the intermediate 2x, 3% con- 
figurations in Eqs. (3) can equal the mass of the initial K,°, K.°, 
the 7:, T2 transition operators possess nonvanishing “absorptive 
parts” so that 7;#7it, T24T>t. As a result 81, 8240, x, whence 
in general, 82—8; =80, x. This behavior contrasts with that 
found in transitions mediated in lowest order by a Hermitian 
primitive or effecti Hamiltonian, Hint, since in this case: 


To Bin Biat® 


Op 


K® beam, we consider the time-dependent state vector 


W(t) 7 


W(t))= (1/v2){e-™"2| Ky) +e 


for which, using also Eq. (1), 


W(Q)) PO 


(K®| W(t) 


(K°| W(t) ) 


The transition matrix element at time ¢ which leads 
the neutral A into the 2y channel can now be approxi- 
mately calculated by treating the relatively slowly 
varying state ®(¢) as time independent. Using Eqs. (4) 
and (7a), we have for this matrix element: 


(yy; p|\T P(t) 

= (1/v2)(T), 6"? +:iT2,¢ 
so that the corresponding rate of appearance of neutral 
K derived photons at proper time ¢ becomes: 


(m,/2)? 


Am 


oe 
sin 


The total probability of the transition: neutral 
K—y+vy7;p, ie., the 2y;p branching ratio of the 


neutral A, is therefore 


COsd sind, 


(Am) 


(10a) 
(Am)- 


where 


LT. 
r 
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We now proceed to study the dependence of I’,(¢) 
and P, on the polarization p of the two-photon state. 
For two left- or two right-circularly polarized photons, 
Eqs. (4) and (6) give: 

T; 


nT 
ll 


gie' 


|1 
x(n -I1| fC) +H) Peres Ke), 
19 | 


g 


goe'Pe 


(11a) 


»(x)d®x|K ’, 


}2 
| 


|1 
x(n i fee) +7H (x) P D 


B2— 


Bi 


bn 


Priv 


Bi—}4 =B— irr, 


ge" 


“A 


g 
S 


1 
x avirr fe 
|2 


B2—B 


YY5" 
3 


1 ’ 
x . 1" - | eer 
r free) -ie) Poi(a)d3x| Ky! 
19? 


(11b) 
v) —7H (x) Peyo(x)d*x Ke’), 
1 


27, 


¢'P2e 


Orr 


+ 


+ dar B+ 


while the relations: 
vy; ll) (E+iH)?|0)= (yy; | P“?P(E+iH)?P“P 0 
= (yy; rr| (E—iH)?/0); 
P=parity operator; 
0 O1\xX) K,°)=(0 ¢2(x) K2°), 


Pyu—P,- 2Cx(1—x«) {CE OAi+A,2) 
PutP 


) 


rr 


Further, because the only possible two-photon polariza- 
tion states arising from a spin-zero neutral K meson 
are /l and rr, II(t) and P also give the time-dependent 
net circular polarization of each photon and the time- 
integrated net excess of left circular individual photons. 
For neutral A mesons of definite velocity v7, the time- 
dependent net circular polarization will vary with 
distance d traveled between birth and radiative death 
according to Eqs. (13) with t=d(1—2*)}/2. 

Besides a time-dependent net circular polarization 
there will also be a time dependence in the correlation 
of the planes of linear polarization of the two photons. 
In this case the polarization p of the two-photon state 


COs*pKe 
pi d,! ) 


af a 


with the normalization 


f p(o,t)do=1. 


] cos8— Am sinB}/ { (Am 


‘itt sin’d(1—K)e*2*— 2 cosp sing x ( 1—x) te 


Ay 


IF NEUTRAL K MESON 


ensure the equalities: 


Equations (9)-(12) yield for the net correlated circular 
polarization of the two photons: 


2 cosl (Am)t+ 
tt ({—k)e 


where 


Rate ( K, 


/ 


> 7 1 ; 
(13b) 
Rate(K,°- 


A 


T 


> 


+-+v)+Rate(K» 


Equations (13) illustrate the unusual phenomenon of a 
time-dependent net correlated circular polarization of 
the two photons. Similarly, Eqs. (10)-(12) give for 
the time-integrated net excess of left-left circularly 
polarized pairs of photons: 


T (Ay +A>) 


1} ) 2 
L é 


} 
K/Ay+(1—k)/Xe 


is characterized by 
between the linear polarization vectors ¢’, 


two photons, V1Z.: 


a specification of the angle @ 
©” of the 


, 
e-e 


cos ’. sing k’|. (15) 
The matrix elements 7}. 4, 


related by 


T1;4 


(4) are then 


ge! cos@= To. 4/goe'** sing; 54 B. (16) 


Bo—B, 


Thus, using Eqs. (16) and (9), the probability that a 
photon pair emitted at proper time ¢ by a neutral K 
meson is characterized by the above-defined angle @, 
is 
d1+h2)t/2 sinf (Am)i+<, | 

(17a) 


hot] 


itt+(1—k)e 
Equations (17) exhibit explicitly the limiting cases, 
(a): 1— p(¢,t)= (1/2) cos*y, i.e., only Ky? decays 


into 2y—photon polarization planes tend to parallelism, 
and, (b): «=0—p(¢,t)=(1/m) sin’¢, ie., only K,° 


K 
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Fic. 2. Processes considet 


2y—photon polarization planes tend to 
perpendicularity. In each of these cases the interference 
term vanishes as does the coefficient of either e~™* or 
et so that p(¢,t), T'4(¢) decay according to a single 
exponential. Such a behavior is a consequence of the 
neutral K decay photons reflecting the PC quantum 
number of their parent neutral K—A,° or K2°—in just 
the way that the neutral # decay photons reflect the 
P or, equivalently, the PC quantum number of their 
parent neutral z.* As expected the maximum value of 
the interference term occurs for x=4 and @=7/4. It 
is also worth mentioning that the p(¢,t) of Eqs. (17) 
and the I(t) of Eqs. (13) depend upon the sign as 
well as the magnitude of Am," a situation which, in 
general, does not prevail in other K,°, K-° interference 
phenomena [thus, for example, the growth in time of 


the K° probability : 
K' Wit : = 1 (e 


decays into 


2 cos(Am t) 


determines only the magnitude of Am ].!° 

The rate of appearance of the neutral A derived 
photons as a function of (proper) time can also be 
studied without regard to the polarization properties 
he interference term in the I’, (¢) 
of Eq. (9) drops out in forming >>, I’, (t) [see Eqs. (11), 
12) ], we have [see also Eq. (10b) ] 


a Le r,(t)= [Rate KY y+7 ye 
+[Rate(K.® 


of the photons. Since t 


P(t 


amp 


; (18) 


+¥ le 


7C. N. Yang, Phys. Rev. 77, 242 
K. A. Johnson, ibid. 109, 189 (1958); J 
ibid. 118, 871 (1960): G. Feinberg, ibid 

4 Tt is to be noted that the interference term in p(¢,t) is pro- 
portional to sin[(Am)t+ 8], while the interference term in II(¢) is 


1950); J. Bernstein and 
Bernstein and L. Michel, 
120, 640 (1960 


proportional to cos[ (Am)!+8]. Thus even if 8=2/2, or B=0, z, 
the determination of the sign of Am is possible from either I (¢ 
or p(dt) 

16 As shown by I. Y. Kobzarev and L. B. Okun, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 39, 605 (1960) [Soviet Phys.-JETP 12, 
426 (1961)] and by N. N. Biswas, Phys. Rev. 118, 866 (1959), 
the sign of Am can also be deduced from an analysis of suitably 
arranged regeneration experiments 
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Thus, when the photon polarization is not detected, I'(¢) 
behaves as a linear combination of two exponentially 
decaying rates. 


IV 


With the advent of copious neutral A meson sources 
the detection of the radiative neutral AK meson decay 
should become experimentally feasible especially since 
the K.° amplitude appears to branch relatively 
strongly into the 2y channel. In addition, according 
to the estimates given above, Rate(A,°— y+y) 
~Rate(K.°— y+7), an approximate equality which 
tends to maximize the interference parameter [«(1—x«) }} 
of Eqs. (17) and (13). A spark chamber or high-Z 
bubble chamber measurement of the angle ¢’ between 
the planes of the electron-positron pairs, created by 
external conversion of each of the two neutral K decay 
photons, will then provide a means of observing the 
effects predicted by Eqs. (17). In fact, essentially the 
same experimental procedure can be used for the 
study of the neutral AK decay photons as has previously 
been suggested for the neutral + decay photons,!® and 
the requisite calculations relating the theoretically 
desired distribution in ¢ [p(¢,t) of Eqs. (17)] to the 
directly measured distribution in ¢’ are already avail- 
able in the neutral 7 case.'® 


APPENDIX 


To make a rough estimate of the decay rate of a K,° 
meson into two photons, we consider the decay pro- 
cesses depic ted in Fig. 2. The dec ay process in Fig. 2 
is envisioned as the sequential combination of the 
weak-interaction-induced transmutation K,." — 7° fol- 
lowed by the radiative 7° decay. Although the virtual 
7 is here very far off its mass shell, we nevertheless 
describe its decay by the same effective interaction 
Hamiltonian that treat the real 
nr — y+y7, namely: 


\a) 


is used to process 


E(x)-H(x). 


We further describe the weak interaction that induces 
K.° — 2° by the effective Hamiltonian: 


5(K:? 


KR (2° 3 y+y)= (g/m,)o(x; 


) 


=Gm,7o(x; 2 )b(x; Ke° 


We then find: 
[Rate(K.° — y+7 


4(mx/m,)* 
CG : A.1) 


[ (mx /m,)?- 


In order to estimate G we assume" that the 
Fig. 2(b the 


proc ess 


is dominant contributor to the 


of 
16C, N. Yang, Phys. Rev. 77, 722 
Fysik 13, 1 (1958 
17 See G. Feldman, P. T. Matthews, and 
121, 302 (1961); L ihid. 121 


1950): FE. Karlson, Arkiv 


\. Salam, Phys. Rev 


1245 (1961 
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Volfenstein, 
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~*+—>n+n* transition rate, an assumption consistent 


with the vanishing of the asymmetry parameter a4. 


We also assume that the =#K relative intrinsic parity 
is odd and that the form factor of the ZK vertex 
does not change appreciably as —(ps—p,)? increases 
from m,? to mx*®. Then, relating also the Ks°— 7° 
amplitude to the K+-—»x+ amplitude through the 
isospinor character of the corresponding weak inter- 
action effective Hamiltonian, we obtain: 


[ Rate(Z+— n+n*) | 


£enK° ss mr? 
i( )o( a/ ( —1], 
dor m, Mm J 


where gynx is the value of the form factor of the 2nK 
vertex for (ps—p,)” 


(A.2) 


— mx and 


my?—m,"+m,"\" 
—-M" 
2my 


Elimination of G? from Eqs. (A.1) and (A.2) yields: 
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[Rate(K»2" — y+y) | 
-(**) (=) 
q\m, q 
[Rate(r°— y+y) |x[Rate(=* 


x 


— n+n*) | 


(xnK° tir) 
whence, using the measured values of 


[Rate(x®°— y+y)], [Rate(2+— n+_-x+) ], 


we get 
> + 7) | 


[(RateK." | 


(1.6 105 sec 105 sec. (A.4) 


\£z K* bir) # 


It is encouraging to find that this estimate of 
Rate(AK.°— y+y) agrees in order of magnitude with 
the estimate made above on the basis of phase-space 
considerations: 
[Rate(K»’ > y+ 
~=[Rate(K: 


> 3m, mur, rev) | 


two-body phase space volume 
X (1/137)? 


three-body phase space volume 


= 2.5 10° sec. 
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Einstein’s field equations for the gravitational field possess solutions having a large variety of topological 
properties; among them there are solutions whose curvature goes asymptotically to zero at spatial infinity 

If we restrict ourselves to solutions that are asymptotically Minkowskian, then it is tempting to try to 
divide the effects of curvilinear coordinate transformations into those that correspond to a Lorentz 
transformation and those that represent “gauge-type” effects. In fact a number of authors have followed 
a variety of approaches toward a reformulation of general relativity that would make the theory resemble, 
to some extent, a conventional Lorentz-covariant field theory. In this paper we analyze the group-theoretical 
aspects of such schemes. Making a definite assumption concerning the group of curvilinear transformations 
that will preserve the asymptotic Minkowski character of the metric field, we come to the conclusion that 
the reduction to a Lorentz-covariant theory is in fact impossible. The course of the analysis suggests, 
however, that this negative result depends on the initial group of transformations adopted; it is conceivable 


that a slightly t 


theory 


I. INTRODUCTION 


; i physical justification for the covariance of 
Einstein’s theory of gravitation is represented 
by the principle of equivalence, according to which the 
accelerations caused by inertial and by gravitational 
fields at one world point are experimentally indis- 
tinguishable. The principle of equivalence is local; as 
soon as we examine the inhomogeneity of the ac- 
celeration fields, the presence of a gravitational field 
may be established. Accordingly, the principle of 
equivalence gives us no guidance for setting global 
requirements for the metric field. In particular, there 
is no contradiction between the principle of equivalence 
and the conjecture that gravitational fields should 
approach zero strength at sufficient distance from 
their sources. 

In cosmological investigations one naturally considers 
which, far from dropping off 
homogeneous and _ isotropic. 
Sut if we are concerned with the possible applications 
of general re 


primarily metric fields, 


at’ large distances, are 


lativity to localized physical systems, we 
are inclined to view the gravitational field as similar 
to the electromagnetic field. The nonlinear aspects of 
the gravitational field appear relatively unimportant 
in view of the fact that the gravitational potentials 
associated with an elementary particle (such as the 
electron) are of the order of 10-* (in dimensionless 
units) at distances of the order of the classical electron 
radius. Hence at 
beyond, the 


atomic distances, at any rate, and 
gravitational potentials cannot deviate 
widely from the solutions of the “‘linearized’’ field 
equations, i.e., from the wave equations for massless 
bosons of spin 2. Whether quantization of the theory 
will preserve the meaning of such order-of-magnitude 
arguments remains, of the 
is eminently reasonable to render the 


course, to be seen. In 


meantime, it 


* This work was supported by the National Science Foundation, 
the Air Force Office of Scientific Research, and the Wright Air 
Force Devel ypment Division 


lifferent invariance group would be compatible with a special-relativistic formulation of the 


formulation of the gravitational dynamics as intuitive 
as possible, in terms of field theories with which we 
are familiar. 

In the linearized theory, the 
formations are replaced in their role as the invariance 
group of the theory by a group that consists of the 
inhomogeneous Lorentz transformations supplemented 
by transformations of the form 


coordinate trans- 


— Nurs 


In this expression the four variables & are arbitrary 
functions of the four coordinates. Replacing a solution 
of the field equations y,, by a field y,,’ 
with Eq. (1) leads to another solution, which is con- 
sidered physically equivalent to the original solution. 
In fact the transitions (1) resemble in many respects 
the gauge transformations of 
accordance with well-established 
them “‘gauge-like” transformations. It 
that there are no “gauge-invariant”’ first-order deriva- 
tives of the potentials y,,; the lowest ‘“gauge-invariant” 
differential forms are of the second differential order, 


in accordance 


elec trody nami Ss; in 
call 


is well known 


usage we shall 


1/] 
F uke 2\M id «ut 


and linear combinations of the P,,,,. Hence statements 
about solutions that involve only the expressions (2), 
including their “ovauge-invariant”’. 
With respect to the 
Yur, My», and P,,.,, all transform as components of a 
tensor field. 

It is tempting to reformulate the general theory of 
relativity along the lines suggested by its linearized 
modification. It is not surprising that such a program 
will not succeed if the theory is deemed to consist 
wholly of the field additional 
boundary conditions, for in that case the gravitational 
fields to be considered are not bound to be “weak” in 


derivatives are 


Lorentz transformations, fields 


equations, without 
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any sense, 


and the linearized theory provides no 
guidance to 


intuition. But it has been widely con- 
jectured that with appropriate boundary conditions 
imposed on the solutions the full theory could be cast 
into a form in which the totality of the remaining 
coordinate transformations could be separated into 
inhomogeneous Lorentz transformations and gauge-like 
transformations. This point of view has been presented 
most forcefully by Arnowitt ef al.'! and by Fock,? but 
it is also implicit in some of the work by Dirac.* In 
this paper we shall examine whether such a classification 
of coordinate transformations is in fact possible. The 
answer to this question probably depends on the 
precise boundary conditions assumed to be preserved 
at spatial infinity; in this paper we 
one set of conditions. We 


shall investigate 
shall comment in the con- 


cluding section on the import of the assumptions made. 


II. OBSERVABLES AND GAUGE-INVARIANT 
VARIABLES 


One method of casting the general theory of relativity 
into a form in which all statements assume a significance 
independent of the choice of coordinates is to reformu- 
theory in terms of observables. By 
observables are quantities that are 
dependent of the 
whose 


late the definition, 
individually in- 
coordinate system but 
values depend on properties of a particular 
solution of the field equations of general relativity.‘ 


They constructed by means of 
ordinates, 


choice of 


may be intrinsic co- 
( oordinat Les 
defined uniquely in terms of geometric properties of a 
Riemannian manifold that gravitational 
field equations. If the definition of intrinsic coordinates 
is based on purely local properties,’ 


that is to say, a system of 


satisfies the 


then they do not 
depend on asymptotic conditions. On the 
hand, intrinsic locally defined or 
otherwise, do not exist in manifolds that admit motions, 
that is to say manifolds that Killing vector 
fields. Kerr has shown that Killing 
fields there always exist defined scalar fields 
that may be used as a complete set of 
coordinates. ® 


boundary 
other coordinates, 
contain 
in the 
locally 


absence of 
intrinsic 


Intrinsic coordinates are uniquely determined by 
the conditions imposed on them; in other words, such 
conditions will not be compatible with any further 
coordinate transformations. Thus intrinsic 


are naturally with the 


coordinates 
construction of 

that 
coordinate 


associated 


observables, by definition quantities will not 


change their values under any trans- 


formations. By contrast, we are now searching for 


'R. Arnowitt, S. Deser, and C. Misner, Phys. Rev. 121, 1556 
1961), where references to earlier papers will be found. 
2V. Fock, The Theory of Space, Time and Gravitation, translated 
by N. Kemmer (Pergamon Press, New York and London, 1959). 
P. 2 M. Dirac, Phys. Rev. 114, 924 (1959). 
‘Pp. G. Bergmann, S. Helv. Phys. Acta 4, 79 (1956). 
FA B Komar, Phys. Rev. 111, 1182 (1958). 
P. Kerr (to be published). 
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quantities that are “ 


invariant. 


but not Lorentz- 
If they are to be obtained also by means of 
restrictions on the choice of coordinates, then these 
coordinate conditions must be constructed so that they 
admit precisely the 
group of 


gauge-invariant”’ 


Lorentz 
transformations 


transformation, or a 
isomorphic with the 
(inhomogeneous) Lorentz group; this is the point of 
view advanced by Fock.? 

Whether quantities of this type are obtained by 
means of coordinate conditions or by a more general 
procedure is, in a sense, a question of technology. Let 
us first formalize the method of coordinate conditions. 
We might start with a metric g(x) that merely satisfies 
the asy mptotic conditions; we assume now the existence 
of a certain procedure, or algorithm, 
integration of a set of differential 
sufficient initial and boundary 
from field to a 
satisfies the 


(such as the 
equations with 
conditions) that leads 
transformed field f(%) which 
conditions. We shall denote 
1, so that f(~)=Ag(x). A symbolizes 
both the procedure that furnishes us with the desired 
coordinate transformation, 
of that transformation. 

Suppose now that 


this 
coordinat 
this algorithm by 
and with the performance 
ve had first gone over from g(x), 
by means of transformation C, to a new 
field g(x), so that g is also a field that satisfies the 
asymptotic flatness peg ments. Then application of 
the procedure A on g(x) should cae led us to a field 
f(x) that coordinate conditions as well. 
By assumption, f and f are now related to each other 
inhomogeneous) Lorentz transformation ZL, 


a coordinate 


satisfies the 


by an 
that we may write 


The last symbolic equation characterizes the reduction 


of the group of general coordinate transformations 


are consistent with flatness to the 
inhomogeneous Lorentz group by means of coordinate 


conditions. 


asymptoti 


This reduction preserves the group proper- 
that we have actually 
morphism between C and L. 
the reduction procedure 


ties, so homo- 


In the nature of things, 


generated a 
A is not reversible, that is to 
say, there is no procedure A 

Having gone through ation we discover 
in retrospect that we could also have interpreted A in 
a more general sense 
duced it 


this formaliz 


than the one 
Suppose that 


in which we intro- 
A simply represents an 
algorithm by which we assign to the metric field g(x) a 
new set of func 


here 
or functionals, of g(x), which are 
not necessarily coordinate transforms of g(x) and that 
fixed functions of the 
transformations that go 
transformation at infinity 
Then the reduction 
relationship (3) still applies, and our previous inter- 


tions, 


remain 
coordinates under coordinate 


these functionals f(x 


over into the identity 


(“‘gauge-type” transformations). 
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pretation of A and /(x) represented merely a special 
type of transition to “‘gauge-invariant”’ variables. 

With this more general formulation we shall now 
ask whether “gauge-invariant” variables do in fact 
exist. This question is related to the structure of the 
group of coordinate transformations C, namely the 
question whether there exists a homomorphism between 
C and the inhomogeneous Lorentz group L. Of course, 
if it does, then the members of C that in L are to be 
represented by the identity transformation form an 
invariant subgroup of C, and L is the corresponding 
factor group. Hence we must search for the invariant 
subgroup of “‘gauge-type”’ transformations which leads 
to the desired homomorphism. 

We assume that we have constructed a field of 
gauge-invariant variables, F. If we denote the group 
of coordinate transformations that preserve our 
asymptotic boundary conditions by the symbol C, 
then the transformed field which will be obtained 
under a transformation ¢ (which belongs to the group C) 
is obtained from F by means of a prescribed procedure, 
whose result we shall denote by the symbol cF. Again 
there is no presumption that the procedure c is linear. 
However, it is clear that if the product of two trans- 
formations C\ and C2 IS C3, C3 
have 


=o}, then we must also 


C3F = coc 1F. (4) 


Any transformation law is a realization (or representa- 
tion) of the group of coordinate transformations C. 

Let us now consider a gauge-type transformation g. 
By assumption we have gk =F, regardless of the initial 
choice of a particular field F. Clearly, the gauge-type 
transformations form a subgroup of C, which we shall 
identify by the symbol G. We shall now form the 
similarity transform of a gauge-type transformation g, 


under any transformation cgc~’. We have: 


cc F=F, 


g' =cge 
‘learly, the transformation g’ is also a gauge-type 
transformation, it belongs to the subgroup G, so that, 
in terms of group symbolism, we have 


cGc3=G, (6) 


This equality is the definition of an invariant subgroup, 
a group that is mapped on itself by all similarity 
transformations in C. 

By assumption, the factor group 


L=C/G 


is the inhomogeneous Lorentz transformation. Our 
task is, thus, given the group C, to find an invariant 
subgroup G such that the factor group is L. If no such 
invariant subgroup exists, then there are no gauge- 
invariant variables within the meaning of our definition. 
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Before we turn to the actual investigation of the 
structure of the chosen group C, we shall make one 
additional remark. We shall find in the next section 
an invariant subgroup of C whose factor group is the 
homogeneous Lorentz group. Fields that transform 
in accordance with a law that is wholly determined by 
the matrix of coefficients of the homogeneous Lorentz 
transformations are constants of the motion. Such 
fields cannot reveal the dynamics of the theory in the 
sense in which this term is usually, and intuitively, 
understood. 


III. GROUP C AND ONE INVARIANT SUBGROUP 


Given a “permissible” coordinate system, we shall 
introduce the following new coordinates o, u, 6, and d: 


x°=¢ sinhu, f= (gi 
x'=o coshu sind cos¢, r—P, 
x?=o0 coshu sind sind, u=} In[ (r+ 


x =o coshu cosf, 


These new, quasi-spherical, coordinates span a portion 
of the Riemannian manifold which for sufficiently large 
values of o represents the exterior of the light cone. 
We shall call any curve for which the variables , 6, @ 
approach constant limiting values for infinite positive 
o a space-like direction. 

We shall now require that in any coordinate trans- 
formation belonging to C the new coordinates x’ possess 
derivatives with respect to the original coordinates a 
which asymptotically satisfy the conditions 

Ox? /Ox*#=¥? +O (1/o (Q) 
in any spac e-like direction. The y’, are to be sixteen 
constants forming a Lorentz matrix. Integrating the 
expression (9) we can verify that in a space-like 
direction the limit of (¢’/c) goes to unity; hence the 
transformations (9) form a group, and this group will 
be our group C. 

Parenthetically, it might be remarked that this 
definition of C makes no explicit reference to the 
metric field, or to its properties. — 
Although it might be possible to define a transformation 
group in such a manner that reference to the fields to 
be transformed is not completely 


transformation 


eliminated, such 


references tend to complicate the proof of group 
property. For instance, the transformations that lead 
from one isothermal (harmonic) coordinate system 
to another isothermal coordinate system do not form 
a group. This is because the components of the field 
enter into the defining differential equation for iso- 
thermal coordinates explicitly. After one such trans- 
formation the components of the metric field have 


changed; hence a particular transformation that would 
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have been isothermal to begin with will no longer have 
this property if preceded by another isothermal 
transformation. 

We return now to our group C and define a subgroup 
J as the set of all those transformations satisfying the 
requirement (9) for which y,’=4,°. It is easy to show 
that J is an invariant subgroup, and that the factor 
group, C/J=TLy, is the homogeneous Lorentz group. 

Variables that are invariant under J but not under C 
will have transformation laws into which only the 
sixteen numerics y,° enter. They might, for instance, 
be free-vectors or free-tensors. 


IV. SECOND SUBGROUP OF C 


The subgroup J includes the translations, and that 
is the reason that the factor group is confined to the 
homogeneous Lorentz transformations. Any invariant 
subgroup whose factor group contains the translations 
as well must be smaller than J, and that is why we 
shall look for a group that is an invariant subgroup of J, 
and hence of G as well. We shall define the subgroup J 
as the group of all those coordinate transformations 
which, in addition to obeying Eq. (9), satisfy the 
requirement that in any space-like direction 

x?’ =xP+O(1/c). (10) 
This new subgroup consists of all those members of C 
which asymptotically go over into the identity trans- 
formation. Its factor group, Ca=C/J, represents a 
classification of all transformations of C into equivalence 
classes characterized by asymptotic behavior. The 
subscript a is to call attention to the importance of the 
asymptotic behavior. 

The Lorentz transformations, or 
rather the transformations that are asymptotically 
Lorentzian, are contained within C,. It remains to be 
seen whether we can construct an invariant subgroup 
of C, such that its factor group is the inhomogeneous 
Lorentz transformation. In view of the fact that the 
homogeneous Lorentz transformations form a factor 
group of the inhomogeneous Lorentz group (the 
translations being the invariant subgroup), we can 
reduce our task by excluding from C, first the homo- 
geneous Lorentz transformations. We do this by 
forming the factor group J,=J/I, which obeys the 
equation 


inhomogeneous 


(11) 


J, represents a classification of all transformations J 
(which are those transformations in which new and old 
coordinate axes are asymptotically parallel) in terms 
of their asymptotic properties. 

The group J, is commutative. Hence every subgroup 
is an invariant subgroup, and the whole group may be 
considered the direct product of any subgroup and the 
corresponding factor group. Because of this property 


VARIABLES IN G 


ENERAL RELATIVITY 277 
of J,, we shall attempt to establish the translations as 
a factor group in J,. If this attempt is successful, then 
the next step would be to see whether the factor group 
J,/T (T standing for the translations) is an invariant 
subgroup of C,. 

Let us consider the possible asymptotic behavior of 
the difference between old and new coordinates in 
transformations that belong to J. If f is such a differ- 
ence, we can easily verify that in order to satisfy this 
requirement the derivatives with respect to our quasi- 
spherical coordinates (8) must obey the requirements 


(12) 


df/da=O(1/o); Af/du, Af/d0, Af/A6=O(o°). 


It follows that the difference between the values of f at 
two points with the same o and two sets of values of 
(4,9,6) has an upper bound B(1t;,61,61;3 t2,02,62) for 
large values of o, but that f, independently of the 
direction, may be a function of the order O(Inc). If we 
characterize an individual member of J, by the asymp- 
totic behavior of the four functions f*, we have, then 


lim f?=g?=e?(c)+k?(u,0,0), 
o¢-m 


(13) 


e’=O(Ino). 


The product of two members of J, is represented by 
the sums of their respective g’. The translations are 
characterized by constant values of all four g?. 

A group J,/T would exist if there were a unique 
manner in which we could split every set of g? into a 
set of constants and a remainder. The prescription 
would have to be linear. Such a prescription could be 
developed for the k? alone, but not for the e*. Hence 
our search has failed, and we must conclude that the 
inhomogeneous Lorentz group is not a factor group of C. 

Our result might not hold if we assume analyticity 
in 1/o for all coordinate transformations considered. 
In that case the term e? would actually be proportional 
to Ino and could be split off from the remainder. In 
that case, one can separate a constant out from k? by 
taking its mean over the Lorentz sphere, identifying 
this mean with the translation vector, and assigning 
the remainder (whose mean vanishes) to the gauge-type 
transformations. Even then our task is not over. The 
mean over the Lorentz sphere is not a simple average, 
as the area of that sphere is infinite. One might say 
that almost all of the Lorentz sphere is adjacent to the 
light cone, and the average is defined only if the limit 
of the k, exists for infinite values of u. But even if we 
restrict ourselves to transformations in which this 
limit exists, the averaging procedure outlined is not 
invariant under the transformations L;, and thus the 
program breaks down at the last stage, where the 
invariance of the subgroup is tested under the full 
group Cq. Our end result is, then that, with or without 
assumptions concerning analyticity, no homomorphism 
exists between the full Lorentz group and the group C. 
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V. CONCLUDING REMARKS 


The strategy of this paper has been to examine the 
structure of the transformation group, in preference to 
the examination of the transformation laws of specific 
functionals. Where this approach is successful, it leads 
to results of considerable generality, with a relatively 
slight expenditure of computational effort. 

From the course of the argument it is obvious that 
the negative result depends on the structure of the 


initially chosen group C. Our construction was based 


on the assumption that one is interested in situations 
with nonvanishing rest mass and that one is, accordingly 
interested in the transformations that preserve the 
asymptotic flatness of order O(1/r) of the metric field. 
If we were to concern ourselves with the set of solutions 
of the field equations whose metric field at spatial 
infinity goes as 1/r’, then we should find that the 
inhomogeneous Lorentz group is available as a factor 
group. One might well search for other assumptions 
concerning the metric field, and hence different appro- 
priate transformation groups that admit a variety of 
homomorphisms. 

Another argument to circumvent the results of the 
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group-theoretical analysis is the following: Granted 
that there is no homomorphism between the group C 
and the Lorentz group L, might it not be reasonable 
to represent the invariant contents of the general 
theory of relativity in a formulation that is Lorentz- 
covariant but which is unrelated to the original in- 
variance group of the theory? From a purely formal 
point of view such a presentation is entirely possible, 
but only on condition that the coordinates of the 
Lorentz-covariant formulation are unrelated to those 
of the original formulation. Not only would the co- 
ordinates not coincide at spatial infinity, there would 
be no rule by which a particular Lorentz frame would 
be related to a particular curvilinear frame. It is the 
assumption of the existence of such a rule that forms 
the point of departure for this paper. 
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K,°—K,° Mass Difference* 


V. BARGER AND E. Kazes 
Physics Department, Pennsylvania State University, University Park, Pennsylvania 


(Received April 24, 1961; revised manuscript received June 14, 1961) 


To account for the K,°—K,.° mass difference a direct A,° 


7(K,°)[m(K,°) — m(K,?) 


N' YW that the K,°—K,.° mass difference (hence 
called Am) has been measured, experiments to 
determine its sign are sought.':? There has not been a 
comparable success in a theoretical prediction of Am as 
a consequence of the difficulty of disentangling strong 
and weak interactions, and in particular because the 
form of the latter is not known for weak interactions 
involving a change of strangeness. In order partially to 
avoid this difficulty we calculate 7(K,°)Am which is 
expected to be less sensitive to the exact form of the 
weak interactions that give rise to the K,° decay, and 
under assumptions stated below it is shown that the 
s-wave, 1=O0 za-m scattering phase shifts are sufficient 
for this purpose. 

The following facts greatly facilitate the calculation: 


(a) K,°, K.° leptonic decay rates are equal within 
experimental accuracy.’ (b) The decay of A,’ into pions 
in an isotopic spin state /=2 is negligible.* (a) suggests 
that the matrix elements (0/¢(K,")|7), (O|@(K2°)|n 
will also be equal when |) represents a state of many 
particles, since there will not be strong suppressions 
arising from conservation laws; thus a knowledge of 
multiparticle transitions will not be necessary in deter- 
mining Am. Furthermore the expected slowness of the 
rates for K,°— 3z,° K2°— 3m compared to that of 
K,° — 27 shows that a knowledge of the matrix element 
(O|¢(K,")|2,r) alone will suffice for our calculation. 
Baryon-antibaryon intermediate states will give a much 
smaller contribution to Am in view of the large energy 
denominators that they produce; (b) shows that J=0 
for the intermediate states of interest. Under these 
assumptions suggested from (a) and (b) it suffices to 
introduce a direct A,°-27 interaction to determine 
7(K,°)Am.® A lowest-order perturbation calculation 
using such a direct interaction requires a cutoff of 20 
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2m interaction is introduced which gives 


Jin terms of the /=0, s-wave pion-pion scattering phase shifts. 


Bev to reproduce the experimental results and predicts 
a negative K,°—A,° mass difference.’ We shall instead 
use the experimental 2-7 7=0, s-wave phase shifts and 
not rely on theory in determining 
7(K,°)Am. 

The Heisenberg equations of motion for our model 
are 


perturbation 


z—KK)OK = Cor‘ dr, (1) 


(| |le—p’)o.= —J sz, (2) 


where C is of the order of the weak interaction coupling 
constants. ux and pw are the K,° and 7 meson masses, 
respectively. To second order in the weak interactions 
and exactly for all strong interactions arising from J,, 
we can obtain the A," propagator, Ar’(k*), by adding 
to the Hamiltonian that leads to Eqs. (1) and (2) a 
term Co,-¢,¢1¢2 and then calculating the amplitude 
for @(K,°) > @1+¢@»2 (we use the same symbol for fields 
and particles). 
we find 


Using dispersion-theoretic techniques,® 


Ar’ (k?) Ar(k? tA r(k2)D(k*)A p(k?) 


for k° 


—pux, where 


: F(k) |\*k*dk 
= (—px*) af eC, 
» (+p?) (Re + ye — tu? —ite) 


Here F(k) is proportional to the matrix 
(0! ¢(K,") |2,7) and is given by 


2k p® o,(k’)dk' 
F(k)=exp Pf 
Jy (Rk?) 


element 


7 ( 


where @,.is the real part of the m-m scattering s-phase 
shift for 7=0. In the usual way this yields* 


27(K ,°)Am= — Rez (—px*)/ Im=z(— pr’). 


Since the m-m scattering phase shifts are not yet 
in order to 
determine the dependence of 7(K,°)Am on the over-all 
characteristics of the -m interaction; they are 


known, we have made two choices for @ 


¢-=arc tanka, 


ck(k—a) 


1+ dk? 
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respectively. (It must be emphasized that if experi- 
mentally ¢, turns out to have a great deal more struc- 
ture than is present in our choices, then the qualitative 
conclusions that we arrive at need have no bearing.) 
Equation (3) yields —1.6<7(K,°)Am<+0.4, where 
the lower and higher limits are reached as the scattering 
length goes to zero and infinity, respectively. With this 
choice we are limited to positive scattering lengths 
since for the convergence of our integrals ¢, has to be 
finite and positive at high energy.” We utilized the 
additional freedom of Eq. (4) to fit the various J=0 
scattering lengths which have been proposed so far'!~"4 
and at the same time yield 7(K,°)|Am!|=1.5.! For 
negative scattering lengths the numerical search yields 
the following conclusions: (a) We can obtain 7(K,°)Am 
= —1.5 for a scattering length a9= —0.8 uw. The result 
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is sensitive to the high-energy behavior of ¢,; 70% of 
the mass difference comes from center-of-mass pion 
momenta above 1.3 Bev/c. (b) It is impossible to obtain 
a possible mass difference for negative scattering 
lengths. For positive scattering lengths, however, the 
conclusions are: (a) We can obtain a negative mass 
difference which is again sensitive to the high-energy 
behavior, 50-90% of the mass difference comes from 
center-of-mass pion momenta above 1.3 Bev/c. (b) A 
positive mass difference can be obtained for ao= 2.81 yo 
but not for ao= 1.96 uw; in this case 99°% of the mass 
difference comes from pion momenta less than 0.5 
Bev/c. Both choices for ¢, support the following 
qualitative conclusion that negative and small positive 
scattering lengths will give a negative Am and a positive 
large scattering length can yield positive mass differ- 
ence if ¢, is in the range of 0.5-1.8 for very large 
momenta (values appreciably less than this will give 
a negative mass difference). 

All numerical work was performed on the IBM 650 
at the Computation Center of the Pennsylvania State 
University. 


NUMBER 1 TOBER 1 


Two Pictures of the Strong-Coupling Method* 


HELMUT JAHN 
Institute for Advanced Study, Princeton, New Jersey 
Received April 6, 1961) 


In the strong-coupling method of the meson theory two different pictures have been used. One picture 
exhibits the isobaric nature of the meson-nucleon interaction by expressing the Hamiltonian in terms of 
the integrals of motion of the total system. It may be called the rotation picture. In the other picture the 


isobaric dependency 


comes out by splitting the total system into a free field system and a compound 


nucleor 


system, such that the interaction between them vanishes for infinite g. It may be called the splitting picture 
These two pictures are compared with each other. The difference between them with regard to the scheme 


of the strong-coupling approximation method, especially with regard to the calculations of isobaric energ 


corrections and resonance scattering, is investigated. 


1. INTRODUCTION 


HE strong-coupling approximation method of the 
meson theory, introduced a long time ago by 
Wentzel,’ Oppenheimer and Schwinger,’ and Pauli and 
Dancoff,’ has recently been extended to a somewhat 
higher degree of completeness. In course of these 
investigations two pictures have been introduced to 
carry through this line of approximation. 
One of these two pictures has already been introduced 
by Wentzel' and has lately been extended by Serber 
* Work performed under a grant from the National Science 
Foundation and a Fulbright travel grant. 
1G. Wentzel, Helv. Phys. Acta 13, 169 (1940). 
?J. R. Oppenheimer and J. Schwinger, Phys. Rev. 60, 150 
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and Dancoff,* Miyazima, Tati, and Tomonaga,°* 
Kaufman,® Pais and Serber,’ Nickle and Serber,® and 
Chun.’ The main characteristic of this picture is to 
express the Hamiltonian by the operators of the 
important total integrals of motion of the system, such 
as the total isospin operator in the charged and the 
symmetric scalar fixed source theories and the total 
isospin and angular momentum operator together in 
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the symmetric pseudoscalar case. This can be done by 
relating all operators of the system to coordinate 
systems rotating together with the meson-cloud of the 
nucleon in both isospin space and ordinary space. 
So we call this picture the rotation picture. 

The other picture has already been introduced by 
Pauli and Dancoff* and Wentzel'® and lately extended 
by the author."'~® Its main characteristic is that the 
total system becomes split into two partial systems, 
the compound-nucleon system and the free-meson 
system, with separate dynamical variables and separate 
integrals of motion. The compound-nucleon system 
consists of the bare nucleon and the meson cloud. This 
splitting is carried through in such a way to fulfill the 
requirement that the interaction between the two 
partial systems shall vanish for infinite g. This picture 
may be called the splitting picture. The aim of this 
paper is to show the relations between these two 
pictures and to compare the two kinds of approximation 
which can be obtained from them for the isobaric 
energy corrections and the meson-nucleon scattering. 


2. RELATION BETWEEN THE TWO PICTURES 
a. Starting Point 


We explain this relation first by means of the charged 
scalar fixed source theory, which is the case most 
completely treated until now. The Hamiltonian is 


H=} E f ratpateanty ajdk 


g 
+ YP Tp o(k)qoxdk, (1) 
? p 


£7 


where g,x and p,, are the Fourier transforms of the 
canonical total meson field operators with the momen- 
tum vector k, energy ¢= (4?+x°)!, and isospin space 
vector index p (o= 1, 2), 7, is the isospin vector operator 
of the bare nucleon, and o(k) the Fourier transform of 
the source function. 

Then the isospin space direction of the operator 


foo dk (2) 


plays the role of a starting point of the method. An 
important part of the transformations of Pais and 
Serber was initially carried through without any 
specification of the c-number function #,. But in this 
paper we want to restrict ourselves to the case that 
shall be the shape-function of the meson cloud as it 
has been introduced in IT and (A), (B), (C) &"-; the 
10 G. Wentzel, Helv. Phys. Acta 26, 222, 551 (1943). 
" H. Jahn, preprint 1959, Nuclear Physics 26, 333 (1961), cited 
as (A). 
2H. Jahn, Zeitschrift f. Phys. 156, 633 (1959), cited as (B). 
18H. Jahn, Fortschritte d. Phys. 7, 452 (1959), cited as (C). 
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formulations given in these papers are most suitable 
to see the relations between the two pictures of the 
strong-coupling theory. The direction of (2) in the 
isospin space is then the direction of the self-field vector. 


b. Rotating Picture 


The procedure of the rotation picture is to introduce 
a new coordinate system in the isospin-space of which 
the 1~ axis has the direction of (2), and to relate all 
operators to that new coordinate system. Then the 
integrated-over-u, part of the new meson field operator 
components is the amount of (2) or the canonical 
conjugate of this amount, and is in the 1~ direction. 
But there is still an integrated-over-u, part of the 
canonical conjugate field operator which is in the 2~ 
direction. This is just the part containing the total field 
isospin operator as the operator which produce that 
rotation of the total field given by the angle ¢ between 
the 1 and 1~ axes of the old and new systems. This 
part must be separated in order to bring out the 
dependence of the total Hamiltonian on the total 
isospin operator. But this separation has the conse- 
quence that the field operators in the 2~ 
fulfill the commutation relations 


direction 


UU, 
5(k—k’)— 


il Pox, on’ | (2a) 


f Uy, 2dk 


and no longer fulfill the canonical commutation rela- 
tions, which remain valid in the 1~ 


direction only. 
The new field operators do no longer contain any 
¢ dependence; this has been removed by means of 
the rotation and the last separation. Therefore all the 
quantities composing the Hamiltonian measured in the 
rotating coordinate system commute with the isospin 
operator of the total system, which for this reason can 
be replaced by the quantum numbers of the total 
isospin or charge. All details of this procedure can be 
seen in the paper of Pais and Serber.’ We can collect 
the single steps of their procedure into the formula 

d pk 


% S, 07 p'ky 


, 


vp 
: S2p>(I—Z—}73)) (3) 
Pox= QL So" pPore Ux ; 
" 


[media 
cose sing 
So" ( ) (4) 
—sing COSY 


is the orthogonal transformation leading from the fixed 
to the rotating coordinate system, s;, being the direction 


of (2), and where J is the total isospin operator, 73 the 
3-component of the bare nucleon isospin operator and 


where 
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> the isospin operator formed by the g,x, which is 


called by Nickle and Serber the free-field isospin 
operator. The total Hamiltonian is then expressed by 
the new operators according to (3) and (4). 

A main requirement of the strong-coupling theory is 
mostly considered to be that it diagonalizes the « oupling 
term of the original Hamiltonian. This has been done 
in (II) by means of the unitary transformation 


S= exp] dir; tan ( fecranar / fo@auck ) , (5) 


vhich rotates the bare nucleon isospin to the direction 
of the vector k)g .@dk in the coupling term, and 
affects also the /,, operators. 

Then the next step in (I) and (II) is to introduce the 
translation 

Gik > ik Tk, (0) 

which doesn’t affect either the other field operators or 
the operators J and = because of 


fvsBaack — fade =(), 


terms of the Hamiltonian 


k and p k Operators are collected as 


Finally, the resultant 
containing no g 
the static part of the Hamiltonian. By minimizing this 

ic part, Nickle and Serber* get a determination of 


a result of which the lowest order approximation 


In the remaining g,x, Pp«-dependent part of the 
Hamiltonian the quadratic or bilinear terms of order 
g’ are collected a free-field part of the 
Hamiltonian diagonalized by introducing 
creation and destruction operators: 


togethe r as 


W hic h is 


Fla 


(10) 


[o(k) F 


dk, 


€(e— e° Fia) 
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fulfilling the relation 


J scr 0, 


in agreement with (7). So the Hamiltonian can finally 
be written in the form 


(11) 


H= AytatA treetH', (12) 
P—I7r3+} 
A stat= > ; 


2V 
1 2 f kL v(k) P 
a T 


a (14) 


The terms of 7‘ can be seen in detail in (1) and (II). 
In these papers also the case of an /-dependent 
cloud function is treated, which can be seen by replacing 
in (8) the x? of & by x” )°. This represents 
the full result obtained in y minimizing Hetat, 
showing the spreading out of the cloud function for 
decreasing g by means of isobaric excitation. This / 
dependency then also appears in t%xo which already 
can be seen by (II). But nevertheless these two func- 
tions remain c-number functions because / as the total 
isospin commutes in this rotating picture with all 
quantities in the Hamiltonian. 


c. Splitting Picture 


In the splitting picture we remain in the fixed 
coordinate system of the isospin space. Then the angle 
¢ is no longer related to the total system. But by 
giving the direction of the (2), ¢ has 
instead the meaning of a dynamical variable of the 
compound nucleon, the partial system composed by 
the bare nucleon and the surrounding self-field. The 
full expression by the original meson field variables of 
the total system (1) is according to (2) and 


self-field vector 


+) given by 


Sip= fovsgaak /(x franc ) P (15) 


Instead of the total isospin operator / the canonical 
conjugate to ¢ is then, of course, the compound-nucleon 
isospin operator TJ which has to be the introduced by 


(16) 


In (16), 
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is formed by the creation and destruction operators 
@pokoy Ipoko” Measured in the fixed isospin space system, 
and related to the @,x,@,.* of the rotating picture in 
(9) according to 


@ no >, SppoB8poko- 


po 


(18) 


By introducing (16), (17), and (18) into the formulas 
(3), (9), and (10) we get 


/ 
Yok Wok + US tp} 


(so, (T+1/-I'— 373) ) 


> sie f indeed 
a 


E f 2a) Minne. aoe Opera tenis anil 
(20) 
1 
€9\? 
2 ( ) (nro A soko —V_-kko,pp0° Bpoko) Oko, 
) 


v(k)vokRo 
5(k—ky)d,,.4 So» 


€— €) Fla 


Pox= Pow tux 


soko * Ko: 


where /’ is the isospin operator formed by gp’ and pp,’ 
of which it can be shown that /’=5. Instead of (2a) 
we then have 


Uy Uy, 


5(k’—k)6,-,— Sop" 


{ ux, |°dk 


* 


ILP orn’ ox’ 


In. order to have Gpcro, Gpoxo'> ANG S,',, 7, @ as 
operators of two independent systems the @poxo, @poko 
have to commute with the s,-,, 7, *. This is fulfilled 
and all the commutation relations of the operators in 
(19) and (20) are valid if vxxo.,,0 fulfills the relations 


* 


D | tee 


posVkko ,ppo*dKo= 6 (k’—k)5,-, 


po » 


(24) 


E f ene ae * One on dk = (Ko’ —ko)b,0° pos 


as has been shown in detail in (A). Contrary to this, 
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the @,x. L[Eq. (18)] of the rotating picture do not 
commute with 7 because they contain the s,-,. But 
instead, it can be seen by (18) that the @,,., are invari- 
ants in regard to the isospin space, so that they com- 
mute with the total isospin according to (16), as is 
required by the rotating picture. By means of (23) and 
(24) the inversion of (19), (20) can also be derived, 
which gives! 


} 
€0 “4 
A poko ( ) Ef texe.rnoteni +-7(2€,) 
) p 
: , €\} 
xz [« kko,ppo P oak—( ) UkoS i po- (25) 
) ? 


Then by means of (25), (21), (17), (16), and (15), 7 
can be expressed completely by the original field 
operators. 

So by means of the substitution (19), (20), and (21) 
we have split the total system into two systems: the 
compound nucleon system with the operators s,-,, T, 
and *, and the free-field system with the operators 
amd @,oxo*. Especially the total isospin of the 
system has been split exactly according to (16) by 
means of the substitution (19)—(21). 

After introducing the substitution (19), (20), and a 
similar ¢ rotation":” to that given by (5), the Hamil- 
tonian of the splitting picture has the form 


Apoko 


H= H°°+- H°!+- H', (26) 


where 


(28) 


Hs ef 


and the most important terms of H‘ can be seen in 
(A), (B), and (C). In these papers the results (8) and 
(21) for ay and Uo, ..0 are obtained by the sole require- 
ment that the terms of the strong-coupling perturbation 
series shall vanish for infinite g. This replaces the three 
requirements in the rotating picture, namely minimizing 
the static part, diagonalizing the coupling term, and 
introducing and using the normal modes. But the 
spreading out of the cloud function treated in (I) and 
(II), as remarked after Eq. (14), cannot yet be treated 
in the splitting picture because m,, being then T 
dependent, would no longer be a c-number function as 
in (I) and (II). For this purpose a more extended 
transformation than (19) and (20) would be introduced 
which has not yet been done. Therefore, we compare 
here the two pictures only for the case without taking 
account of the spreading out of the cloud function. 
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3. ISOBARIC ENERGY CORRECTIONS 
a. Rotation Picture 


In the rotation picture the zero-order approximation 
eigenstates of the problem are the eigenstates of 
HetartHitree according to (12)-(14). The zero-order 
approximation eigenvalues to order 1/g? in the coupling 
constant are given by 


(H tat +A tree) O (1 Kor,p1° + Kon, 


KOT k 101° * * Kon,Pn) (29) 


the 7; term giving only 1 g* corrections and the zero- 
point energy being omitted. The orthogonal system of 
these eigenstates ©O(7’ko:,91---Kon,o,) with the total 
isospin 1’, mesons with wave numbers 
ky:-++ky, and isospin polarizations p::--p,, can be 
constructed by means of the production and destruction 
operators @,x%o*, Zxo introduced by (9). Since these 
operators @,%o*, @%o Commute with the total isospin 
operator J, they don’t change the total isospin quantum 
number /’ if they act on O(/’ko1,p1-++Kon,pn). So if 
the meson charge is increased or decreased by applying 
Gs co* = (1/V2) (Gixo*AiGex0*) on O(1’Ko1,91- - -Kon,pn), 
the compound nucleon charge is decreased or increased 
automatically. But this cannot be seen explicitly in the 
zero-order approximation of the rotation picture be- 
and compound nucleon charge 

numbers there. To investi- 
rotation picture the first 
corrections have to be considered. 
In this connection the most important term of the H 
expre ssion of Pais and Serber and Nickle and Serber is 


Ayi= —273E"/2V, (30) 


containing 


cause meson charge 
are not 
+ +} 


gate t 


good quantum 
is question in the 


order eigenvalue 


which also is of order 1 g- as We ll as the 7” term of the 
zero-order eigenvalue (29). =° is the part of = belonging 
only to the 6(k—Ko) part of 2%. (10), 

p? I! (30') 
Taking into account the first-order eigenvalue correc- 
tions of (30), we obtain the expectation value between 
the zero-order eigenstates: 


(1' kor,01° + *Konon! Herat tH troo+Ho'| I’ ko1,pi- + + Kon, 


expectation value (2 


The main difference between (31 
t 


, being the meson charge, has 


been subtracted from J’ so that I’ is replaced by the 


compound nucleon charge 


T’=I'—(2). 


(32) 


and (30) is that the 


JAHN 


It is characteristic for the rotation picture that the 
dependence of the eigenvalues on the compound nucleon 
isospin or on the free meson charge initially appears in 
the first-order perturbation approximation, not in the 
zero-order approximation. For meson vacuum states 
O07’) the first-order contribution of (30), and so the 
difference between (29) and (31), vanishes because of 
{=°)=0. But if mesons are present, so that (2°)0, 
then (30) plays an important role as can be seen by 
the calculation of Pais and Serber of scattering including 
the thresholds for isobaric excitation. 

To see the contributions of (30) to the higher order 
isobaric energy corrections, we begin with the 1/g* 
corrections which are composed, according to Nickle 
and Serber® [see (43)—(46) in their paper ], of the terms 


H i=-\g 


dr )gxy", 


where 


1 1 
x f[o(e)audk:; y frwe dk; 
q fous (k)dk. 


By inserting these terms into the second-order pertur- 
bation correction expression, 


OD’ A kip’ 
sf 


Nickle and Serber’ obtained, besides the /’-inde pendent 
contributions coming from (33), only the /’-dependent 
1/g* contribution 


g (1’”?—1) Uy0(R) 
of dk 
dr VW € 2V 


which is mixed by (33) and (34). According to (36), 
this is a correction to the meson vacuum state with the 
one-meson state as intermediate state. Because of the 
commutativity of the production destruction 
operators @,,*, @,, of the rotation picture with the total 
isospin operator /, the transition from the meson 
vacuum to the intermediate one-meson state in (36) 
does not change the isobari 


and 


total isospin quantum 
number J’ of the zero-order states so that only the 
energy € of the produced meson but no isobaric energy 
difference appears in the denominator of (36). 

It can furthermore be shown that (30) does not give 
any contribution to the 1 g' isobaric ene rgy correc tion. 


Formally, this contribution could only come from the 





FWO PICTURES OF 


third-order perturbation theoretical expression, 


Mer=¥ f 
pp’ 


to which, besides (30), only (33) contributes. But the 
matrix elements of (33) occurring in (38) can only 
lead to intermediate states in (38) with p=1 having a 
resultant meson charge equal to zero: also 


(1/>/1)=0. 


(39) 


(0,1 |H, 
sun f ff 


because then 
(1/>|2)<0 


is the essential contribution and (39) does not occur. 
This is also the case for all even-order perturbation 
theoretical expressions, which are of the type of (40). 
If summed they give a geometrical series in powers of 
I’/V?, which is the total contribution of (30) to the 
isobaric energy correction. The meaning of this result 
will be seen in the following by considering the splitting 
picture. 


b. Splitting Picture 


In the splitting picture the zero-order-approximation 
eigenstates of the problem are the eigenstates of 
H°’°+H°’ according to (26)-(28). The zero-order 
approximation eigenvalues to 1/g? are given by 


(H°°+-H)O(T" ko1,p01* + *Kon,pon) 


ce 1. F7 ; 
bhai ae EI 
2a\—3 2V n 
XO(T"’ Ko1,p01- + *Kon,pon). (41) 
(41) differs from (29) by having the compound-nucleon 
isospin quantum number 7” instead of total isospin 
quantum number /’, and the ” mesons with wave 
numbers ko: +-kon and isospin polarization poi: --pon 
are created and destroyed by the creation and destruc- 
tion operators @poko*, @poxo instead by Gpxo*, Toxo [see 
(18) |. Since, contrary to the @oxo*, Epo, the dpoxo*, Apoko 
commute with the compound-nucleon isospin operator 
T, instead with the total isospin operator 7, they do 
not change the compound-nucleon isospin quantum 
number 7” but instead the total isospin quantum 
number /’ if acting on the eigenstates of (41). This 
shows the independence of the free-meson system and 
the compound-nucleon system in the splitting picture. 
Now the eigenvalues in (41) are identical with the 
right-hand side of (31). That means that the first-order 
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0,1" | 1o-1°| k,p,’)(1',k,p| Ho'| ko’) ,0" | 1,1°| 0,7’) 


| 1,7’), 1,2’ | o‘| k’,2,7’ 0" k’,2| Ho'| k’1,7’k”,1,2' | ,_1'‘| 07’) 


METHOD 


dkdk’, (38) 


, 
€€ 


Therefore (38) does not give any /’-dependent 1/g4 
contribution. 

But to higher order than 1/g* in the reciprocal 
coupling constant, Eq. (30) gives /’-dependent contri- 
butions from higher order perturbation theoretical 
expressions; e.g., to 1/g°, from 


—dkdk'dk"”, (40) 


perturbation theoretical contributions of (30) of the 
rotation picture are included in the zero-order approxi- 
mation of the splitting picture. The reason for that is 
that the corresponding parts of (30) are no longer 
contained in the interaction part H‘ of the splitting 
picture [see (26)] but are instead included in the 
zero-order compound-nucleon part H°* [see (27)] of 
the splitting picture by means of the subtraction (19) 
according to 

T=I-I!, [see (30’) ]. (42) 
This has the following consequence for the calculations 
of the isobaric energy corrections: 

In the expressions (35) one has to consider in the 
splitting picture, instead of the @xo*, Gxo, the right- 
hand side of (18). Then the change of the compound- 
nucleon isospin quantum number 7”, necessary for 
total isospin conservation, is done by the compound- 
nucleon operators s,’,. Therefore, in the second order 
perturbation theoretical expression for the isobaric 
energy corrections formed in the representation relative 
to zero-order eigenstates (41) of the splitting picture, 
we have a change in 7’ between the meson vacuum 
state and the one-meson intermediate state. But 
according to (41) this has the consequence that, 
contrary to (36), isobaric energy differences must 
appear in the perturbation-theoretical denominators 
of the splitting picture so that, instead of (36), we have 


(0,1 | H*| Ko,po,7’) |? 
Aer = — p f : — dko, 
po,T’ 6e—Brr 


(43) 


with 


Bypy = (I?—T")/2V. (44) 
To compare (43) with the results of the rotating picture, 
we expand 
(Brr:)? 
f---, (45) 


€0" 
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Then if the expansion (45) is introduced into (43), 
the first term gives the /'-dependent 1/g‘ contributions 
(36) and (37). From the second term the 1/g* contri- 
bution is identical with (38), of which the /’-dependent 
part had vanished because of (39). In the splitting 
picture, this vanishing of the /’-dependent 1/g‘ part of 
the second term can be shown by considering the 
summation over 7” which reduces to 


F*) 
*(27+1) 
I—1) *(—2/+1). 


T’)(T?—I" 
( 


Lr (1's, (T"|s; 
[+1) 


I sy 


S1, 
(46) 
Here we have used 

I'+1, (47) 


which follows as a property of the matrix elements of 
$:1>, Which are 


(48) 
216r 7 
I" | s3,|T" 


reason the 


So the are independent of I’ and 7’. For 
this I’-dependent contributions to (46), 
which are linear in J’, cancel, so that the vanishing of 
term of the second term of (45) 


39). 


the I'-dependent 1/g* 
is proved. This corresponds to 
The third term of the expansion (45) gives the same 


contribution 40). Its 7” dependency to order 1/g° 
follows in the splitting picture from the fact that in 
the sum over 7’, which now reduces to 


ds 


> 


T’—1")2(T"| s,,| 1’ 
I’ | syp| I’ +1) |2(412+41'41 
+ I’—1)|2(412—41'+1), 


y’ 


r (49) 
a I’? dependency remains 

In this way it is evident that the perturbation series 
of the rotation picture produced by the interaction 
term (30 to (40) can be considered 
as consisting of expansions like (45) introduced into 
(43). But in the splitting picture these contributions 
are obtained in an unexpanded form like (43), which 
is also valid for B;-7 of the order of magnitude of €o, 
when the expansion is no longer valid. This would be 
important 
lations for the resonance ene rgy corres tion and 
the resonance width, the following expression has been 


as shown from (33 


for resonance-scattering damping calcu- 
whe cn 
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obtained! : 


(0,2'| H™ | ko,o0,7”) |? 
dko, 


A®rep=— (50) 


} 2 
1 


po,T 


JS. 


where! a7 is a certain coefficient and wr: is given by 


1+ar7’)(€9—wr —ia) 


Bryt+Aer— Ae; 
a, ’ 
l+ar 


(51) 


WT 


with the energy €y of the outgoing meson Bry see (44) 
and Aer—Ag, is a certain isobaric energy correction." 
Now by considering (50) it is obvious that 1 (e9—w7 
—ia), which corresponds to 1 (e—Bry7z of (43), 
cannot be expanded as in (46) because the expansion 
corresponding to (46) would be 


1 1 Byy+Aer-—Ae, 


= 


=e oa 


in which the denominator surely will have a 
within the space of the integration. 

From this 
the splitting 
be used for 
resonance width. 
has a zero for e 
carried through according to 


Zero 


it seems necessary to conclude that only 
picture and not the rotating pi ture can 
such damping calculations to give the 
For T7=3 the denominator of 
50) 


(50) 


ev; the integral then has to be 


1 
P 


€9=— WT’ — 1a €9 


where the principal-value integral gives a resonance 
energy correction and the imaginary 6-function part 


gives the resonance width. 


ACKNOWLEDGMENTS 


The author wants to express his gratitude to Pro- 
flessor A. Pais and R. Serber for interesting discussions 
and to Professor J. R. Oppenheimer and the Institute for 
Advanced Study for their kind hospitality, and would 
like to acknowledge a grant from the National Science 
Foundation and a Fulbright travel grant, which made 
it possible to perform this work. 
“4 ar, Aer— Ae; are given in (A 


15 The detailed derivation and a 


\). 


numerical calculation are given 
in 





di edt Pein te 3. hy 
2 sea Chew and Steven C. Frautschi 264° 
. Js Drtitlein and H. Primakofi 268. 

koe . Peter G. Bergmann 14 

av, Barger and Kane 9 














